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Let M, and M, be two Riemannian spaces' with Riemannian
metrics d; and d; respectively whose sectional curvature is
positive constant, We consider the product of the two
Riemannian spaces M, X M,;, then the Riemannian space
M, X M, has nonnegative sectional curvature with respect to
the Riemannian metric d; X d; but not strictly positive
sectional curvature,

We can construct a Riemannian metric on M, X M, which
approaches the Riemannian metric d; X d. as closely as we
wish and which has strictly positive sectional curvature,

Now, our results can be stated as follows. We consider two
manifolds M(H, — E,, q.), M,(H, — E,, ¢q,) such that each of them has
only one chart where H,, E, are the south hemisphere and the equator,
respectively, of a k-dimensional sphere (k = 2) and E,, H, are also
the south hemisphere and the equator, respectively, of an n-dimensional
sphere (n = 2), and q,, ¢, are special mappings. We also consider on
M, and M, particular Riemannian metrics d,, d,, respectively, with
positive constant sectional curvature. We obtain a special 1-parameter
family of Riemannian metrics F(¢) on M, x M, such that F(0) =d, x d,.
We have proved that vPe M, x M, the derivative of the sectional
curvature with respect to the parameter ¢ for ¢t =0 and for any
plane of (M, x M,),, is strictly positive.

1. Let M, be a manifold which consists of one chart (H, — E,, q,),
where H,, E, are the south hemisphere and the equator, respectively,
of a k-dimensional sphere S¥(k = 2) and the inverse mapping of ¢, is
defined as follows

2u, v 2u,
= .,

e xlz y o0 ¢ = ,
@ { 1+ ui+ oo+ ul T4+ ub+ o0 +u}

g = u?+---+ui—l}
L4wud+ - +up)’

q. maps the open set H, — E, onto the open ball u? + .-+« + 42 < 1.
On the manifold M,, we take the following Riemannian metric

1 A Riemannian space is a Riemannian manifold covered with one chart ([5], p.
314).
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4= St ={dy = o+ = dy = !
(1.1) (1 +ul+ -0+ ui)

d,.j=01f»5¢j},

whose sectional curvature is positive constant.

Let M, be another manifold which consists of one chart (H,— E,, ¢,),
where H,, E, are the south hemisphere and the equator, respectively, of
an n-dimensional sphere S(n = 2) and the inverse mapping of ¢, is
defined by

gt = {x‘ — 201 e
2 - - y b
1+ sy + o0 + Uit
x* = 2uk+n prtl —= u?c-H + e+ u?chn _ 1}
’ .
1+ Uisr + ooe 4 Upig T+ Ui+ oo0 + Uipn

g, maps the open set H, — FE, onto the open ball u2,, + -+ + u2,, < 0.
On the manifold M,, we also take the following Riemannian metric

d, = dS} = {dlc—H i = 00t = Qppngn

_ 4
A+ upy + oo + u?ﬁ—n)z,

(1.2)

di; = 0 ifi;éj},

whose sectional curvature is positive constant.

Consider the product of the two manifolds M, x M,. Then M, x M,
is a manifold with one chart {(H, — E\) X (H; — E,), ¢, X @q,}.

We define a 1l-parameter family of Riemannian metrics on the
manifold M, x M, defined by

4(1 + tf)
Tttty
(1.3) dS*t) = < Grriker = *** = Jitnkin

_ 4(1 + tp)
(1 + %irr + + 00 + Ukya)

gn: .o :gkk:

y

Z,Qij:()if’iij,

WheI‘e —b < t < b, P = g)(uly Ty uk)yf: f(uk+l, ttty uk+n)'
The Riemannian metric dS?*0) coincides with the product Rieman-
nian metric dS? x dS? of the two manifolds M, and M,.

2. We shall calculate the components R,;;, of the Riemannian
curvature tensor when the index % = 1, because the other cases are
similar to these.

If » =1, there exist the following distinguished cases in which
R,;;, do not vanish identically.
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leljyj = 2: M) k; le+j1k+j7j = 1, RN (2

R, #4L3=2,--,k1=2,--+k,
Rjiv1,d =2,k l=1,.--,m,

Riyijiisnd =1, «co,ml =24k,
Rini#j#lLi=2,k+nj=2 - k+nl=2- - k+n.

