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JAMES CALVERT

An integral inequality involving second order derivatives
is derived. A most important consequence of this inequality
is that the Dirichlet form

D(u, u) = S Zk auDuD%i = qlu|dde =0,
D

for functions g(x) which are positive and “‘not too large’ in
a sense which will be made precise later and for functions
u(x) with compact support contained in D. Some examples are
given and an application is made to an existence theorem for
a fourth order uniformly elliptic P.D.E,

An earlier paper by the author [1] contains some similar results
for inequalities involving first derivatives. The following definitions
and notations will be used throughout the paper. Let

xz(xuxz: "'yxn)eRn'

Let D be an open domain in R" which may be unbounded. Let C=(D)
denote the set of infinitely differentiable complex valued functions on
D and let C3(D) denote the subset of C=(D) consisting of functions
with compact support contained in D. Let

n 1/2 o*u
), = (g S| Dl + q|u]2dx) . where D —
pi=1 ox?

and ¢ is either equal to 1 or to one of the positive functions to be
defined later. Let H,(D) be the completion of {uc C=(D):||u|l, < oo}
with respect to ||« ||, and let I-O_Tq(D) be the completion of C(D) with
respect to |[|#]l,. The functions » in H,(D) or I?L,(D) have strong L,
second derivatives which we will denote by the same symbol as for
the oridnary derivative. So that

lim S | D' — D, |*de = 0
D

n—roo

where {u,} is any sequence of elements in C=(D) such that ||« —u, ||,—0.
All coefficient functions considered will be real valued. The variable
functions # may be complex valued. There do not seem to be any
analogues of the basic results with complex valued coefficients.

THEOREM 1. Suppose that the boundary of D 1is smooth enough
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to apply Gauss’ Theorem. Let a; e CYD) and (a;) be symmetric
positive definite. Let f,, foy +++, fo€ CD), q; = (fi + D))f. and sup-
pose that >,;0,9; =0, for every k=1,2,.--,n. Then, for any
u e C{D),

S > e DiuDin — (f; + D) aquq,) |u|* de
D ik
= Si) % [@uq: Dy | P — (Di(@ings) + 2auq:1) | % [Flvids

where v, ts the k'™ component of the normal and the integral on the

integral on the right is assumed to exist. Equality holds if and
only tf Diw = qu and Dy = fiu, for every 1.

Proof. We shall require two integrations by parts.
SDaikqi(qu + #Diu)dx
= —SD[aikqkau + uD(a;,9:)1D,%
+ |auq: D + wD(aq:)]Duda
+ | awg @D + ubaids
= | Di@ug) Jul - 2000, D d
+ | fewaD, [u P = Dufaug) u Flids
and
—SDaikqi (@D + uD,wydx
= SDD,,(a,-kqifk) | *de — S[)a“‘qifk |u [Py, ds .
2, aaDiw — qu) (Dl — %) — 23 s 2 [ Dy — fiul* =0
|, S auDiubi - (£ + Dyaug. |u fda

= S >, — (fi + DY'ayq. |u? + ayq(uDin + #Diw) — a,q:q, | %[

Dok
+ 20,9 Dy P — fiuDya — fiaDyw + fi|uP)d

= SD % — e fia, + fiDiauq:) + D@ fig:) + DHauq)] | %
+ [Di@irq:) — @:9:q% + 2D(@::9: %) + 203.q: 3] | [?
— 2a49; | Dyu |* + 2a,.9; | Dy [*de
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+ B % [@uq:Dy |u P — Di(@:iq:) | % P — 2a:,9: 15 | u "]y, ds
= SD Zk [@:q:(f% — i) — fiDiauqs) + Dy fiq:)] | v |’da
+ S.[- -+lds
D
= | S 1-0uaDifs — £iDu(aag) + Difansiad] |ulide
+ S ge]ds
D
= Sb[aikqka | % — Di(@:iqs) | % [P — 20,9 f5 | *]v,ds

which was to be shown.
(1) We will reserve the notation ¢(x) for a positive function of
of the form ¢(x) = 35, (fi + D) aug,.-

COROLLARY 1. Suppose that D is any open set. If a;,(x) is uni-
formly bounded in D, then

[, S eubuia - qlufds 2 0,
D 1,k

for every ueI—iTq(D) and equality holds if and only if D = qu and
Du = fiu almost everywhere, for each t.

Proof. It is easy to obtain the inequality for functions in C{(D)
by integrating around a sphere containing the support of . The re-
sult for uwe H, (D) can then be obtained by showing that

D D
which follows easily from Cauchy’s inequality.

