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This paper considers three transforms of a complex series
Ya,: namely, (1) Aitken’s d&-transform 2b,, (2) Lubkin’s W-
transform Xc,, and (3) a closely related transform Xd,. which
the author calls the Wl-transform and for which Y 7d; =
Sotter. If an-y # 0, set r, = a,/a,-,. 1f, moreover, 2a,
converges, define T, = (a, + @p+1 + **:)/au-1 and let MR(Xa,)
be the class of all series converging more rapidly to the sum
S = Ya, than Sa,. Some of the results proven in this paper
are as follows:

(1) Ifb./a,— 0,then the three conditions (i) Xb, € MR(2a,),
(ii) Xe,e€ MR(Xa,), and (iii) ¥d,e MR(Za,) are equivalent,

(2) 2b,e MR(Xa,) if and only if 47T, — 0,

(3) If |7r.] =0 <1 for all sufficiently large %, then the
three conditions (i) b, ¢ MR(Xa,), (ii) 4r, — 0, and (iii) b./a,—
0 are equivalent,

Samuel Lubkin has given several sufficient conditions for
2b,e MR(Za,) in case Xa, is a real series. The third result above
contains a generalization of one of his results to the complex plane
while relaxing some of his hypothesis.

The following results on complex products are also proven:

(4) If the sequence {l/a, — l/a,_,} is bounded, then the product
IIr (1 + a,) diverges.

(5) Suppose that |r,| < 0 <1 for all sufficiently large » and
a, # —1 for all n. Then a necessary and sufficient condition for the
o*-transform to accelerate the convergence of the infinite product
I (1 + a,) is that 4r, — 0.

The notations and definitions set forth in Tucker [2] will be used
in this paper. In particular, S, =a,+a, + -+ + a,, 2a, = 37 a,,
and S = Xa, if Ya, is convergent. Given a second series Ya,, we use
the notation S, =aj+ +-- + al, v, = a,ja,_, for a,_,+ 0, S'=23a), and
T = (S — 8,_)/a,_, for a,_, # 0. Likewise, given a “transform se-
quence” {a,}, a, complex, we set S,, =S, + @,+,4,,;, for n =0, a,=
Se = @ + o, and a,, = Su, — San_y for n =1,

The transform sequences associated with the 6, W, and W1 trans-
forms are defined respectively as follows:

(1) a,=1/(1~r),n=1,

(i) a,= —aja;a, =1 — r,_)/(1 —2r, + r,71.), 0 = 2,

(i) a, =1 —r,)/(L — 21, + 71,0), 0 = 1

Whenever division by zero occurs in (i), we set a, = 0. We do
likewise for (ii) and (iii). As in Tucker [2], we retain the notation
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{6,} for the é*transform sequence, and if “*” denotes any relation,
the notation “*.” means that * holds for all sufficiently large # and
«“*.” means that * holds for infinitely many positive integers n.

In what follows, the author is generally interested in the interrela-
tionships between the conditions (1) b, ¢ MR(Za,), (2) ¢, € MR(Xa,),
3) ¥d,e MR(Za,), (4) b,/a,— 0, (5) 4T,— 0, (6) 4r,—0, () |r.] =.
B for some B, and (8) 0 < B <. |1 — r,| for some B. Also, the no-
tation 3b,, 3¢, and Xd, specified in the first paragraph for the respec-
tive 62, W and W1 transforms will not be used in what follows.
Instead, the appropriate Ya;, or Za,, notation will be employed.

The following two theorems, the second in particular, are helpful
when investigating acceleration.

THEOREM 1. Suppose that Za, is a complex series, {b,} is a
complex sequence, and Xa, 13 a series with partial sums S, =. S, +
buii. Then Za, e MR(Za,) if and only if by ~ S — 8, —0.

Proof. If either condition holds, then
S-8,=.8-8,+b,,,#.0,

so that b,.,/(S—S,) + (S—S.)/(S—S,) =.1. Thus (S—8,)/(S—S,)—0
and S - S,—0, if and only if, b,.,/(S—S,)—1 and S — S, — 0; but
this is equivalent to b,.,, ~ S — S, — 0.

From Theorem 1, we see that the class of all sequences {¢,} such
that Xa, € MR(Za,), where S, = S, + ¢,:,, is completely determined
by one such sequence {b,}; the required condition being that ¢, ~ b,.
Similarly, we now show that if Ya,, ¢ MR(Xa,), then Ya,, € MR(Xa,),
if and only if B, ~ «,.

