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ANDRÉ (PIOTROWSKY) DE KORVIN

Vol. 27, No. 2 February 1968



PACIFIC JOURNAL OF MATHEMATI
Vol. 27, No. 2, 1968

NORMAL EXPECTATIONS IN VON
NEUMANN ALGEBRAS

A. DE KORVIN

Let h and k be two Hubert spaces, h®k will denote the
tensor product of h and k. Let S/ be a von Neumann al-
gebra acting on h. Let f be an ampliation of Sf in h®k,
i.e., ^ is a map of Szf into bounded linear operators of h ®
& and f(J^) = Sf®h (/* is the identity map on fc). Let J ^
be the image of Sxf by f.

The purpose of this paper is to prove the following result:
If & is a subalgebra of J ^ and if & is the range of a
normal expectation ψ defined on S/, then there exists an
ampliation of Sf in h ® fc, independent of ^ and of 9, such
that φ®h is a spatial isomorphism of

Let j^f and ^ be two C* algebras with identity. Suppose
& c Ĵ C Let 9 be a positive linear map of j ^ on έ%? such that 9?
preserves the identity and such that φ(BX) — Bφ(X) for all B in &
and all X in jy: <p is then defined to be an expectation of sf on &.
The extension of the notion of an expectation in the probability the-
ory sense, to expectations on finite von Neumann algebra is largely
due to J. Dixmier and H. Umegaki [1]. In [4] Tomiyama considers
an expectation on von Neumann algebras to be a projection of norm
one. If φ is an expectation in the sense φ(BX) — Bφ(X), φ positive
and φ preserves identities, then φ(XB) — φ{X)B for all X in j ^ B
in ^. & is the set of fixed points of φ. By writing φ[(X — φ(X))*
(X — <p(x))] ^ 0 we have φ(X*X) ^ φ(X)*φ(X). In particular φ is a
bounded map. The result stated in the previous paragraph extends
a result by Nakamura, Takesaki, and Umegaki [2], who consider the
case when Ssf is a finite von Neumann algebra.

2* Preliminaries* Basic definitions and some essentially known
results will now be given for ready reference. Let M and N be C*
algebras and φ a positive linear map of M on N. Let Mn be the set
of all n x n matrices whose entries are elements of M, call those
entries Aiiά. Define for each n, φ{n)(Aii:j) = (φ(Aifj)); φn is then a map
of Mn on Nn. φ is called completely positive if each φn is.

Let s%? and & be two von Neumann algebras, with ^ c j ^ \
Let φ be an expectation of Szf on &. φ is called faithful if for
any T in szf, φ(TT*) = 0 implies T = 0. Let Aa be a net of uniform-
ly bounded self adjoint operators in s$f. φ is called normal if

sup <p(Aa) = <p(sup Aa) .
a a
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The ultra-weak topology on a will be the weakest which will make
all ^/wx.yy.(A) = *Σi(AχiiVi) continuous where

In what follows if N is arbitrary von Neumann algebra, N' will de-
note the commutant of JV. If h is any Hubert space, dim h will
denote the cardinality of the dimension of h.

LEMMA 1. Let M and N be two von Neumann algebras acting
on hM and hN. Let φ be α* isomorphism of M on N. Let k be a
Hilbert space such that dim k Ξ> Max (χu dim hM, dim hN), then φ ® Ik

is a spatial isomorphism. This theorem says that there exists an
isometry V of hM §§k on hN(£)k such that

φ <g> Ik{A ® Ik) = φ(A) (g) Ik = V(A ® Ik)V*(= VAV*) .

Tomiyama has shown this result in [5].

LEMMA 2. Let M and N be two C* algebras with identities.
Let φ be an expectation of M on N, then φ is completely positive.
This result was shown by Nakamura, Takesaki, and Umegaki in [2].

One of the tools for the proof of the theorem will be the Stine-
spring construction which is given in [3] and which will be sketched
here for completeness sake.

