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The real inversion formula for Hankel convolutions which
is due to D. T. Haimo, is extended to certain generalized
functions, That is accomplished by transferring the real in-
version formula of D. T. Haimo onto the testing function
space for the generalized function under consideration and
then showing that the limiting process in the resulting formula
converges with respect to the topology of the testing function
space,

The Hirschman-Widder convolution transformation [3] has recently
been extended to certain classes of generalized functions [7], [4] and
their inversion formulae [3; pp. 127-132 and Theorems 7.1 b, p. 231]
have been shown to be still valid when the limiting operation in those
formulae is understood as weak convergence in the space D’ of Schwartz
distributions [5]. The purpose of the present work is to extend the
inversion formula of D. T. Haimo for Hankel convolutions [1, p. 332]
in a similar way to a certain space of generalized functions.

The notation and terminology of this work follows that of [7], [4].
I denotes the open interval (0, ) and all testing functions herein are
defined on I. Throughout this work x and y are variables over [
unless otherwise mentioned. Finally, D(I) is the space of smooth
functions defined on I having compact supports. The topology of D(I)
is that which makes its dual the space D'(I) of Schwartz distributions
[5; Vol. I, p. 65] [8] on I. Thus, a sequence of functions {g,};>, is said
to converge in D(I) if and only if the supports of ¢, are all contained
within a fixed compact subset of I and for each k, {¢*}, converges
uniformly on I,

2. The testing function space ¥ (I). Let 4, stand for the
operator (D? + (2v/x)D,) where D, is the differentiation operator and
v 1s a positive number. We say that a smooth function ¢(x) defined
over I belongs to & (1) if

(1) Yu(g) = i‘iPJ e 4 d(w) | < oo

for all % assuming values 0,1,2, ..., Here, ¢ is a fixed real number;
but in our later discussion we will choose ¢ to be a fixed real number
less than a,. The topology in < (I) is generated by the collection of
seminorms {7,}i.,. Since 7, is a norm the collection of seminorms
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{7}e= is separating. We say that a sequence {¢,}, converges to ¢
in & (I) if for each ¢, & (I) and for every fixed k, v,(¢, — 4) goes to
zero as v goes to oo, Z(I) is a locally convex Hausdorff topological
linear space. D(I) is a subspace of £ (I) and the topology of D(I) is
stronger than the topology induced on D(I) by Z(I). Consequently
the restriction of any member of &’(I) to D(I) is in D'(I).

DEFINITION: We say that a sequence {¢,(#)};., where each
é.(x) € G(I) is a Cauchy sequence in G(I) if v,(¢, — ¢,) —0 as v and
2 both go to « independently where k assumes values 0,1,2,8, ---,

LEmMMA 1. (1) is sequentially complete.

Proof. By hypothesis the sequences
{¢v(x)}:°=1 ’ {S:¢v(t)dt }:11
o, {[1smma”

and {SxSy[lfzszh(t)]dtdy}e° converge uniformly with respect to x over
aeJa y=1

any compact subset of I. We assume that a is a fixed positive quantity.
All these combined together mean that the sequence {¢{*'(x)}:, for all
k converges uniformly over any compact subset of I where % assumes
values 0, 1, 2. Proceeding in the same way we can prove by induction
that the sequence {¢(x)}, for all k, where k& assumes values 0, 1,
2,3, 4, ... converges uniformly over any compact subset of I. Here,
uniformity is assumed with respect to the variable  and not with
respect to k. Therefore, by a classic result it follows that there
exists a smooth function ¢(x) such that the sequence {¢{¥'(x)}:., con-
verges uniformly to ¢®'(x) on every compact subset of I for k =0, 1,
2, «+++. Our object is now to show that ¢(z)e 2°(I). By hypothesis
for ¢ > 0 IN.

(2) Yilp, — ¢.) < € forallv> N, o> N.
As pt— oo (2) reduces to

(3) Teld, — ¢) <& for all vy > N,

Now,

(4) V() = 79 — ¢, + 8.) = Vuld, — 9) + Vul(4) .

By fixing a value of v greater than N, (4) reduces to

(5) T(P) <&+ 7ilg) = B < o0
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e (I).

This completes the proof of our lemma.