THEOREM 2. Suppose that Xa., e MR(Za,). Then Za,,c MR(Za,)
if and only if B, ~ «,.

Proof. From Theorem 1, a,,.&,,, ~S — S,—0. Hence, from
Theorem 1, Za,, € MR(Za,) if and only if @,,,8,+1 ~ S — S,, and this
is equivalent to @,+8,+1 ~ @pr &,.y, thatis, 8, ~ a,...

LemmA 3. If A —7r,)1 — 7r,.) # 0, then as;ja, = 1/(1 — r,.,) —
1/(1 - /rn) = rn+1/(1 - rn+1) - Tn/(l - /rn) = (Tn+!. - Tn)/(l - /rn)(l - rn+1)0

Proof. Since r, # 1 and r,,, + 1, we have 4, =1/(1 —r,) and
5n+1:1/(1—’rn+l)‘ Thus) a’én/an:(an+an+13n+l—an5n)/a’n:1+,rn+15n+1_5n:
Tn{—L/(l - ,rn-i—l) + 1—1/(1—'7'%) = ’rn+l/(1_,rn+l) '—’rn/(l - /rn) = [’rn+1(1'~,rn)_
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Tu(l=7p )/ A =11 =701)) = (Pos— 1) [A—=1 )L —700) = L1 — 7,4)) —
1/(1 - /r'n)‘

We now establish a relationship between the &*-transform and
the Wl-transform.

THEOREM 4. Suppose that a,./a,—0. Then Za,,c MR(Za,) if
and only if Za,, € MR(Za,), where a, =.(1—7,:)/A — 27,4, + 7.7 n+1)-

Proof. Suppose that Xa;, € MR(Za,). From Lemma 3,

1 - 2Irn+1 + Tuln+s = (1 - T’n)(l - /r'n+1) - (/r'n-H - Tn)
= (1 - ’rn)(l - r'/H-l) ° [1 - (/r'n-l—l - 7"”)/(1 - ,rn)(l - /r'n-H)]
=.1—=7r)1 - 74)1 — as./a,) #=.0.

Hencey a{n/an =. (1—Tn)(l_Tn+1)/(1_27¢n+1+’rn1ﬂ'n+l) . 1/(1 - adn/an) - 1‘
From Theorem 2, Xa,, € MR(Za,).
Suppose that Za,, € MR(Za,). Then 7, =£.1, so that

an/an =. 1/(1 - a’5’n/an) - 1
and, from Theorem 2, Za,,c MR(Za,).

The same type of relationship is now established between the 6%
transform and the W-transform.

THEOREM 5. Suppose that a,,/a,—0. Then Za,,€ MR(Za,) if
and only if Za,,€ MR(Za,), where &, =.(1 — r,_)/(L — 27, + r,._7,).

Proof. Suppose that Za,, € MR(Za,). Asin the proof of Theorem 4,
1-2r, 4+ 7, r,=.1—7r, )1 — 7))Ll — Gnpf@,_] #.0.
Hence, _
[0, =.1 =7, )A —7,)A—2r, +7,.7,) =.1/(1 — @yn_p/@n) —1.

From Theorem 2, Xa,,e€ MR(Za,).
Suppese that Xa,,c MR(Xa,). Then r, .1, and thus
a,/o, =.1/(1 — asn_p/@,) —1.

From Theorem 2, Ya;, € MR(Za,).
The next theorem helps to establish the significance of the quan-
tities T, when dealing with acceleration in general.

THEOREM 6. 2Xa,,c MR(Za,),o,~ T,/r,, and a,~1+ T,,, are
equivalent.
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Proof. From Theorem 1, Ya,, c MR(Za,) if and only if a, ,0,., ~
S — S, —0; and this is equivalent to @,., ~ (S — S,)a,s; = Tpis/Vnire
Moreover, a, ~ T,/r, is equivalent to &, ~1+ T,,,, since T,/r, =
1+ T

We now establish a useful algebraic expression for (S — S;._.)/
(S — S,_,) in terms of 4T,.

LemmA 7. If Xa, is a convergent series and n 18 a positive in-
teger such that T,,, — T, *= —1, then

(S = Ssa)/(S = 85)) = (Tpss — T)/A + Thin — T) .