As it is known, R,;;, is given by ([12], p. 18)

1< 0°9,; + 0%, _ 0°g; _ 0°91, )

Rlijl = =
2\ ou,0u, ou,0u; o, 0u,; Ou;0u;

ST

where {T}, {s}’ {Zé}, {lsg } are the Christoffel symbols of the second

177 1
kind.
From the above formula by virtue of (1.3) we obtain

_ 161+ tf) B ( of ) =
21) Ry = — =2k,
(2.1) 1515 At + 1+tp A* =1\ Ouyy; ’

_ 2 20°P 0P _ op, 0P
-Rl k+4lk+3 — (AB)z {A 52(:%— + 2Aulaul 2A,§uzaul

rf of . da
B 2L 4 opu,., — 2B s
2.2) T s, T, 2 v, =

GLYy &
- tz{ TEaTyoR f?:}»BJ’J =L,

(2-3) lejl=O)j¢l’j:2)"'9k5l:2y"':k!

of  op
Uy OU, J=2, ¢k, l=1+c,1m,

(2.4) lej wr = O

1+ tp)4a*’
. .__Zt{ o’p 2u, op 2_“1}?2}
Riseien = B2 ouou, T ou, T ou,
(2.5) o9 op
ow, ou .
2 1 L j=1,c0,m,1=2 k),
M=y o
Rlijlzo,i:'éj;él’izz’""k+n’
(2.6) )
1=2, - k+n,l=2 - k+mn,

where
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2.7 A=1+ul+ - +ui, B=1+ %+ o0 +ui,.

If the functions @ and f are chosen such that they satisfy the
systems of partial differential equations

2
P 2w 9P, 24 0P _ g
2.8) ou;0U ; A ou; A ou;
Iiij!i:]ﬂ"'yk’jzly"'yky

’

o' f 2u, Oof 2u, of —0
(2.9) 0w, 0U, B ou, B ou,
h=lih=k+1,---k+nl=k+1 .- k+mn,

b

respectively and if me]l, ---, k] and

ielk+1, -~k +n],i+jelb+1,---, k+ n]
orif melk+1,--«,k+n] and 2€[1, -+, k],? =75€ll, ---, k], then
we have
of of op 0
2.10 . ou; . ; ;
(2.10) Ripy = t20% O Rippy = 2 0% 0%
1+ tHA 1+ tp)B

We consider one partial differential equation of the system (2.8),
for example,

PR 2u, 0P 2u, op
+ +
o0U,0U, A ou, A ou,

b

or
2.11) 0@ n olog A op n dlog A dp —0.
OU,0U, ou,  0U, O, ou,
From the first of (2.7), we conclude that
(2.12) °logA _ _ dlogA dlog A
' o0, ou,  ow,

Equation (2.11), by virtue of (2.12), takes the form
2 ~
3o +610gA op ~{_alogA op

O, 0U, ow, 0U, ou,  Ou,
o*log A olog A dlog A
=0
0U,0U, P+ ou, U, 7 ’

or
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P {3@ +alogA¢}+alogA{a¢ +310gA¢}:0’

ow; \ ou, o, ow, ou, Oy
from which we obtain
op olog A v
2.13 + —-—= =90,
(2.13) o, ou, © A

where v is an arbitrary function of u,, - -, u,.
Equation (2.13) is a linear differential equation whose general
solution is

(2.14) o= %(z + Svdu2> ,

where z is an arbitrary function of u,, us, «« -, %,.
Relation (2.14), by virtue of the first of (2.7), takes the form

(2.15) o = oty Yoy oy W)+ (U, 22y W)
1 + uf 4+ e + ui

’

where z = ay, Svolu2 = am and « is an arbitrary real constant.

In order for the function ¢ to satisfy the rest of partial differential
equations of the system (2.8), as it is easily proved that it must have
the form

2.16 = C(@l(ul) + oo+ pulu) ,
(#10 7 1+ut+ -+ u

where ¢, -+, @, are arbitrary functions of «,, ---, u,, respectively.
Similarly, in order for the function f to satisfy the system of
partial differential equations (2.9), it must have the form

(2.17) f=aLenlhn) + o0 F frra(hs)
1+ui+1+"'+ui+n ’

where fi.;, -+, fri. are arbitrary functions of w,.,, ««-, %1, respec-
tively.
From (2.1), (2.2), (2.4) and (2.10), we obtain

16 g 167
2.18 -lelj 0 = ey lelj 0 = — y = 2y cee, k y
(2.18) O = - 22, B0 = — 2L,
2 0
B sd0) = 0, BivssrO) = {428 + 240,52
@19 243022 BT oy, O B3, )
i ou, O} 5 Ui+ j i3] U+s

j:l,...’tn
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(2.20) Biinsi(0) = Rij5n(0) =0, 7 =2,-.-, l=1,.--,m,
(2.21) Ryrjireie(0) = Bltyjresn(0) =0, =1, ,m,l=1,---,m,

where Rj;; denotes the derivative of R,;;, with respect to the parameter
t.
From (1.1), (1.2) and (1.3), we obtain the following formulas