COROLLARY 2. If (a;;) ts only positive semidefinite, the same in-
equality holds but the conditions for equality are mot mecessarily the
same. If a,, =1, the conditions are

> (Diw—qu) =0 and Du = fu.
ExaMPLE 1. Corollary 2 can be used to obtain inequalities when-
ever a solution u, of a plate problem
ddw — pu =0 in D

“=0 onD
du =0
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is known. Here du = Y, Diu and 4ddu = 3, , D:Diu. Suppose that
u, >0 in D and let f, = (D,u)/u,. We must show that

2
S+ Dofe= B <o,
1
For this it sufﬁqes to show that >, Diu, <0. If 3,Dw=pu, =0
and v=0 on D, then v <0 by the maximum principle. Set v =
>': Diu,, then v satisfies the problem and hence 3, Diu, <0 in D.
Calculate

S (fi+ DY + Do = 3, 20—y

ik U,

So

S S DwDii — plultds =0, for weCe(D).
D i,k

In particular, for p = g, where A is the first eigenvalue of the plate
problem and u, is the corresponding eigenfunction, the inequality be-
comes Rayleigh’s characterization of the first eigenvalue. In this case,
the conditions for equality become u = ku,.

ExAMPLE 2. Suppose n = 5, then

S S DuD3i — "—‘M(Z 2) lufdo 20,
D ik 16

for every uefIq. To apply Corollary 1, let f, = (a/s)x,, where s =
S a3, then

Qk:*——'—( 2)'17+
s?

S =Mt ®=2) g it 23_p<q<o

k=1 S

(the other possibility leads to nothing of interest). Calculate,

g = ?a(a — 20 — (4 — )@ — 2 — n)] .

Then ¢ >0, if a <0,a —2 >0, and a =4 —n. If we choose a =
(4 — n)/2, then ¢ is maximal and equal to (n*(n — 4)%/16.

It is unfortunate that the preceding example is only good for
dimensions larger than five. The following inequality, though unap-
pealing, does yield an example for every dimension.
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THEOREM 2. Let f,, fs, +++, fo€ CYD) and suppose that

% Difi|& P+ (Difs + Difi + fifi)éEr =0
for every vector (§,,&,, --+,&,). Then

| S DD — DiDif: + 3£.D.D.S: + £DiS,

+ 213D f; + Afi D fi + (D i) + (Do f)D; f)
+ (DD f) + Fifillu | do

= Si) Zk [2Re D(fw)Dw — fi | Du|?
— (;)kDifi + 21D, f; + f:D.f;
+ £Dufo + P u Pds .
Proof.
(2)  S[Dw — Dfa)llDiil — DF)] — Dofi| D — fou
L Dufi+ Dife+ ff) Dt — Dy — f) = 0

43

when expanded the first term in (2) contains the following two terms

which we integrate by parts:

—Di(fu)Diw — D(f@)Diuw and Dy(fu)D,(fi%) .

Notice that the order of summation has been changed in the first

term.
-—§ D fa)Di + Di(f:) Diudee
D
- S DD fu)D\i + DDy %) Dudz
D
= | ID(fay D + D(fa)Dulvids
- S (uD,D.f; + DifiDyu + DyfiDa + f.D,Dsu)D,
D
+ (@D.D,f; + D,f;D, % + D.f;Du + f:D.D;w)D,
— S[. . ']l)de
- S D.D.f:Dy | ul* + f.D;| Dl + 2D, f; | Dy |
+ D.f:DuD,u# + D, f;DuaD,udx
— S[. . .]pkds
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3) = —@D) |ul + (Df)| Dl
+ D, f;:DuD,u + D, f;DaD,udx
+ | =2 Re D(fa) Dt + DuD.fi [uf + £ Dyu [puds

and

[, = Dsa D fiwyds

= | S D)D) [ul + fuUDif)wDi + aDw)
+ fif (D) (D, w)dx
= SD % D YDy fi) |w* — Dl fu(Dsf)] [ u[* + fifi(Diu)(Dw)dz

+ |, S uUDas) luwids
(4) = |5 — ADDF) [0l + fif (D)D)
+ |, SADs) [upmds.
The second term in (2) contains
(5) | £iD:fiuD,@ + uD )
= —| [DfIDs) + £DDf 0 de
+ | fiDuss ulvids
The third term in (2) contains
|, 5 @uf: + Difi + fiffuDii + fraDan)ds
— | SADS+ Dt + fifD|uf de
(6) = —| S DUSDS + £DuSe + £11) (e
+ |, SAAD i+ Dt + £if) luwids

Expanding (2) and making use of (3), (4), (5) and (6), one can
obtain the advertised result.