Proof. From 1 —r,)1+T,.)=1+T,.,— T,#0,T,.,# —1
and r, 1., Thus S—-S,..=a,01+ T,.) % 0. We then have
(S - Sﬁ(n—-l))/(s - Sn—-l) = (S - Sn—-l - anan)/(s - Sn-—-l)
= 1 - anan/(s - Sn—l)
=1 a, 1 —1_ 1 T,
S-8.., 1—r7r, T, 1—1r,
1- Tn/(l =+ Tn+1) T'n
=1~ 1/(1 + Tn—H - Tn) = (Tn+1 - Tn)/(l + Tn+1 - T'n) .

=1-

We now establish necessary and sufficient conditions for the 6% .
cess to acceler v nv ries Ja,.
process to accelerate the convergence of a convergent series ¥

THEOREM 8. ZXa,,€ MR(Za,) if and only of T,,, — T,— 0.

1st Proof. From Theorem 6, Ya,, € MR(Za,) if and only if §, ~
1+ T,.., and this is equivalent to 1 + T,,)@ — »,) — 1, since 4, =.
/4 - r,). Finally, 1 + T,,)1 — r,)—1 if and only if T,,, — T,—0,
gsince T, — T, =.1+ T, )1 — r,) — 1.

2nd Proof. If T,.,— T,—0, then T,,, — T, . — 1. Thus, from
Lemma 7, (S — S;,-0)/(S = 8u) = (Tpss — T)/QA + Tpis — T,) — 0.
Conversely, suppose that (S — S;,-,)/(S — S,_;) — 0. Then a, .0 and
r, #.1, since 4, =.0. We must have 1 + T,,, — T, +#.0, since other-
wise @ - » ) T,)r,)=.1+T,., — T, =:0, and S— S,_, =:0; a con-
tradiction. From Lemma 7, (T,,, — T.)/A + T,r. — T,) =.(S — S;1.)/
(S-8S,.)—0, and thus T,,, — T,— 0.

The preceding theorem immediately yields the corollary, also proven
in Tucker [2], that the convergence of {T,} imples Xa,, c MR(Za,).
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LEMMA 9. If Ya, is a convergent series and n is a positive in-
teger such that a,_.a,0,., # 0, then

Vat1 — Ty = (Tn+2 - Tn-H)(l - /rn)(l - 7mn+l)
- (Tn+2 - Tn+1)(]— - Tﬂ) + (Tn+l - Tn)(l - /rn+1) .
Proof. We have

(1 - Tn)(l + Tn-H) =1- 7y + T7L+1 - TnTn-H
=1 + Tn+1 - /rn(l + Tn+1) =1 + Tn+1 - Tn ’

so that
T,— T,=1—7)1+T,,)—1.
Similarly,
Toiw— Tosr =10 —r0)1 + T,ou) — 1.
Thus,

(Tosz — Toi )X = 1)1 = 7pst) — (Tasp — T )(1 — 1)

+ (Tois =T =7, ) = (Tore — Tor )L — 7)1 — 7440)
— (@ =) =7 )@ + Thin) — 1]
+ @ =7 )@ =)@+ T,h) — 1]

= (This — Thi)A = 7)1 = 7p) + (1L — 7,)
=L =7r)L =7 )L+ Thse) — (1 — 744)
A=) 1 =7, )1+ T ) =L =r,) 1 =70 )[(Thss— Tt
=L+ Tors) + LA Tyl + Ty = 70 = Ty — 70

LEmmA 10. If Ya, is a convergent series and m 1s a positive
integer such that 1 —r,)1 —r,)a,.,70, then a;,/a, = (Thio— Thsy) —
(Tn+2 - Tn-l—l)/(l - ’rn+1) -+ (Tn+1. - Tn)/(l - /"n)'

Proof. We have a,_,a,a,., = 0, and
WsnfCy = Py — 1,)/(L = 7)1 — 7,4)

according to Lemma 3. We now apply Lemma 9.

Lemma 11. If a;,€ MR(Za,) and 0 < B <Z.|1 —r,| for some
number B, then a;,/a,— 0.

Poof. From Theorem 8, T,., — T,— 0. Using Lemma 10 and
0<BZL.|1 -7, it is obvious that a,,/a, — 0.

