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It is well-known that every orthogonal polynomial set
{P,(x)} satisfies a 3-term recurrence relation of the form

1.1 Pun(®) = (anx + b,)Po(x) + o Pacy(®)  (n=1,2,---).

Some orthogonal sets (polynomials of Jacobi, Hermite and so
on) are solutions of differential equations, It will be shown
that there exist orthogonal polynomial sets that satisfy 3-term
difference equations of the form

1.2) A@y(x + @) + B@ylx — ) + Clayy(x) = 2y(x)
where A, B, C are polynomials of degree < 2 and 1 is a para-
meter,

Consider the difference equation
(1.3) A@)y(x + @) + B@)y(x + B8) + C@)y(x) = zMy(x)

where A, B, C are real polynomials, ) is a parameter, and «, B, 0 are
distinct and real. We examine two cases, according as A, B, C are
of degree < 1:

(a) A(@) =ax + a, B@) =bx + b, Cx) = ¢,
or are of degree =< 2:

(b) A(x) = 02" + ax + ay, B(®) = bx* + b+ b, C(x) = cx* + e
(at, by, ¢, not all zero). We shall use the notation (1.3a), (1.3b) to
denote equation (1.3) for the respective conditions (a), (b).

Equation (1.3) will be termed admissible if there exists a real
sequence {\,} (n = 0,1, ---) such that for » = A, there is a polynomial
solution y,(#), unique to within a multiplicative constant, and %,(x) is
of degree (exactly) n. It follows that admissibility implies that

(1.4) N 7 Nn(m % W) .

Lemma 1.1. Eguatton (1.3a) is admissible if and only tf
(1.5) a,+b+e =0, o=a,a+bpL+0.
And in this case we have

(1.6) Ao = (@ + by) + n(a,a + b,8) n=20,1,---).

Proof. Let wn be arbitrary. If we substitute the nth degree
polynomial
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(1.7) y@) = o + 3, pa

into (1.3a), a necessary and sufficient condition that y(x) be a solution
is that coefficients of a*+!, ", ... agree on both sides. The coefficient
of ax"*! yields the first of (1.5), that of z" gives A =\, as in (1.6);
and those of a*!, ..., a° give successive equations for p,_,, +++, 9. In
these equations the coefficients of p, ., --+,p, are respectively
N = Nty A — Mgy * =%y Ny — A, SO there is one and only one choice of
the p,’s if and only if N, = N; (7 < % — 1). This condition is equivalent
to the second part of (1.5); and the lemma is established.

LeMMA 1.2. Equation (1.3b) is admissible if and only +f
(1.8) a,+b,+¢=0, a+b +¢, =0, aa-+5b6=0;
(1.9) 2(a. ¢ + b,8) + n(a,o + b,5%) = 0 n=20,1-.-+).
And in this case \, is given by

Ny = (@ + b)) + n(ax + b,8) + n(n — D{a,a® + b,5%/2

(1.10) (m=0,1,--+).

Proof. Substituting (1.7) into (1.3b) and equating like terms (as
a necessary and sufficient condition for a solution) we find that the
terms in 2" 2" give (1.8), the 2" term gives A =\, as in (1.10),
and p,_, ---, P, again are uniquely determined if and only if N\, = \;
(j <nmn —1). Now the condition \, # X, (m = n) is seen to reduce
to (1.9); so the lemma is proved.

In the proofs of Lemmas 1.1, 1.2 it was seen that if a polynomial
y(x) of degree n satisfies (1.8a or b) then the corresponding value of
N is A, as given by (1.6) or (1.10); so we have the

CoroLLARY. If (1.3a) or (1.3b) is admissible then for each N % \,
(n=20,1, .-.) the only polynomial solution is y(x) = 0.

Let (1.32) or (1.3b) be admissible. In both cases the solution for
n =118
(1.11) Yi(@) = @ + (@ + b,B)o~"
where ¢ is given in (1.5). If we set
v+ d=zx% ") =y —d
with
d = (a, + b,B)o~",
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the equation in z(x*) will also be admissible and will have the form
(1.3a) or (1.3b) after the constant term in C(x*) has been absorbed
into the . Moreover, for » = 1 we have

Z(x*) = o™ .

An admissible equation (1.3a) or (1.3b) in which for » = 1 the solution
contains no constant term will be called canonical. It is no restriction
to limit ourselves to canonical equations.

