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G is a locally compact abelian group whose dual Γ is
algebraically ordered, i.e., ordered when considered as a
discrete group. Every (Radon) complex measure μ on G has
a unique Lebesgue decomposition: dμ = dμ8 4- g(x)dx, where
dμs is singular and g e L^G). A measure μ on G is of analytic
type if μ(γ) = 0 for γ < 0, where μ is the Fourier-Stieltjes
transform of μ.

The main result of the paper is that if I \μ(γ)\2dγ<<χ>9

Jr<o
or more generally, if, for γ < 0, μ(γ) coincides with the trans-
form fiγ) of a function / in LP(G), 1 ^ p ^ 2, then the singular
part dμ8 is of analytic type and fi8(Q) = 0.

Throughout the paper the symbol M(G) denotes the Banach algebra
under convolution of all regular complex measures on G. Haar
measure will be denoted dx on G and dy on Γ. If the singular part
dμ8, of a μeM(G), vanishes, then dμ is called absolutely continuous.

We first prove that if μ e M(G) and μ e L2(Γ), then μ is absolutely
continuous. This natural statement must have been proved before,
but it does not seem to appear in the literature. It is not implied
by the //-inversion theorem, which assumes μeM(G) and μe&iΓ),
nor by Plancherel's theorem. It is best possible in the sense that
μeL2(Γ) cannot be replaced by the weaker condition μeLv{Γ), p > 2;
for, as shown by Hewitt and Zuckerman [3], on any nondiscrete
locally compact abelian group G, there exists a nonvanishing singular
measure μ8 for which μseLp(Γ), for every p > 2.

Next we suppose that the dual Γ is algebraically ordered. This
means that there exists a semi-group PcΓ such that P ( j ( - P ) = Γ,
Pf] ( — P) = {0}. We do not assume that P is closed in Γ, so that,
e.g., iϋ\ k ;> 1, is algebraically ordered. If P is closed in Γ9 then Γ
is called ordered (Rudin [4]). But then Rk is ordered only if k = 1.
If Γ is discrete, the two notions of ordered and algebraically ordered
coincide. A discrete abelian group Γ can be ordered if and only if
its (compact) dual G is connected (Rudin [4], 8.1.2 (a) and 2.5.6 (c))
Thus the dual Γ of a locally compact abelian group G can be algebrai-
cally ordered if and only if the Bohr compactification G of G is con-
nected.

So suppose Γ is algebraically ordered. A measure μ e M(G) is said
to be of analytic type if μ(j) = 0 for 7 < 0. Helson and Lowdenslager
[2] prove that for a compact abelian group G, with ordered dual Γ,
if μ e M(G) is of analytic type, then the singular part μs is of analy-
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tic type and moreover βs(0) = 0. Our main result is a twofold generali-
zation of this theorem, namely:

Let G be a locally compact abelian group with algebraically

ordered dual Γ and let μeM(G). If \ \β(Ύ)\2dy< °o or more

generally if, for 7 < 0, β coincides with the transform f of a func-
tion f in LP(G), 1 ij p <; 2, then μs is of analytic type and β8(0) = 0.

This theorem is new even in the case G — R. Combined with the
F. and M. Riesz theorem it yields the result: if μ e M{R) and
1 I β(Ύ) I2 dy < 00 then μ is absolutely continuous.
Jr<o

THEOREM 1. Let μ be a complex measure on the locally compact
abelian group G. If βe L\Γ) then μ is. absolutely continuous.

Proof. (Short and due to the referee.) By PlanchereΓs theorem
there is fe L\G) with / = β almost everywhere. Let g be a continu-
ous function, with compact support in (?, such that geL^Γ). Then

\ fg = \ fg (Parseval-Plancherel)

g(Ύ)d7\ (x, 7)dμ(x) (since / = β)

Γ JG

= \ g(x)dμ(x) (Fubini and .^-inversion theorem).
JG

Now every continuous h with compact support C in G, can be uniformly
approximated by #'s of the above type, with supports in a fixed compact
set C": choose a fixed compact neighborhood V of 0 and a kernel k ^ 0,
bounded, with support in V, and put g — h*k; then

support g<zC + V = C',ίi,ke L2(Γ), g e L\Γ) ,

and g may be chosen uniformly close to h. Hence

ί hf = \ hdμ
JG JG

for every continuous h with compact support in G. Therefore

ί | / | < * | | / ι | | < 00,feL\G);
JG

since β = /, we conclude, by the uniqueness theorem dμ(x) = f(x)dx
and μ is absolutely continuous.