THEOREM 12. Suppose that Ja;,e MR(Za,) and 0<B <.|1—7r,]|.
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Then ZXa,,c MR(Za,), where «a, =.(1 — r,+,)/(A — 2r,., + 7,74, oOF
a,=.1—r,_)/QA—-2r,+7r,_.7).

Proof. From Lemma 11, @,,/a, — 0. We now apply Theorem 4,
if a, =. (1 - Ir‘ﬂ+1)/(1_2rn+l+,rnr'n+l); or Theorem 57 if a, =. (1_7'1»—1)/
(1 - 2/"% =+ ’rn—l’rn)-

THEOREM 13. If Ya;,€ MR(Za,) and |7,| <. B for some number
B, then r,., — r, — 0.

Proof. From Theorem 8, Lemma 9, and |7,| <. B, it is obvious
that Tot1 — Ty — 0.

The following theorem gives simple necessary and sufficient con-
ditions for the ¢*-transform to accelerate convergence in the complex
plane under the fairly general condition that | r,| <. p < 1. In addition,
it generalizes the result on acceleration contained in Theorem 2 of
Lubkin [1].

THEOREM 14. Suppose that |r,|<.p0 <1 for some number p.
Then a mecessary and sufficient condition that 2a;, € MR(Za,) is that

Tot1 — Ta — 0.

Proof. Since |7r,| =.p < 1, Xa, converges. The necessity follows
from Theorem 13. For the sufficiency, let ¢ > 0. Since r,.,—7,—0,
| P4er — 7, | <.€6. Consequently,

[ Toii— Tl = (Pasr = 70) + Tars(Puse — 70) + PV nia(Tnis — 72)
toere t (Parr o P )P — 70) + oo [ S0 P0gy — 7]
F [ Pair [ [ Fare = Tul + oo+ [P oo Pugima | | P — 70|
+ oo Sie 28T | £ oo F RS Tarr et Tagpe |
+ e S e[1+204+80° 4 oo F RO A ] =¢€/(1 = 0) .

Hence T,., — T, — 0, and thus, from Theorem 8, Xa,,c MR(Za,).

The preceding theorem yields a simple proof of acceleration in a
punctured disk in the complex place for certain power series as is
now seen.

COROLLARY 15. Suppose that |r,| <.p0 < 1 for some number p,
Ya;, € MR(Za,) and a, = a,z" for every n. Then 3a;, € MR(Xa,), for
each complex number z satisfying 0 < |z| < 1/p.

Proof. From Theorem 14, r,., — r,—0. Let z be any complex
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number such that 0 < |z| <1/p. Then |7, | =.|7r.2| <.0|2]| <1 and
Phir — Th = Ppsi® — T2 =. 2Pys, — T2)— 0. Thus Ya;, € MR(Za,), ac-
cording to Theorem 14.

COROLLARY 16. Suppose that |r,| <.p0 <1 for some number p,
Purs — 7o —0 and a, = a,2" for every n. Then Xaj,c MR(Xa,), for
each complex number z satisfying 0 < |z| < 1/p.

Proof. From Theorem 14, Za,, € MR(Xa,). We now apply Corol-
lary 15,

LEMMA 17, If0<AZ.|1—17r,| Z.B, then a;,/a, =. (e, — 7))/
q—-r)1—r,..) and a;,/a,—0 2f and only +f r,., — r,— 0.

Proof. Since 0< AL, |1—7,|Z.B,0<A . |A—-r)A—7r.)] £,
B?., Hence from Lemma 3, a,,/a, =. ("1 — 7,)/ (1 — 7, )1 — 7,.,). Thus
from 0 <A’ |A—7r)A — 7,0 £, B, a,/a, —0 if and only if

Ppar — Ty—0.
LemMA 18. If |r,| .0 <1, then
Wsn/On = o (Prsy — 7)/(1 = 7)1 = 7,01)
and a;,/a,—0 if and only if v,., — 7, — O.

Proof. From |r,|£.0<1,0<1l—-p=.|1 -7, =.2. We now
apply Lemma 17,

THEOREM 19. Suppose that |r,| <.0 < 1. Then a;, € MR(2a,) if
and only if a,,/a, — 0.

Proof. From Lemma 18, a;,/a, —0 if and only if »,,, — r, —0.
From Theorem 14, Xa,,< MR(Za,) if and only if »,., — 7, ~ 0. Con-
sequently, Xa;, € MR(2a,) if and only if a;,/a, — 0.