3. The testing function space 5~ (I). We say that a smooth
function +(x) defined on I, € 27°(I) if {y(x)/t!'(x)}e (I) where p(x) is
the same as will be defined in (7). The topology in S#°(I) is generated
by a sequence of seminorms {8,}r-, Where,

(6) Bty @) =1 L}

The concept of convergence and completeness in S77(I) is defined in
a way similar to that in <(I). £#(I) is also a sequentially complete,
Hausdorft, locally convex, topological linear space. D(I) is a subspace
of 27 (I) and restriction of any member of S5~ '(I) to D(I) is in D'(I).
The mapping +(x) — y(x)/t'(x) in (6) is an isomorphism from 7 (1)
onto &(I). It can be further proved that if f'e _22'(I) then t/fe Z'(I)
and vice-versa [9, p. 28].

4. The generalized Hankel convolution of Haimo’s type. Let
us first specify the type of kernel for which our Hankel convolution
has been constructed. We assume v to be a fixed positive number,
and set as in [1],

x27+1
(7) He = 3
2 F<7 + §>
1
_ or—1/2 — \plle—
(8) J(x) = 2r F('Y + > >x TSy 1a(X)

where J,_,,(x) is the ordinary Bessel function of order (v — 1/2).

(9) Go, ) = S:Jixw(yt)d/«e(t) ,
i(1+2)

the a,’s being real, satisfying 0 < a, < a, < a, --- with
i ap? < oo,
k=1

J(@t)J ) dp(t)
JI (0 z:)

(10) Galw, ) =
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G(x, y) will be the kernel of Haimo’s type of generalized Hankel con-
volutions. We briefly review some of the paramount properties of the
kernel G(zx, v).

am-HL

11) A, G(x, v) , m,n=20,1,2, ...
ox™oy"

is bounded and continuous for 0 < x, ¥y < = [1, p. 344].

(12)  B. S“G(m, wipw) =1, 0=<w< o [1, p. 344].

13  C lim[ 6w wiw =1, 0=a<o<bs
=0 0=Za=sb<ar<
-0 0<z<a=b< e [1,p, 345].

(14) D. With 2 fixed, in 0 £ 2 <

G(x, y) = Ce—rvymi—r § (alx)[l + 0(%)] , Y — oo

where C > 0, [1,p. 348]. m, and f (x) are defined in a way similar

to that defined by D. T. Haimo. When N is fixed, (11), (12) and (14)
also hold for Gy(x, ¥).

LEMMA 2. With x fized in 0 < 2 < o

(15) M = Ce—awymr—ra:‘}‘(ﬂ(alx)[l + O(l)] , Y — o
ox” Yy
r=20,1,2,8, ...,

Proof. For r = 0 see (14); we will deal exclusively with the case
where r > 0. Let a be a positive quantity such that ¢, < @ < a,. One
can readily show by a techique similar to that of D. T. Haimo that

G, y) = W—{(%)”‘{«p(a) § (@) Ko@) }]a:ul

orei 121 J(x2) HY, (yz)dz
—R4qq E(z) .

(16)

+ yIIZ—-;'S

1 + m, is the multiplicity of the zero of E(z) at z = + a4 [1, DD.
347-349]. Therefore,

IG@Y) e _d_"”{ L
20— yer| (L) v § K e }]
mrel T we) HID, o (y2)dz
—eotai E(z)

a=a;

1

_+_ y1[2——r S
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Differentiation within the integral sign in (17) is justified by virtue
of [6, pp. 197-203] and it is also proved thereby that the aforesaid
integral is O[y~—'?¢=*’], y — « uniformly for z lying in any compact
subset of I. This result coupled with [1, Corollary 2.2, p. 847] estab-
lishes (15). This asymptotic order can also be established for G(w, %)
with fixed N where a, will be replaced by a,.

LEMMA 3. Let 4., G(x,y) and Gy(x, y) be defined precisely in a
way stmilar to that of D. T. Haimo. Then;
(18) 4Gz, y) = AG(®, ¥) + AGi(x, y) + AGy(, y) + +++ AG.(2, Y) .
where A, A, A,, --+ A, are all polynomials of degree 2n each in

aOy a’U a/zy b an-

Proof.