LEMMA 1. Suppose G is a locally compact abelian group whose
dual Γ is algebraically ordered, μ e M(G) and μ is of analytic type.
Then the singular part of μ is also of analytic type.
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This lemma has been proved in Doss [1] under the assumption
that Γ is ordered. But the proof is valid for an algebraically ordered
Γ with the following obvious modifications:

The compact interval [ — S, d] is replaced by a compact symmetric
neighborhood V of the origin in Γ. The relation 7 < — d is replaced
throughout by 7 < 0, 7 ί V.

Finally the function k such that

(1) k e L\G) k(x) ^ 0

(2) k(y) ^ 0 k(j) = 0 outside V

is obtained as follows:

Choose a symmetric compact neighborhood W of 0 in Γ. Let
u(7) = 1/meas W on W, u(y) = 0 outside W. Then u e Lι(Γ), u e L\Γ),
ueL2(G). Put v = u*^6. Then

(2') 0(7) ^0, v vanishes outside the compact (symmetric) set

V= W+ W.

Also v e &{Γ) and

( Γ ) v{x) - I u(x) \2^0,ve L\G) .

By the inversion theorem

v(y) = \ v(a?)(a?, 7)dx .
JG

Put Λ(a?) = ̂ (a?) . Then, by (V)

( 1 ) & € I/(G) , Jc(x) ^ 0 .

Moreover, ίc(y) — \ fc(cc)(x, y)dx = v( — 7). Hence, by (2')

(2 ) fc(y) ̂  0 , ίc(v) = 0 outside F .

LEMMA 2. Le£ G be a locally compact abelίan group whose dual
Γ is algebraically ordered. Let

da — ds + w(x)dx

be a positive measure on G, where ds is singular and w e Lι(G).
Let K be a compact set in Γ and denote by Ω the set of trigono-
metric polynomials p(x) of the type

p(x) = ΣJΦI Ύ) 7 < 0 , 7 ί K .

Let φ be the unique function belonging to the closure of Ω in L2(dσ)
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and such that

Then

\ 11 - φ \2dσ - inf ( 11 - p \2dσ .
JG p e Ω J G

\ 11 — φ\2dσ <^ I wdx .
JG JG

Proof, φ is the unique function belonging to the closure of Ω in
L2(dσ), for which

( 1 ) \ (ά77)(l - φ)dσ = 0 for 7 < 0, 7 <£ K .
JG

We can easily find, by means of an appropriate kernel, an feLι(G)
whose transform/ is equal to the transform of the measure (1 — φ)dσ,
for 7 < 0. But then the measure (1 — φ)dσ — f(x)dx is of analytic
type. By Lemma 1, the singular part (1 — φ)ds is of analytic type:

f (x, 7)(1 - φ)ds = 0
JG

for 7 < 0 .

By continuity (or by the Helson-Lowdenslager theorem, in case Γ is
discrete), the same relation holds for 7 = 0. We conclude

\ (x, 7)(1 - φ)(l - φ)ds = 0 for 7 ^ 0 ,
JG

and since 11 — φ \2ds is real, the above relation is true for 7 ^ 0 .
Hence, by the uniqueness theorem:

(2 ) 11 - φ \2ds = 0 (1 - φ)ds = 0 .

Hence (1) reduces to

( (X7Ύ)(1 - φ)wdx = 0 for 7 < 0, 7 ί K .
JG

Since φ belongs to the closure of Ω in U(w) we conclude

\ 11 — φ \2wdx = inf I 11 — p \2wdx ^ \ wdx .
JG peΩ JG JG

Hence, by (2)

f 11 - φ \2dσ ^ [ wdx
JG JG

and the lemma is proved.

MAIN THEOREM. Let G be a locally compact abelian group



ON MEASURES WITH SMALL TRANSFORMS 261

whose dual Γ is algebraically ordered. Let

dμ = dμs + g(x)dx

be a complex measure on G, where dμs is singular and g e Lι(G).

If I I U{Ί) \2dy < oo, or more generally if, for 7 < 0, β(τ) coincides
Jr<o Λ

with the transform f(y) of some function / e !/((?), 1 ^ r ^ 2, £/mι
d//s is of analytic type and us(0) = 0.