COROLLARY. Suppose that f; is a function of x; alone. Then
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|, S DuDis — S IDifi + 41D + 4f1Dufs + 2Dify] [u
— 3 [2/1Dufs + (DS D) + Fifi) [ul do
=0, for every uec H,
where q is the coefficient of |u |
ExampLE 3. Let f; = a/x,. Then
5 Dufil6l + (Dufe + Difi + Fif)eds

= 2
=z—%ww+“sm+z—§

3

_ fok az Z|5|2 2“2 ,52[2

ik X000

s@-oXi&rns-axlSl,

Let a =1+ ¢,¢>0. The right side will be negative when
DIED g D

2 T {L‘i i xi
Take \; = (| &)/ &%), then 3\, = 1 and the inequality becomes
fxlomant,

2 7T o} G

It is always possible to choose an ¢ so that this inequality holds pro-
vided D is bounded and bounded away from the origin. For let
0<m= a2 < M, then

1 1 1 n
= d - =,
zi" x—M an ;?_m

Take ¢/2 < (m/nM) and the inequality holds.
Let us compute ¢ using the formula in the corollary.

q:2—6a+8a 40® + 2a° +Z—2a+a+a

i @ xixy
(—4a® + 10a* — 6a) 2 — 1) 1
Rt at Tt -1 ok
— (@' — 6a° + 11a* — 60) 3 L 1 a¥a — 1) 3, L
T X T
—ale—Da—-e—) L +a@—1rs L
T oot

i LI,
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Taking ¢ =1 + ¢

I=el+ 91 -2 - X =+ el +ef L

=k ik
which is positive for ¢ < 1 or for ¢ > 2,

THEOREM 3. A fourth order existence theorem.
Let q(x) be a function of the special form (1) and let p(x) be a
continuously differentiable function such that 0 < p(x) < (1 — &)q(x),

where € > 0 and fixed. Let g g fPde < co,ge H, and let Au =

i DXa,Diu) — pu be a uniformly elliptic operator. That s, a,
18 positive definite and there exist positive constants M and N\ such
that

law@) | = M and N |&EP = %aik(x)sigk )

for any (¢,&, ---,&,) and all x in D. Then the Dirichlet problem

Au = f n D
=g

Spou=xpg | P

has a unique weak solution.

Proof. We must show that there is a function u € H, such that
u — geﬁq and (u, Ap) = (f, ), for every @ in Cy. Set w,=u — ¢
and consider the equivalent problem of finding uoeﬁq such that
(uo, Ap) = (f, @) — (9, Ap). Let

B(u, v) = SD % a,, DD, — pudde

= SD % wD¥a;,Di7 — puvda
= (u, ;41;), for u,veCy.
We will show that there exist ¢, ¢, > 0 such that
| B(u,v)| = Cflull,[[v]l, and B(u,u) = Clulf .
B(u, u) = SD % agDuDd — p|u|*de
= SD %aikDiuDkﬁ —qlulfde + eSDq lu*de .

By Corollary 1, both integrals are positive and hence
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(1 + %)B(“y u) = S 2 ey DuDi + q || dx
D

v

SD)“Z“D”‘P +qluldo

= const [|u ]|l .
The positivity of B(u,w) implies that |B(u,v)|* < B(u, w)-B(v, v) so
that we need only show that B(u, w) < const ||« |3.

Blu, u) < MS S| DaD,@| + p |l de
D 1,k

= | S2(Dwl+ | Daf) + plufde

— Jp Tk
< Mu| S Dal+ plulds = Ml
D 1

Now extend B(u,v) to all of I;Iq by continuity. We can now apply
the Lax-Milgram Theorem which guarantees that any bounded linear

functional F(p) on I;Tq can be represented as B(u,, p) for some wu, ¢ I-}q.
Take F(p) = (f, #) — B(g, ). Then

| Fp| = <an“ 1fl2dx>1/2(qu | lzd%'>1/2
+ellelllgll, = const |||, .

So B(u,, @) = (f, ) — B(g, ) as was to be shown. To obtain the
uniqueness result, let Avw = 0, w e H,, then

0 = (u, Au) = B(u, u) = C, || w|]% Sou=0 a.e.
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