THEOREM 20. If |r,|<.0<1 and a,,/a,—0, then Xa,,c MR(Za,),
where &, = '(1~’rn+l)/(1—2/rn+1+,rn,rn+1) ora,= .(1—7'”__1)/(1— zrn_}—rn—-lfrn)'

Proof. From Theorem 19, Xa,;,e MR(Za,). From Theorem 4,
Zaan € MR(E(Z%) if a, =. (1 - /r’n+1)/(1 - 27‘n+1 + Tn/rn+l)- If

a, =. (1 - /rn-l)/(l - 2/"7; + Tn—-l,rn) y
we may apply Theorem 5 to obtain Ya,, ¢ MR(Za,).
THEOREM 21. If

l’rnlé-{o<1 and 7',,+1—7',L'—'0,



462 RICHARD R. TUCKER

then 2a.,€ MR(Xa,), where «,=.1 — r,.. )1 —2r,., + r,r,.\) or
a, =. (1 - Tn—-l)/(l - 27‘% + /rn——l/rn)'

Proof. From Lemma 18, a,,/a, — 0. We now apply Theorem 20.

In Tucker [2] it was proven in Theorem 3.7 that if a,/a,— 0,
[r, ] £.0.<1/2 and |7,!| <. 0, <1, then Ya/ converges more rapidly
than Xa,. Furthermore, it was shown there in Counterexample 3.8
that the replacement of “1/2” by any larger number produced in in-
valid result., We now turn to our next theorem which shows that

“1/2” may be replaced by “1” under the additional hypothesis that
dr, — 0.

THEOREM 22. If
@/, —0, |7, | .0, <1 |r|=.0 <1

and Adr,— 0, then Xa, converges more rapidly than Xa,.

Proof. From Theorems 8 and 14, 4T7,-—0. Also |1+ T..,| =.
1/A — p,). Thus,

(S = Shoy| _ lab] |Turl| _ ] 1+ T4 ]
S=8.50 T Ted ITJr Tad 1A+ 4T = 7))

—0

Our final two theorems are on infinite products.

THEOREM 23. If the sequence {lja, — 1/a,_} is bounded, then the
complex product 117 (1 + a,) diverges.

Proof. Assume that TI” (1 4 a,) converges. Then a,— 0 and
there is an m = 0 such that for & = 0, the quantities

S =1+ a,)1 + apey) o+ (14 Qpuyy)

satisfy the limiting relation S; — S’ for some S’ == 0. We may assume
that m = 0 so that S, = II? 1 + a;) for » = 0. Since the sequence
{a - ryle,) = {/a, — 1/a,_;} is bounded and a, — 0, we have r,— 1,
Let o/ =8S;=1+a)and a, =S, —S,_, =171+ a;) — ;" (1+a)=
[ L+ a)[A +a,) ~1]=@a, 11 + ;) for n =1. Then 1/a,,, —
Yo, =[1/[a,+,(1+a,)]—1/a,]/IE (1+a)=[(1/a,+,—1/a,) —1/[r, . (1+a,)]/
;' (1 + «;). Hence, since r,—1, a,—0, {1/a, — 1/a,_,} is bounded
and 11 (1 + a,) = S’ # 0, we see that {1/a)., — 1/a}} is bounded. From
Tucker [2], Ta, diverges, i.e., TI? (L + a,) diverges.

THEOREM 24. Suppose that |r,|<.0 <1 and a, #= —1 for all n.
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Then a mecessary and sufficient condition for the o&°-transform to
accelerate the convergence of the infinite product IIT (1 + a,) is that
dr, — 0.

Proof. Set S,=TI!(1+a;) for n=0,a, =S, and a, =8, — S,_,
for n = 1. Since |r,| <. p < 1, we successively obtain the convergence
of Yla,|,IIy (L + |a;]) and I (1 + a;) = S = 3a, = 0. Also, a,—0
and 7, =.7, + a, yield |7, | <.0 = (0 + 1)/2 < 1 and the equivalence
of the conditions 4r,—0 and 4r,—0. From Tucker [2], Ya;, ¢ MR(Za})
if and only if 47, —0. Hence, Ya}, € MR(Za,) if and only if 4r,—0.
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