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The essentially bounded measurable (vector) function
uw(x, t) = (uy(x, t), +- -, u(x, t)) is called a weak solution of the
initial-value problem for the system

ou . 0. (x, t, u)

=0
ot ox

in the upper half-plane t = 0 if it satisfies the usual integral
identity (defining ‘‘weak’) together with the condition that,
given a compact set D in ¢ = 0, there exists a function
K(t) € Lioo([0, ) such that

Wi(®1, 1) — Ul Xs, T)
&) — X3

= K(@®)

holds a.e, for z,,z;€D and 0 < ¢ < co, It is shown that, if
the matrix 0.7 /ou is symmetric and positive definite (a con-
vexity condition), then weak solutions are uniquely determined
by their initial conditions,

In [1] O. A. Oleinik established a uniqueness theorem for a rather
general class of weak solutions of a quasilinear equation of the form

Q + ———0@(xj £, u) + a(x, L, u) =0

ot ‘
where the function @(z, t, u) was subject to a convexity condition in
%, namely, @,, = 0. The purpose of this note is to generalize Oleiniks
uniqueness result (in the case + = 0) to certain quasilinear systems
which are subject to a symmetry condition (assumption III below) as
well as a convexity condition (assumption IV below). In the case of
one equation our uniqueness result is slightly less general than Oleiniks
in that she does not require the function K(t) occurring in (2) to be
locally integrable on [0, o). The method is the standard variation of
Holmgren’s method which is employed by Oleinik and others, except
that we work with mean square rather than sup-norm estimates.
Oleinik [2] has also established a uniqueness result for a special sys-
tem of two equations which, however, is not symmetric. Rozhdest-
venskii [3] has established a uniqueness theorem for piecewise smooth
solutions of certain quasilinear systems but his methods are entirely
different from those employed here.

2. In D ={(x,t): —c0o <2< o0,0=t< o} we consider the quasi-
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linear system of » equations

ou 0.7 (x, t, u)
1 Ao U I N7 By
(1) ot + 0%

for the (vector) function u(z, t) = (uz, ¢), «- -, u,(x, t)) where
M(xy t9 u) = (a'l(xy ty ?1/), M) ar(x: t, u)) .

The following assumptions will be made:

I. The functions a(x, ¢, ) possess derivatives oda;/0u;, 0°a;/0x0u;
and &*a;/ow;0u, which are bounded subsets of (z, t, u)-space.

II. Let

oa(x, t, u)

A it aij(xy t; u) .
O’M/j

Then, if w is bounded, i.e., > 42 < M?, there exists a constant ¢, de-
pending only on M, such that

r r T
—C z&s% é .Zlaij(xy t: u)éi&j g c Z 53
1= 1,5= i=1

for all vectors & = (&, ---, &,).
III (Symmetry). For all %, ¢, and u,

a;(®, t,u) = aux, t,uw) (4,5 =1, -+, 7)
IV (Convexity). For all z, ¢, and u, and each k =1, ...,7, we have

f‘_‘ Mvﬂgi& >0

ihg=1 o,

for all vectors & = (&, +++, &,).

DEFINITION. Let v (x) be an essentially bounded measurable func- :
tion defined on — oo < 2 < =, An essentially bounded measurable
function u(x, t) is called a weak solution of (1) in D with initial con-
ditions (2) if,

(a) for every test function p(z, t) which is continuously differenti-
able with compact support in the (z, t)-plane we have

(2) SD[<u -32> + <A(t, @, u), %i' ]dxdt + g

ot

Lp(z, 0), v(x)>de = 0

where {,) is the inner product in Euclidean r-space;
(b) given any compact subset of D there is a corresponding func-
tion K(t) € Li([0, o)) such that
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(3) U@y ) — W@ 8) — gpy

X, — X, -
(t=1,---,7) holds a.e. for z, and 2, in the compact subset, and
0<t< oo,

THEOREM. Weak solutions of (1) are wuniquely determined by
their initial conditions.

Proof. Let u,x,t) and u,(x, t) be two weak solutions of (1) with
the same initial conditions +(x). We will show that, if F(z,t) =
(Fyx, t), +++, F.(x,t)) is any smooth (vector) function with compact
support contained in ¢ > 0, then

S (s — g, Fodadt = 0,
D

thus proving that u, = u, a.e. in D.