From (1.11) we obtain

LEMMA 1.3. The admissible equation (1.3a) or (1.8b) is canonical
if and only if

(1.12) aa + bS8 = 0.

2. Orthogonality for case (1.3a). We consider the problem of
determining those canonical equations (1.3a) [(1.83b) in § 3] whose
polynomial solutions form an orthogonal set. For all polynomials y(x)
we have

2.1) Y@+ u) = i‘_, yF(@)utk !
k=0

so (1.3a) is equivalent, with respect to polynomial solutions, to the
differential equation of infinite order

(2.2) oy (@) + 3 Hi(@)y™ (@)/kl = oy(x)
where
(2.3) Hiy(®) = rp + s = (0" + 6,850 + (@, + b,5%)07"w

(k=1,2,---) with 0 = {\ — (a, + b)}o~". Using (1.6) we find that the
sequence {0,} for which there are polynomial solutions is given by
g, = n.

Equation (2.2) is identical with equation (3.1) of [1]. In Remark
(i) ([1], p. 151) it is shown that if », = 0 the polynomial solutions do
not form an orthogonal set. We therefore assume 7, = 0. In this
case, Theorem 3.1 ([1], p. 151) states that the solutions of (our present)
equation (2.2), hence of cononical equation (1.3a), form a weak orthogo-
nal set if and only if

sz%-l - 0 y Szp+1 = Sf y

(2.4)
/rzp r2 = TZSg ’ 82:0+2 = stif (p = 0’ 1! b ') .

Moreover the weak orthogonal set is an orthogonal set when and only
when one of the following two relations holds:
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(2.5)) s;— 8 =0;
(2.5,) si— 8,70 and 2r(s; —s)t#0,1,2, ...

The condition 7,,,, = 0 is
(2.6) @0 4 h B = »=0,1,-...).
If @, = 0 or b, = 0 then both are zero since a8 = 0. But then r, = 0,
contrary to assumption. So a,b, = 0. Taking p = 0,1 in (2.6) we then
get B = a?. Since a, S are distinet, then 8 = —a; and again from
(2.6) with p = 0: ¢, = b,. Thus, if 7, = 0 then 7,,,, =0 (p=0,1, .-+)
if and only if
2.7) B=—aa,=b+0.

With (2.7) holding then

0=aa, —b)*0,
80
Taptr = 0, Sppiy = AP, 7oy = 2ai(a, — b))~ 'a®,

(2.8) —12ptl
Sopt2 = (a, + b)(a, — b))~ taett |

Conditions (2.4) are seen to be satisfied. And (2.5), (2.5,) become
respectively:

(2.91) albl =0 ’
(2.9,) ab, # 0, aya, — b)(aad) = 0,1, .-,
To sum up:

THEOREM 2.1. Let equation (1.3a) be canonical. Then its poly-
nomial solutions from an orthogonal set if and only 1f (2.7) holds
and one of (2.9), (2.9,) holds.

REMARKS. (i) If (1.3a) is canonical its polynomial solutions
form an orthogonal set if and only if it is of the form

(a2 + a)y(@ + @) + (b + a)y(@ — «)

2.10
(2.10) — (a, + bay(x) = My(2) ,

with a, # 0, a, # b, @ # 0, and either (2.9,) or (2.9,) holding.

(ii) In (2.10) make the variable changes x = ax*, z(z*) = y(ax*).
There results a similar difference equation in z(x*), in which a is
replaced by 1. This equation has an orthogonal set of solutions when
(2.10) does. It may be termed a standard canonical equation. After
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dividing by «a, this equation has the form (dropping asterisks)

(cx + Dz(x +1) + (dx + Dz(x — 1)

(2.11) — (¢, + d)xz(w) = pz(x) ,

with ¢, — d, # 0 and either ¢,d, = 0 or

cldl #* 07 (cl - dl)(cld'l)_l #* 07 17 2y crt .

3. Orthogonality for case (1.83b). Let equation (1.8b) be canoni-
cal, so that (1.12) holds. Putting (2.1) into (1.3b) we get an infinite
order differential equation with polynomial coefficients of degree < 2,
which is equivalent to (1.38b) at least for polynomial solutions:

(3.1) ay'(@) + 5, Ty ™ @)kl = oy(@) ,

where

T(x) = 7 + 838 + 622 = (a&® + 5,850+ (a,0f + b,BF)ox

(3.2) A
+ (aa" + 08" 07 (k=2,3,--+)

and ¢ = v — (a, + b)}0~" and ¢ is given by (1.5). From (1.10) we see
that {¢,} is given by

o, =mn+ nn — 1)t,/2 .