Let M be any von Neumann algebra acting on h. Let MQh de-
note the tensor product of M and h as linear spaces. Let N be von
Neumann algebra of M which is the range of a normal expectation
φ. On MQh define an inner product by:

< Σ α< ® xi9 Σ b3- <g> y, > - Σ (φφf-ajxi, ys)
l j l ij

Σ

where aiy b5 are in M9 xi9 yd are in h and where ( , ) denotes the inner
product in h. Now:

(aΐa&iyXj) = ( Σ «»»», Σ ^Λ) ^ 0 .
i,j ΐ = l i = l

Let A be in Mn with A^ = a*aι then if a; — (xlf x2, ., α;.)

(Aa?, a?) = Σ (afaiXi9xd) ^ 0 .

By Proposition 2,

Σ (φ(afai)xi9 xά) ^ 0 .
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Hence the inner product defined on M@h is bilinear and positive.
However, it is possible to have < ζ, ζ y = 0 with ζ Φ 0. Divide out
the space M Q h by all vectors of norm zero. Then taking the com-
pletion of that space, one obtains a Hilbert space which will be de-
noted M(g)h.

LEMMA 3. h is embedded as a Hilbert space in Mξξ) h.

Proof. In fact we shall show that h is isomorphic to N(g)h.
Let ati = 1, 2, , n be operators in N, consider the map

iS( Σ α* ® »i) = JjcM?,

then

< | l α< <g> α< , Σ α< <g) £>>

= Σ (<p(a>*a>i)Xi, a?/)

= (Σ<

Hence S is an isometry of N&)h on Λ. In particular then, one can
view h as a subspace of

LEMMA 4. ?̂ defines a self adjoint projection E of M^h on
h.

Proof. Let aί9 i = 1, 2, , n be operators of ikf. Define

the proof in [2] shows that E is a well-defined self adjoint projection
of M(g)h on N(g>h. Recall for example how self adjointness is check-
ed out.

<, Σ

= Σ (<p(<pΦ*)a>i)Xi, Vj
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LEMMA 5. There exists an ultra-weakly continuous representa-
tion I of M in L(M<g)h) such that l(b)E = El(b) for all b in N.
Moreover if h and N (8> h are identified by the isometry S of Lemma
3, then <p(A) = El{a)E for all a in M.

Proof. For each a in M define

l{a){ Σ a{ (g) Xi) = Σ a α< ® Xι

I is then a representation of M in L(Λf£x) Λ,). Let 6̂ , i — 1, 2, , n
be operators in N then:

= Σ
identifying Σ &y ® x i w ^ h Σ ŷ̂ i this shows that El(a)E = φ{a).
Let b be in N then

= Σ Mαi) (8) Xi = El(b)(Σ α< ® «<) .

So l(b)E = El(b) for all 6 in AT. To show now that I is u. w. con-
tinuous, let

— V
— Z

with ΣIICfc!l2< °° and Σ H r Λ l l 2 < °° Let aa be a net converging
u. w. to a in M. Then it is sufficient to show that A tends to zero
where

A = Σ<7(α - aa)ζk,ηh> .
k,h

we have

J~χ. / j / j \κLf\\J j \\Λj \λ> (x)\Jj% /^i 1 U j /

k,h ί,j

Now b{jh)*(a — aa)a(k) tends to zero u.w. As φ is normal, A tends to
zero. Let NczM be two von Neumann algebras acting on h. Let φ
be a faithful, normal expectation of M on N.

3* Main results* First the following result will be established.

PROPOSITION 6. There exists a Hubert space k such that:
(1) h can be embedded in k.
(2) There exists an u.w. continuous representation I of M in

L(k) such that <p(A) — phι(A)ph where ph is the projection of k on h.
(3) I is a * isomorphism.
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(4) ph commutes with all l(b) with b in N.

Proof. Let k = M®h, if l(a) = 0 then l(a*a) = 0 so <p(α*α) = 0.
By faithfulness of φ, this implies α = 0. Hence I is a * isomor-

phism of M in L(fc). The rest of Proposition 6 is a restatement of
Lemma 5. The main result of this paper can now be given.