911(0) = s = gkk(o) = dm
(2.22) ’ Gi+11+1(0) :,‘ co = Grrniin(0) = Qpnpin
91:(0) = -+ = 95..(0) = fd,,,
Gir1341(0) = v o0 = G110 140(0) = PApsn pin -

Relations (2.18) and (2.19) by means of (2.7) and (2.22) take the
form

(2.23) R = —di, R0 = —fdt,, =2, ---,k,
Rypti+3(0) = 0, Bjys1005(0) = Dt i {A2 F'p + 24u, I
8 ou? ou,

(2.24)

ZAZua + B*—— of + 2Bu;. ; of _2Biuk+jaaf }

U; U+ 5 WU+ j 77 Up+i

j:l’...,k.

3. Let P be any point of M, x M,. Then the k + n vectors
0/ou,, ++ -, 0/0Uy, 0/0U;1y, +++, 0/0U;., Torm an orthonormal basis of the
tangent space (M, X M,)p.

As it is known, the sectional curvature of the plane spanned by
o/ou,, 0jou;,j = 2, -+, k, is given by

K,=—-Puni = -2 ...k,

gugjj

which implies

3.1) K,0) = — Ri;110)9:,(0)9;;(0) — R,;1;,(0){g1,(0)g,;(0) + ¢..(0)g5;(0)}
91:(0)g3,(0)

Relation (3.1), by virtue of (2.22) and (2.23), takes the form
(3.2) K/;(0) = — f.

Similarly, calculating Kj,,,.;(0), we obtain

(3-3) KI:—H k+j(0) = -

Formulas (3.2) and (3.3), by means of (2.16) and (2.17), take the
form



STRICTLY POSITIVE SECTIONAL CURVATURE 387

K{(O) e — afk+1(uk+1) + e+ fk+n(uk+n)
’ 1+ui+1+“-+ui+n

, _ Pi(w) + + o + Pu(uy)
Kk+1k+j(0) = — 1 _{i uf—i— - +ku?ck

’

I

respectively. In order for K/;(0), K/, :+;(0) to be positive, we must
have @ < 0, firj(Uypr;) > 0,7 =1, -+, n, p;(u;) > 0,2 =1, ... k, which
means the real number « must be negative and the functions f,. ;(%;. ;)
and @;(u;) must be positive when the corresponding variable takes
values in the interval(—1, 1).

The sectional curvature of the plane spanned by d/ou,, 8/ou,.; is
given by

Ripviine; .
K”H-j:—My l:ly...,k’yzl,.o-,n’

Iube+jir+i

which, by virtue of (2.22) and either (2.24) or similar to (2.24), takes
the form

k
Khd0) = — {422 1 240,52 — 245 0,22
3.4) 8 ou? o, i 0u,
+ B9 Lopy,. % _opsu, } :
ous. ; Oy ; = Oy ;

In order for Kj..;(0) to be positive and because the functions ¢ and
f are independent, it must be

k jn)
(3.5) A2%+2Aul—‘;2—2A§]u¢;q’ <0, l=1,--k,
1

ul 51 u@-
B’ of + 2Buy.; of _ 2an‘luk+i <0,
(3.6) Wiy j U+ 5 i#J Wiri

j=1 e m.

Inequalities (3.5) and (3.6), by virtue of (2.16) and (2.17), become

U alo 24502 —22 - H e}t <0, I=1,-k,
A du? = du; =

B Pl _ap3iu,, Mt _ 22— B3 f <0,
B dui.; = Ay i=

i=1 -, n,

which imply
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Az—dijl“‘ZAZk“uz_d(pl“2(2_A)zk:¢¢>oy lzl!”'rky
dw; = du, =

3.7) Bzﬁi‘i - 2Bi uk+i__“dfk+i — 2(2 - B) i Jeri >0,
Wit j i=1 Ay ; s

j:l’...’n_

If the funetions fi.; = fir;(Wer;), @; = @i(u;) are chosen to have
the form

(B8  fuos = Uhes + oo d = L mpi = w4 i = 1 ek,
then the inequalities (3.7) take the form
2—-A>0, 2—-B>0,
which, by virtue of (2.7), become
L—wf— e —ui >0,  1—wfey— o0 —uiy, >0,

which are valid on the open balls w?+ -+ +u2 <1, u}l,, + -+ +
ui., < 1, respectively.
Relations (2.16) and (2.17), by means of (3.8), take the form