4,G(x, y) = Sw (= tZ)J(“g,th)(yt)d”(t) [1, p. 334]

a;

) [t_ 11— 1]afJ(xt)J(yt)d#(t)
- So E(t)

or
(19) 4,G(x, y) = al[G(x, y) — Gi(x, ¥)] .

In the same way we can show that

(20) 4,Gn(@, Y) = 0l Gu(@, ) — Grin(2, 9)]

Using the technique of induction and operating by 4, repeatedly on
G(x, y), (18) follows readily in view of (19) and (20).

THEOREM 1. Let fe 57'(I) and define F(x) by

(21) F(z) = '), G, )y = {f), ' (@G, v)) .
Then,

(22) F™(z) = <#’(y)f(y), 26, Wy, m=1,23 .

Proof. In this theorem and from now on ¢ is assumed to be < a,.
In view of (1), (15) and (18), G(x, y) € &(I) for a fixed . Therefore,
by (6) ' (y)G(z,y)e 57 (I), and as such (21) is meaningful. For a
similar reason (22) also has meaning. Now,
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(23 L@+ 0= Fw) _ <#’(y)f(y), 99‘”7@> = W) W), 0,W))

where

G + dv,y) — G, y) _ 0G
A ox

We will prove the result only for m = 1, but the proof for any positive
integral values of m can be given very simply by induction. Our
objective will therefore, be achieved if we can show that

Yl0(y)]— 0 as Ax— 0 for a fixed y

where £k =0,1,2,3, -...
In view of (18), it is enough to show that

(24) sup {e“‘y[G”(‘% tdey) — Gu@y) %Gn(% y)]’ —0

0<y<oo Ax

as dx—0

for a fixed © and n where n assumes values 0,1, 2, ..., Again using
(15), (24) can be readily proved by the technique precisely similar to
followed by Zemanian in [7, Th. 4.1]. This completes the proof of
Theorem 7.

LEMMA 4. Let ¢(x) e D(I) arnd asswme that

(5) 425(2) = pule) .
Then

uniformly on 0 <y < oo as N— oo,

Proof. We break up the integration in (26) into integrations on
O<ae<y—9, y—o<ax<y+06 and y+o0<ax <o (6>0), and
denote the corresponding quantities by I, I, and I, respectively. By
(25) +r(x) € D(I). Now

@ L= Guta, i) — vile)ldp) -
By virtue of (12) and (27)
ILl=  sup [e"(yu(y) — ¥u(®))]

y—o<z<y

<ev sup |4i(D)].
y—<c<y+d
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Since +.(x) € D(I), the last quantity is bounded by 6B where B is a
constant with respect to 6 and v when 6 is restricted to 0 < é < 1.
Therefore, given an ¢ > 0, | I,| is bounded by ¢ for 6 = min (1, ¢/B).
Fix 6 this way. Next consider,

I

er| Gl W) — @)dp(e)

(28)

e\ Gota, v i)dp@)
— o] 76w, @) .

Let the support of ¢(x) be contained in [A, B} where 0 < A < B.
Therefore, the support of +.(x) will be also contained in [A, B].
Suppose that,

sup | ey ()] = M,

0<z<oo
and

sup |[yu(w)| = m,
<<

then

y—
0

1) = MG, e + e G, 1) | @) | dpta)
= M G wdpw) + 60| Gole, ) [4ue) | dp(e) -
It is a fact that
SjGN(u)dy(u) - 2,5:%1 ar'—0  as N— oo [1, pp. 345-46] .

Again, in a way similar to what is done in (14) one can show that
(29) Gy(x,y) = Ce”“NyymrTj;(a‘vx)[l + 0(_;_)] .