THEOREM 7. There exists an ampliation of M in h^k such
that if N is any von Neumann subalgebra of M which is the range
of a normal expectation φ, then there exists an isometry V in
(N<g>Iky such that φ®Ik(Ά)= VAV*,VV* = I, on putting V*V=P,
then P is in (AT®!*)', φ®Ik{A)P = PAP. If φ is faithful then
AP = 0 {A ̂  0) implies A = 0.

Proof. Let s be a Hubert space with cardinality greater or equal
to the maximum of ψλ and cardinality of a Hammel basis of M®h.
Define ΐ(Ά) = l(A) ®Is,φ = φ® I.. Then φ(Ά) = (Ph ®I.)ϊ(Ά)(Ph ® /.).
By Lemma 1, I is spatial. There exists an isometry U of A, ® s onto
A® s such that <p(JΪ) = U(Ά)U*. Hence

where Pft(g)s denotes the projection of k ® s on A ® s. Moreover PΛ(g)s

commutes with all UBU* as 2? ranges over JV (Proposition 6). So
UPh(g)SU commutes with all B for β in N.

Let F-P, 0 S C7, then F F * - Ph®s ( = IA®.). Define F * F = P -
U*Ph®sU. Then P is in (ΛΓ®/.)'. So £(A) - FAF* for all A in M.
Claim: F is in (AT® I.)'. Let 5 be in JV, B = φ(B) = F £ F * so F * £
= P ΰ F * - BPV* = (B)V* so F is in N'. Now

PAP= V*VAV*V

(as φ(Ά) e iV® /.) .

Now let AP - O(A ̂  0) then AV*V = 0 so VAV*V = 0 - £(A)F so
^(i)P^ sC7 - 0 and Φ(A)Ph®s - 0 so (φ(A) ® Js)(α; ® w) = 0 for all α?
in A and w in δ implies φ(A) — 0 so A — 0, by faithfulness of <p.

REFERENCES

1. J. Dixmier, Formes lineaires sur un anneau d'operateurs, Bull. Soc. Math. France
8 1 (1953), 9-39.
2. M. Nakamura, Takesaki, and H. Umegaki, A remark on the expectations of opera-
tor algebras, Kadai Math. Seminar Reports 12 (1960) 82-89.
3. W. F. Stinespring, Positive functions on C* algebras, Proc. Amer. Soc. 6 (1955),
211-216.



338 A. DE KORVIN

4. J. Tomiyama, On the projection of norm one in w* algebras, Proc. Jap. Acad. 11
(1959), 125-129.
5. , A remark on the invariance of w* algebras, Tohoku Math. 10 (1958), 37-
41.

Received November 13, 1967. This work is part of a dissertation submitted for
the Ph. D. at UCLA under the direction of Dr. Dye.

CARNEGIE-MELLON UNIVERSITY

PITTSBURGH, PENNSYLVANIA



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. ROYDEN
Stanford University
Stanford, California

R. R. PHELPS

University of Washington
Seattle, Washington 98105

J. DUGUNDJI
Department of Mathematics
University of Southern California
Los Angeles, California 90007

RICHARD ARENS

University of California
Los Angeles, California 90024

E. F. BECKENBACH

ASSOCIATE EDITORS
B. H. NEUMANN F. WOLF K. YOSIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON
OSAKA UNIVERSITY
UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
CHEVRON RESEARCH CORPORATION
TRW SYSTEMS
NAVAL WEAPONS CENTER

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, double spaced with large margins. Underline Greek
letters in red, German in green, and script in blue. The first paragraph or two must be capable
of being used separately as a synopsis of the entire paper. It should not contain references
to the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four
editors. All other communications to the editors should be addressed to the managing editor,
Richard Arens, University of California, Los Angeles, California 90024.