(3.9) f:au?c+1+"'+ui+n+l/2’ @:auf—i-“‘-i—ui*i"l/z.
Uipr + o+ Ubin + 1 ui+ e +up+ 1

The second of (2.24) or similar to that and (3.4), by means of (3.9),
become

2a
(L + ul+ eee U’ + kg + v+ UG
{1-—uf—---~ui 1~ui+1—---——ui+n}
1+ ui+ -0 4+ uj T+ ufyy 4+ ooe + Ui,
1 —wul— - — _,_1_—u?c+]—°"—u?c+n}
14+ w4 -« + uj T4 ufyy 4+ ooe + Ubys
b=1,-kj=1-,n.

R;k—{»jlk—l-j(o) =

Kii0) = — 5

Using the fact that o < 0, then following inequalities are obtained
from the above relations:

(3'1()) Rik+ilk+]’(0) < O ’ Kl’k+j(0) > 0 1] l = 1) tt kv .7 = ly e, M,

which are valid on the open balls u? + -+« + %2 <1, ul., + - +

u’?ﬁ-n < 1-
Let &, ---, &*" and 2(2', ---, 2*™") be any two vectors of the

tangent space (M, x M,),. The sectional curvature of the plane
spanned by & and z is given by ([11], p. 12)
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= Ryi2" 276!
(G9n8:; ~ 9ni9a)2"27§E ’

or

A
3.11 =4
( ) B,

where
(3.12) A, = Ry 2" 8¢, B, = (9n9:; — ghjgil)zhzjfiél .
From (3.11), the following is obtained:

A(0)B,(0) — A(0)B(0)
B:(0)

From (3.12), by virtue of (2.3), (2.6), (2.20), (2.21), (2.22), (2.23),
(2.24) and similar formulas to (2.23) and (2.24), we obtain

AL(O) = - Cdfx - Dd?c+1k+1 ’
Al0) = — fCd}, — D}y + T,

(3-15) BI(O) = - Cd%l - Dd?cﬂ [ 25 e Edudk+1k+1 ’
(3-16) 1'(0) = - 2def1 - 2@Dd?c+1 k+1 T (f+ @)Edudkﬂkﬂ ’

(8.13) K'(0) =

(3.14)

where
k k k4+n k+n kE n
@1y C=3% > af, D=3 3 a;, E=33 &y,
i=1 ¢<7=2 i=k+1 i<j=k+2 t=1 g=1
k n
(3'18) T = Z Z R k+glk+y(0)alk+_1y im (zigm - zmel) .

=1 j=1

Relation (3.13), by means of (3.14), takes the form
TB,(0) + CGd}, + DJdi 4,

(3.19) K'0) = B0 ,
where
(3.20) G = B/(0) — fB(0), J = B/(0) — ¢B(0).

Formulas (3.20), by virtue of (3.15), and (3.16), become
3.21) G=L-(2p— f)Ddiyyv, J=N-—Q2f—p)Cdy,
where

L = — pFEd,d;11: — fCAL

3.22)
( N=— fEdudk+1k+1 - <PDd?é+1 k41 o
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Relation (3.19), by means of (3.21), takes the form

(3.23) K'(0) = TB(O) + CLd} + DNd%g;(,g)l ~ (f+ P)CDE s

From (3.15) and (8.22), by means of (3.17), and because the
functions f and ¢ are negative, we conclude

(3.24) B(0)<0, L>0, N>O0.

The first of (3.18), by virtue of the first inequality of (8.10),
implies

(3.25) T=<0.

Formula (3.23), by means of (3.17), (3.24), (3.25) and f < 0, » < 0,
implies

K'(0) >0,

because it is not possible that simultaneously C = D = T = 0 for the
two vectors £ and z.
Hence, we have the following theorem.

THEOREM. Let M, and M, be two special Riemannian spaces
with constant positive sectional curvature defined im §1. If we
consider a special l-parameter family of Riemannian wmetrics F(t)
on M, X M, defined by (1.3), where the functions f, p have the form
(3.9), then the derivative of the sectional curvature with respect to
the parameter t for t =0 and for any plane of (M, X M,), and
vPec M, X M, is strictly positive.

From the above, we conclude that, if the parameter ¢ is positive
and small enough, then the corresponding Riemannian metric F(¢)
defined by (1.83) on M, x M,, where the functions f and ¢ have the
form (3.9), has strictly positive sectional curvature.

I wish to express here my thanks to Professor S. Kobayashi for
many good ideas I obtained from conversations with him.
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