Equations of the form (3.1), that is, with max, {degree T (x)} = 2
were considered in [1], but the results obtained were not as complete
as for the case where the coefficients are of degree < 1. We must
therefore proceed differently. We first show that if canonical equation
(1.8b), hence also (3.1), has an orthogonal set of solutions then 8 = —a.

For suppose not. Then ||+ |B|, since a, 8 are distinct. We
may assume that |a| > |8]|. By Theorem 2.2 ([1], p. 148) there is a
sequence of constants {«,} (the moments of the weight function corres-
ponding to the orthogonal set), with «, == 0, that satisfies the system
of equations

(3.3) disr =0,D5,, =0 0, k=0,1,---)
where (in our present case, as seen in [1], p. 153)

2k+2 k k

3 —

ptk — Zk aw[( )7‘21)4%1'—1——13 + ( )Szp+2k+2—i
=

11—k 1 —k—1

+ ( k bopiaktai |
T —k—2

(3.4)
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:2k+3 l',b+1 k41
p+k 1_,‘ k-}-l@_

i(k—l—l

)"'zp+zk+z—¢

+
(3.5) s PR

1 —1( k+1
+ tz 2k+4—i | o
k‘—l—l(i_k_Z) p+2k+ }

>82p+zk+3—-i

Here the convention is made that (7;’) =0 for ¢ <0, and r; =s; =
t;=0for j<0and r,=14¢ =0,s, = 1.
Putting the values of r»,, s;, £, from (3.2) into (3.3) we get
a2p+2k+1Uk + B2p+2k+le =0

(3.6) {a2p+2k+2Wk + ,BZP+2k+2Xk — O (py k = Oy 1; .o ')

where
= 2%?%—[( BV + ( k a0
=k \i—k 3 —k—1
+ ( k )aza'”ﬂ
v —k—2
3.7

= k+1 k+1\; -k —1

'l:‘_‘l k+1 —_t4-2
+ — a2,
k+1@—k—2)2 }

and V,, X, are obtained from U,, W, be replacing

= Sl L o (B o

Qg, Oy, Oy & DY by, by, b, B .

Let k be arbitrary but fixed. If we divide (3.6) by a?r+* -+ q?r+2k+t
respectively and let p-— o, then since |B/a| <1 we get

(3.8) U,=0,W,=0 (k=0,1,.--).
And from (3.6) we then have
(3.9) V.e=0,X,=0 (k=0,1,..9).

For k = 0, (3.8), (3.9) reduce to

aa, + aa, + aa, = 0, a0, + &, + aa, =0,

3.10
( ) ab, + ab, + ab, = 0, ab, + ab, + ab, =0,

Now from (3.3) with » = &k = 0 we have

ar, + as, + at, =0.
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But r, =t =0, s, = 1; hence
a,=0.
So (3.10) becomes

Ay + Ky, = O: Oylly -+ Oy, = 0 ’

(3.11)
ab, + ab, = 0, ab, + b, = 0.

Now ab, # 0. For if a, or b, is zero then from a,« + 6,8 = 0 (in
(1.8)) and @B += 0 we get a, = b, = 0. Hence (again from (1.8)) ¢, =
0; so all coefficients in (1.3b) are of degree < 2, contrary to assumption.
Again, agh, = 0. For if a, or b, is zero then (3.11) implies that «, =

0. Since we already have «, = 0, then 4, = gogl = 0. But for the
1~*2

moments {«,} corresponding to an orthogonal set it is known {2] that

Rt UG SRDE
so we have a contradiction. Thus,
(3.12) b, #= 0, ab, = 0, a, = 0.

The right hand equations in (3.11) give us

—ba, + ab, = 0.
This with
aa, + Bb, = 0

from (1.8) implies
aa, + Bb, = 0,

contrary to (1.9) for » = 0. So the assumption 8 # —a leads to a
contradiction, and we have

(3.13) B=—a.