Proof. It is sufficient to prove ί£8(0) = 0, for by translation, we
get ϋs(j) = 0 for 7 < 0. By hypothesis there is feLr(G), such that

/(7) = fi(7) a.e. for 7 < 0 .

Let ε > 0 be given. There is kt e U(G) such that ίct has compact
support Kγ and such that

(see e.g. [4], 2.6.6). Also there is /̂  €!/((?) such that h1 has compact
support H1 and such that

(the proof of 2.6.6 in [4] works unchanged). Put

9L = Q -

Then

llftlli

Put

dX = cί̂ g +

dσ = d\μ.\ + \ g1(x) \dx + \ fx(x) \rdx .

Let V be a symmetric compact neighborhood of the origin independent
of ε and the subsequent choice of ku hu Ku Hγ. Put

so that K is compact.
By Lemma 2 there is a

P(X) = EM«f 7*) 7n < 0, 7W ί ίΓ

such that

( 1 ) t 11 - P Nσ £ ε + \\gι \\x + | | / ϊ ||x ^ 3ε .
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Put p, = —— + — == 1. By Holder's inequality and (1)

/ P ι

LJG J LJfl

This, combined with \\fι\\r < ε1 / r gives

( 2 ) I I P Λ I U ^ s 1 / r + [(3<

By the Schwarz inequality and (1)

ί 11 - p I dσ ^ (3ε)1/20Ί

Hence

J ί?

1/2

i.e.,

( 3 ) I λ(τ) -

Now from the definition of dX and from f(j) = β(7) a.e. for 7 < 0
we see that

( 4 ) λ(δ) = u(δ) - f(d) = Uδ) a.e. for δ < 0, δ ? K, U ̂  .

But 7n < 0, 7W e (i^i U £Γi) - V. Hence, if 7 ^ 0, 7 e F we have

7 + 7W < 0, 7 + 7n ί i^i U Hi .

Whence, by (4)

ί (», 7)(», 7n)ώλ = /x(7 + 7W) a.e. for 7 ^ 0, 7 e V .

Therefore,

(pdX)A(j) = (p/1)
Λ(τ) a.e. for 7 ^ 0, 7 6 V .

We deduce, by (3)

I λ(7) - (PΛΠ

Finally

( 5 )

a.e. for 7 ^ 0, 7 e V .

a.e. for 7 ^ 0, 7 e F .
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Now e > 0 is arbitrary. By (2) and (5) there exists a sequence

φneLr(G) such that
(6) Il9>.llr-O

Φ»(Ύ) —* #.(7) a.e. for 7 ^ 0, 7 e F .

We deduce from (6)

This shows that μβ(y) = 0 a.e. for 7 ^ 0 , 7 6 7 .

In particular, by continuity, ύs(Q) = 0 and the theorem is proved.

REFERENCES

1. R. Doss, On the Fourier-Stieltjes transforms of singular or absolutely continuous
measures, Math. Zeit. 97 (1967), 77-84.
2. H. Helson, and D. Lowdenslager, Prediction theory and Fourier series in several
variables, Ada Math. 99 (1958), 165-202.
3. H. Hewitt and S. Zuckerman, Singular measures with absolutely continuous con-
volution squares, Proc. Cambridge Phil. Soc. 62 (1966), 399-420.
4. W. Rudin, Fourier Analysis on Groups, Interscience, New York, 1962.

Received November 27, 1967, and in revised form March 27, 1968.

STATE UNIVERSITY OF NEW YORK

STONY BROOK, NEW YORK





PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. ROYDEN
Stanford University
Stanford, California

J. P. JANS

University of Washington
Seattle, Washington 98105

J . DUGUNDJI

Department of Mathematics
University of Southern California
Los Angeles, California 90007

RICHARD ARENS

University of California
Los Angeles, California 90024

E. F. BECKENBACH

ASSOCIATE EDITORS
B. H. NEUMANN F. WOLF K. YOSIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON
OSAKA UNIVERSITY
UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
CHEVRON RESEARCH CORPORATION
TRW SYSTEMS
NAVAL WEAPONS CENTER

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, double spaced with large margins. Underline Greek
letters in red, German in green, and script in blue. The first paragraph or two must be capable
of being used separately as a synopsis of the entire paper. It should not contain references
to the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four
editors. All other communications to the editors should be addressed to the managing editor,
Richard Arens, University of California, Los Angeles, California 90024.