Since ¢ < a, < ay, we can choose a fixed quantity £ > B so large that
the asymptotic estimate (29) is valid for ¥y > k. Therefore, e*'Gy(x, y)—
0 as N — co uniformly with respect to z lying in any compact subset
of I and y > k. Now,
y—3d B
e\ Gr@, ) [v4(@) | dpe@) S p/(Bym| e G, )i
— 0 uniformly for all

y>k as N— oo,
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When 0 < y < &k we have
y—~38 y—3
| Guw, va@)dp@) < mIsup e Gule, 1)ap(o)
0 o<y<k 0
— 0 as N — oo uniformly
for all 0 <y <k, [1, p. 346]. Therefore, |I,|—0 as N -— o uni-
formly for all y > 0. Again

(30 L=e"|" Gala, D) — @A)

If y>B then I,=0.
Therefore, we will now consider the case

Yy=B.
L=e\" Gule, iivdp@ — | Gil vi@dp)
L= M| Gulw, y)dpu(o) + ml supel|” Gule, )dp(a)

< [M + m sup %] rGN(u)dp(u) [1, p. 346]
<y=s ']
—0 as N— o uniformly for all 0 <y <hB.

In view of (30) therefore, we have proven that || —0 as N— oo
uniformly for all y > 0. Altogether we have proven that

(30a) Im|I|<e o6<y<os.

N—oo
When y < 6 we break up the integration in (26) into integrations on
0<ae<y+9d,y+ 06<x< = and represent the corresponding quantities.
as J, and J, respectively.

Clearly J,— 0 as N — co uniformly for all ¥ > 0. Now,
Y+a
1= e 6l ) 19@) — 9ul@) | dp(e)
<en sup [Y(c)| =¢  (say)
B <<

(30D) s lim|I|<¢  forallo<y<3d.
N—oo
Let » = Max[e, ¢']. Note that by virtue of the fact that ¢ is

arbitrary » is also arbitrary. Combining (30a) and (30b) we have proven
the fact that

Im(I|<p, O0<y<eco.

U—oo
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Since 7 is arbitrary, our lemma is proven.
We are now ready to prove the main theorem of this paper.

THEOREM 2. Let fe 7' (I) and let F(x) be defined as wn (21).
Then for ¢(x)e D(I)

</‘¢’()PN(A1)F(:”)’ ¢(@)> '_’<M'f, 6> as N— oo

where

Pya) = I (1-22).

Proof. The theorem will be proven by justifying steps in the
following manipulations.

(Bl) < (@)Py(4)F (), 6(2)) = g (@) Py(4 Xt )W), G(=, ¥)), $(x))

(32) = @K W), Pud)G(@, )y, ¢(x))
(33) = @K W), G, ¥)), $(2))
(34) = W), < (@)Gx(x, v), $(x)))
(39) — W), s(y)>  as N— oo,

The fact that (31) is true follows at once in view of (21), and that
the expressions in (31) are each equal to (32) is an immediate con-
sequence of (21) and (22). That (32) is equal to (33) follows by [1;
Lemma 4.1, p. 360].

To prove that (33) and (34) are equal we need show the following
relation

| < @), G, 16@0dp(e)

(36) 5

=), | Gate, 1)p@)dp .
As before we assume that the support of ¢(x) is contained in [A4, B]
where 0 < A <B.

In view of asymptotic orders of G,.(z,¥),(m =0,1,2,8, -..) for
fixed x and large y as stated in (15) and using the technique of the
Riemann sum, (36) is proved in a way exactly similar to that employed
in [4, Th. 2]. Note that (18) is also to be made use of in proving
the assertion in (36).

We now proceed to prove that (34) is equal to (35). Our objective
will be fulfilled if we can show that

(37 P (@)Gy(x, y), (@) —6(y) in &(I) as N— oo,

Now,
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()G, 1), @) = | Golar, v @)pta)
and
38) 4P @6, ), 3@ = [ 146w, DIs@ape)

By using (15) the differentiation process within the sign of inte-
gration in (88) is easily justified. Now,

(39) 4Gy, y) = 4,Gx(®, v) = r (= #)J (g)é()@’t)d”“) [1; p. 334].

Again

@) |16, s@dee = | 6, nids@)dmue
[integration by parts]
= "6, sl .

Therefore by repeatedly using (39) and (40) one can readily show that
@) [uree, ns@iue = 6@ wir @)

e 4P [ (@)Gr(@, ¥), 9(2)> — 6(y)]
= [ ["Gute, o) — s by (2)

= e[ "6 o) — whdn |
— 0 uniformly on 0 < 9y < c0 ag N— co

in view of Lemma 4. Thus the proof of Theorem 2 is complete.

The author expresses his gratitude to Professor Zeev Ditzian for
his valuable suggestions.
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