Then from (1.12):

(3.14) a, = b, .
In (3.2) we now have

Top = 20,07°0%%, 85, = (A, + b)o7'a*, t,, = (a, + b0~ a?®

(3'15) 1 y2p 1 —1 2941
Topt1 = 0, Sy = (@; — b)o~ o, toprs = (@ — b,)o~ e+
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=12 ...), with », = ¢ = 0,s, = 1. (3.12) and (3.15) show that
r, # 0.

Let

(3.16) Up = Supiy Uy = buprsy Wy = by

From a,0 + 50,8 =0,8 = —a #+ 0 we get

(3.17) a,=b,.

It is then readily seen that

(3.18) v, =0,w, —tu,=0 rp=0,1,2,-...)
Choose 7, s,, t,, s; to satisfy the conditions

(3.19) r,#=0,2+ kt,#0k=0,1,:-2),4,%0,

where a, = 0, «,, «,, a, are obtained from the equations

(3.20) D}y=0,d=0,D!=0.

(3.18)-(3.20) make Theorem 4.2 ([1], p. 158) applicable, so that the
solutions of (1.8b) form a weak orthogonal set if and only if

(3.21) Sopt1 = S5, toprs = 0, 755, = 0 P=01,--.).
Sepre = 8983, baprs = €o8%, Toprp = ToSY
Now these conditions do hold in view of (3.14).
The first two conditions of (3.19) become

(3.22) a, #= 0; (¢, — b)) + kaa, = 0 k=01,2,--4).

Finally, for weak orthogonality to imply orthogonality it is necessary
and sufficient (1], pp. 161-162) that ¢, ¢ S(ry, s,, 8;) where S(r,, 8,, s;) is
the set of all real values of ¢, for which x,(7,, s, 8, £;) = 0 for some
n > 1. The expression for x, is lengthy, and we do not reproduce it
here. We merely observe that for given 7, s,, s, the set S(r, s,, s,) is
at most denumerable.

To sum up:

THEOREM 3.1. Let the admissible equation (1.3b) be canonical.
Its solutions form an orthogonal polynomial set if and only if:

(i) (3.12), (3.13), (3.14), (3.17), (3.19) hold.

(i1) ¢, ¢ S(ry, Sz 83).

REmMARKS. (a) If the canonical equation (1.8b) has an orthogonal
polynomial set of solutions then it has the form
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(3.23) (a2 + a2 + a)y(x + @) + (a.2° + b2 + a)y(x — @)
' — [2a,2* + (a, + b)zly(x) = My(x) ,

with

(3.24) a,a(a; — b)a #= 0; (a, — b)) + kaa, # 0 k=01, ...),

(b) As in §2 the transformation x = ax*, z(z*) = y(ax*) carries
(3.24) into a similar equation with « replaced by 1.

4. Two examples. If an orthogonal polynomial set {P,(x)} satisfies
(2.10) with » =, for y = P,(x) then from (1.6) we have

4.1) N, = 2a, + na(a, — by) (n=0,1,-:-2).

Let {P,(z)}, {@.(x)} be polynomial sets defined by the respective gener-
ating functions

(4.2) el(L — t) e = 2 P(x)t* (¢ # 0),
(4.3) (1 — £y (1 — bty = 2 Q)"  (b=01).

We shall show that these sets are orthogonal and satisfy an equation
of the form (2.10).

Denote the left side of (2.10) by L{y]. If G(z, t) is the generating
function in (4.2) then

(4.9) LIG] = G{(ax + a))(L — ) + (b + a)(1 — )™ — (a, + b)z} .
Also,

@5 SUN P @) = 20,G + a(a, — byt 9G/ot
= G{2a, + afe, — b)ife — (@ + )1 — O]} .

{P,(x)} will satisfy (2.10) if (4.4) and (4.5) are identical. It is a
straightforward computation to show that they are identical if

(4.6) a=1;a, =0;b = ayc.
Hence {P,(z)} is an orthogonal set which satisfies the equation
4.7 P+ 1)+ (x + c)P,(x — 1) — 2P, (x) = (2¢ — n)P,(x) .

In the same way it is found that {Q,(z)} is an orthogonal set that
is a solution of (2.10) for

(4.8) a=1;a, =0bb;a, = —bdb, .
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The equation reduces to

bz — d)Q,.(x + 1) + (z — bd)Q.(x — 1) — (b + 1)2Q,(z)

In the case of (4.9) the condition (2.9,) is to hold. It reduces to

(4.9

(4.10) —d(b —1)£0,1,2, -+~ .
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