Each author of each article receives 50 reprints free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathe-
matical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,

but they are not owners of publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 26, No. 2 December, 1968

Seymour Bachmuth and Horace Yomishi Mochizuki, Kostrikin’s theorem on
Engel groups of prime power exponent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

Paul Richard Beesack and Krishna M. Das, Extensions of Opial’s
inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

John H. E. Cohn, Some quartic Diophantine equations . . . . . . . . . . . . . . . . . . . 233
H. P. Dikshit, Absolute (C, 1) · (N , pn) summability of a Fourier series and

its conjugate series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245
Raouf Doss, On measures with small transforms . . . . . . . . . . . . . . . . . . . . . . . . . 257
Charles L. Fefferman, L p spaces over finitely additive measures . . . . . . . . . . . 265
Le Baron O. Ferguson, Uniform approximation by polynomials with integral

coefficients. II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273
Takashi Ito and Thomas I. Seidman, Bounded generators of linear

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
Masako Izumi and Shin-ichi Izumi, Nörlund summability of Fourier

series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289
Donald Gordon James, On Witt’s theorem for unimodular quadratic

forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303
J. L. Kelley and Edwin Spanier, Euler characteristics . . . . . . . . . . . . . . . . . . . . 317
Carl W. Kohls and Lawrence James Lardy, Some ring extensions with matrix

representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341
Ray Mines, III, A family of functors defined on generalized primary

groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349
Louise Arakelian Raphael, A characterization of integral operators on the

space of Borel measurable functions bounded with respect to a weight
function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 361

Charles Albert Ryavec, The addition of residue classes modulo n . . . . . . . . . . 367
H. M. (Hari Mohan) Srivastava, Fractional integration and inversion

formulae associated with the generalized Whittaker transform . . . . . . . . 375
Edgar Lee Stout, The second Cousin problem with bounded data . . . . . . . . . . 379
Donald Curtis Taylor, A generalized Fatou theorem for Banach

algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 389
Bui An Ton, Boundary value problems for elliptic convolution equations of

Wiener-Hopf type in a bounded region . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395
Philip C. Tonne, Bounded series and Hausdorff matrices for absolutely

convergent sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415

Pacific
JournalofM

athem
atics

1968
Vol.26,N

o.2

http://dx.doi.org/10.2140/pjm.1968.26.197
http://dx.doi.org/10.2140/pjm.1968.26.197
http://dx.doi.org/10.2140/pjm.1968.26.215
http://dx.doi.org/10.2140/pjm.1968.26.215
http://dx.doi.org/10.2140/pjm.1968.26.233
http://dx.doi.org/10.2140/pjm.1968.26.245
http://dx.doi.org/10.2140/pjm.1968.26.245
http://dx.doi.org/10.2140/pjm.1968.26.265
http://dx.doi.org/10.2140/pjm.1968.26.273
http://dx.doi.org/10.2140/pjm.1968.26.273
http://dx.doi.org/10.2140/pjm.1968.26.283
http://dx.doi.org/10.2140/pjm.1968.26.283
http://dx.doi.org/10.2140/pjm.1968.26.289
http://dx.doi.org/10.2140/pjm.1968.26.289
http://dx.doi.org/10.2140/pjm.1968.26.303
http://dx.doi.org/10.2140/pjm.1968.26.303
http://dx.doi.org/10.2140/pjm.1968.26.317
http://dx.doi.org/10.2140/pjm.1968.26.341
http://dx.doi.org/10.2140/pjm.1968.26.341
http://dx.doi.org/10.2140/pjm.1968.26.349
http://dx.doi.org/10.2140/pjm.1968.26.349
http://dx.doi.org/10.2140/pjm.1968.26.361
http://dx.doi.org/10.2140/pjm.1968.26.361
http://dx.doi.org/10.2140/pjm.1968.26.361
http://dx.doi.org/10.2140/pjm.1968.26.367
http://dx.doi.org/10.2140/pjm.1968.26.375
http://dx.doi.org/10.2140/pjm.1968.26.375
http://dx.doi.org/10.2140/pjm.1968.26.379
http://dx.doi.org/10.2140/pjm.1968.26.389
http://dx.doi.org/10.2140/pjm.1968.26.389
http://dx.doi.org/10.2140/pjm.1968.26.395
http://dx.doi.org/10.2140/pjm.1968.26.395
http://dx.doi.org/10.2140/pjm.1968.26.415
http://dx.doi.org/10.2140/pjm.1968.26.415

	
	
	