Each author of each article receives 50 reprints free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathe-
matical Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17,
Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,

but they are not owners of publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 27, No. 2 February, 1968

Leonard E. Baum and George Roger Sell, Growth transformations for
functions on manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Henry Gilbert Bray, A note on CLT groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229
Paul Robert Chernoff, Richard Anthony Rasala and William Charles

Waterhouse, The Stone-Weierstrass theorem for valuable fields . . . . . . . . 233
Douglas Napier Clark, On matrices associated with generalized

interpolation problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
Richard Brian Darst and Euline Irwin Green, On a Radon-Nikodym theorem

for finitely additive set functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
Carl Louis DeVito, A note on Eberlein’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . 261
P. H. Doyle, III and John Gilbert Hocking, Proving that wild cells exist . . . . . 265
Leslie C. Glaser, Uncountably many almost polyhedral wild (k − 2)-cells in

Ek for k ≥ 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
Samuel Irving Goldberg, Totally geodesic hypersurfaces of Kaehler

manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275
Donald Goldsmith, On the multiplicative properties of arithmetic

functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
Jack D. Gray, Local analytic extensions of the resolvent . . . . . . . . . . . . . . . . . . 305
Eugene Carlyle Johnsen, David Lewis Outcalt and Adil Mohamed Yaqub,

Commutativity theorems for nonassociative rings with a finite division
ring homomorphic image . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325

André (Piotrowsky) De Korvin, Normal expectations in von Neumann
algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333

James Donald Kuelbs, A linear transformation theorem for analytic
Feynman integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

W. Kuich, Quasi-block-stochastic matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353
Richard G. Levin, On commutative, nonpotent archimedean

semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365
James R. McLaughlin, Functions represented by Rademacher series . . . . . . . 373
Calvin R. Putnam, Singular integrals and positive kernels . . . . . . . . . . . . . . . . . 379
Harold G. Rutherford, II, Characterizing primes in some noncommutative

rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 387
Benjamin L. Schwartz, On interchange graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . 393
Satish Shirali, On the Jordan structure of complex Banach ∗algebras . . . . . . . 397
Earl J. Taft, A counter-example to a fixed point conjecture . . . . . . . . . . . . . . . . . 405
J. Roger Teller, On abelian pseudo lattice ordered groups . . . . . . . . . . . . . . . . . 411

Pacific
JournalofM

athem
atics

1968
Vol.27,N

o.2

http://dx.doi.org/10.2140/pjm.1968.27.211
http://dx.doi.org/10.2140/pjm.1968.27.211
http://dx.doi.org/10.2140/pjm.1968.27.229
http://dx.doi.org/10.2140/pjm.1968.27.233
http://dx.doi.org/10.2140/pjm.1968.27.241
http://dx.doi.org/10.2140/pjm.1968.27.241
http://dx.doi.org/10.2140/pjm.1968.27.255
http://dx.doi.org/10.2140/pjm.1968.27.255
http://dx.doi.org/10.2140/pjm.1968.27.261
http://dx.doi.org/10.2140/pjm.1968.27.265
http://dx.doi.org/10.2140/pjm.1968.27.267
http://dx.doi.org/10.2140/pjm.1968.27.267
http://dx.doi.org/10.2140/pjm.1968.27.275
http://dx.doi.org/10.2140/pjm.1968.27.275
http://dx.doi.org/10.2140/pjm.1968.27.283
http://dx.doi.org/10.2140/pjm.1968.27.283
http://dx.doi.org/10.2140/pjm.1968.27.305
http://dx.doi.org/10.2140/pjm.1968.27.325
http://dx.doi.org/10.2140/pjm.1968.27.325
http://dx.doi.org/10.2140/pjm.1968.27.339
http://dx.doi.org/10.2140/pjm.1968.27.339
http://dx.doi.org/10.2140/pjm.1968.27.353
http://dx.doi.org/10.2140/pjm.1968.27.365
http://dx.doi.org/10.2140/pjm.1968.27.365
http://dx.doi.org/10.2140/pjm.1968.27.373
http://dx.doi.org/10.2140/pjm.1968.27.379
http://dx.doi.org/10.2140/pjm.1968.27.387
http://dx.doi.org/10.2140/pjm.1968.27.387
http://dx.doi.org/10.2140/pjm.1968.27.393
http://dx.doi.org/10.2140/pjm.1968.27.397
http://dx.doi.org/10.2140/pjm.1968.27.405
http://dx.doi.org/10.2140/pjm.1968.27.411

	
	
	