Let w" be the usual Gaussian averaging kernel with support con-
tained in the sphere 2* 4 ¢* < 1/n*. Given a function @(z, t) € L:.(D)
we define the averaged function ¢™(, t) by convolution; " = p+w". By
a familiar argument we see that u?, —u;, (¢ =1,2and k=1, .-.,7)
in mean square on compact subsets of D. From (3) it follows (see [1])
that

(4) Ok < K(t) ((=1,2and k=1, ---,7)
or

on compact subsets of D.
We now define the functions

1

o (e, t) = S a;(x, t, Tu, + (L — T)u,)dt
0
1

ay(w, t) = S a;;(x, t, Tuy + (L — 7t)uz)de
0

(t,7=1,+--,r and » =1, 2, .-.) and the associated matrices A(x, t) =
(aij(xy t)) and A"(x, t) = (agy(x, 1)).
It is immediate that

M(.’l), ty ul) - M(.’E, tr uz) = A(ﬂ?, t)(ul - 7,(,2) .
Also
|aii(®, t) — a;;(w, t) | < const. [|u] — w,| + |u — u,|]

on compact subsets of D, from which it follows that a?; — a;; in mean
square on compact subsets of D. From II we see that
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(5) —§, &) =A@, 1§, 6 = K&, 6

for some constant ¢ > 0 and all real vectors &. Finally we note that

= S{o% (@, t, Tul + (1 — 7)ug)
o0x ol ox

+ 3 S St b, Tut + (L~ Dup)| T2 4 (1 — o) 2% gy
o ox

Using I, IV and (4) it follows that

on compact subsets of D for every vector &, where K, (f) € L},.([0, 0)).
We now construct for each n = 1, 2, ... the vector function ¢"(x, t)
satisfying the linear system

0P" o A, )92 = F(x, t)
ot ox

and vanishing on ¢ = T, where the support of F'is assumed to be below
t =T. This is achieved by solving the system

0P _ pre, T — y9P" — e, T — 1)
ot o0x

for the vector function ®*(x,t) in D, with the initial conditions
@™z, 0) = 0, and then putting o™z, t) = $(x, T — t). The classical ex-
istence theory guarantees that ¢"(x, t) exists, is smooth, and, by (5),
has support contained in a compact set which is independent of %, and
so is a legitimate test function.

Using (2) we obtain

S <ux — Uy, 67)"
D ot

- K%(@ tw) — o7 (@ ) ug), 2 2 \dxdt

_ . _ 0p™ N\
_ SD<A(@, ), — ), 22 dadt .

Thus

(6) S Qg — g, Fdudt = S <u — o, (A" — A)02" >dacdt .

D D o
Using the facts that (i) the supports of the ¢~ lie in a fixed compact
subset of D, (ii) the u; are essentially bounded and (iii) the coefficients
of A" converge in the mean square on compact subsets of D to the
coefficients of A, we see immediately that the right hand side of (6)
approaches zero as n — oo, as long as the mean square norms of the



A UNIQUENESS THEOREM FOR WEAK SOLUTIONS 559

opi/ox (on compact subsets of D) are uniformly bounded. The proof
will be completed by establishing this fact.

Let 65" /ox = v*, A"z, T — t) = A™(x,t) and F(x, T — t) = F(x,t). Then
™ satisfies the equation

in 0 < ¢ < T, and the initial conditions v*(x, 0) = 0. We may suppose
that the supports of the »"(n = 1,2, --.) in 0 < ¢t < T are all strictly
contained in some interval a < 2 < b. Then

aF > <0A"v » >
Using Green’s formula

§:<v”(:v, t), v™(z, t)de < §t§b2< oF —_— >dxdt +S S <____1; v >dxdt

< g S %I’; 001: >d dt + S(l + K(s))[g o, ), v(, s)>dx]ds

———<v vy — 2 Amy o7y =
oxr

from which it follows by Gronwall’s Lemma that
STSb@", v">dadt < constant

the constant depending on the L*-norm of 8F/6x and S K,(t)dt, but not
on n. This completes the proof.
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