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Let f be an infinitely divisible characteristic function
whose spectral functions are absolutely continuous functions
with almost everywhere continuous derivatives, Some neces-
sary conditions that f belong to the class I, of the infinitely
divisible characteristic functions without indecomposable
factors have been obtained by Cramér, Shimizu and the
author and a sufficient condition that f belong to I, has been
given by Ostrovskiy. In the present work, we prove that
the condition of Ostrovskiy is not only a sufficient, but also
a necessary condition that f belong to I,

Let f be the function of the variable ¢ defined by

log f(t) = S [e — 1 — itu(l + ud)Jp(u)du
(1) -
+ So [6 — 1 — itu(l + ud) ]y w)du

where log means the branch of logarithm defined by continuity from
log f(0) = 0 and where @ and + are almost everywhere nonnegative
and continuous functions which are defined respectively on ]— o, 0]
and ]0, + -] and satisfy the condition

Sieuzg)(u)du + gzuw(u)du < 4o
for any ¢ > 0. If we let
M(z) = S;@(u)du 5 <0,
N) = — S:mqﬁ(u)du x>0,

then we see that the conditions of the Lévy representation theorem
([4], Th. 5.5.2) are satisfied, so that f is an infinitely divisible
characteristic function. In [3], we have proved the following result.

If the two following conditions are satisfied:

(a) p(u) = k a.e. for —c(l +2") <u < —c,

(b) () =k a.e. for d <u <d{l+ 2™,

where k£, ¢ and d are positive constants and » is a positive integer,
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then the function f defined by (1) has an indecomposable factor.
The following theorem completes this result.

TarorEM 1. If
) = k ae. for e <u <cecl+ 2™ and d << u < d1+277)

where n 18 a positive integer and k, ¢ and d = 2¢ are positive
constants, then the function f defined by (1) has an indecomposable
Sfactor.

This theorem is an immediate consequence of the
LeEMMA. Let f be the characteristic function defined by
bgﬂ@z&?ﬁ“—l—iwa+wm“mmMu
0

where

¢ ifl<u<norr<<u<rn
0 otherwise

mm:{

¢ being a positive comstant, N =1+ 27" (n positive integer) and
r=2xn. Then f has an indecomposable factor.

Proof. Let B be the function defined by

c fl<u<rxor»<u<rh
Bu) =4{—ce if vy<u<id
0 otherwise

(2 <7< <2\ and «, and B, be the functions defined by
a(®) = a@); @@ = |~ au-@ - Ha(bidt
Bix) = B@); Bul@) = | Buciw — DB()L
We prove easily by induction that
2) Bu(®) = a,(x) = 0 if x¢[A,., B.}

where A, and B, are defined by

A, =m+ 27"
B, = mirx — 27",

We prove now that
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3 lim sup |@.(x) — Bu(@)|=0.

e=0 A, STSB,y,
Indeed, if ¢ < 1, we have

|, ()] < e™(rn — )™
| Bu(@) | < c™(rn — 1)

and from these formulae and from
@) — Ba@ = | [usl@ — ) — Buns(o — O8(0]1d
= | et — Bt - 801t — [ T80 —) — au o — D18
it follows by induction that
| 6(2) — Bal@) | < 20" — 1y

and this implies (3).
Let now S(«,) be the spectrum of «,. From the definition of
a,, it follows easily that

S@.) = QL3 + (m = )r, (G + (m — Gy .
This implies that S(a,) is all the interval [m, mr\] if
m > K = [(r — 1)(2" + 1)]
(here [x] means the integer part of z) and therefore

4) inf a,(x) >0 m=K+2,K+3,«--.

ApST<B,
From (3) and (4), it follows that
(5) Bux)=20 m=K+2K+3,---,2K+3

if ¢ is small enough. But, from the definition of B,, we have for
E<m

Bu@) = | Bunsler — BB
so that, from (5)
®) Bu@Z0 mzK+2

if ¢ is small enough.
We consider now B, for m < K + 1. B, can be negative only
on intervals of the kind
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I=1[7+kr+1v,(J+ kr)x + 10]

where j and k& are nonnegative integers and [ a positive integer
satisfying

j+k+1l=m
and on I we have
| Bn(@) | < ee™(rn — 1)t
But we have
JF2 4+ kr<g+kr+ly<(f+EkrN+10<(§+20 +Er))

so that «,., is positive on I. Therefore, using (3), we have

Bi(x) B pr1()
1g]~§;+ll J! - (m + ! -0

3Em
for x el if ¢ is small enough. This implies that
2%2 IQ](:U) > 0
J=1 7%

for any x and therefore from (6)

9=1 ]!
for any 2 if ¢ > 0 is small enough.

Let now ¢ be the function defined by
log g(t) = S:(e”“ — 1 — 2tu@ + v HBw)du .
Then
g(t) = g:e’“dG(x)

where G is the function

G) = ey + 0+ | [ %&ﬂ]«zy} :

xz
—ool n—

Here y is the degenerate distribution and \ and 7 are defined by
N = r B(u)dw

7 = S:ou(l + uA " Bu)du .
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From (7), it follows that g is a characteristic function if ¢ is small
enough. Since ¢ is not infinitely divisible, from the XKhintchine’s
theorem ([4], Th. 6.2.2), g has an indecomposable factor and since g
divides f, the lemma is proved.

As consequences of the Theorem 1, we obtain the following
results which are respectively the results of Cramér [1] and Shimizu
[6] quoted in the introduction.

COROLLARY 1. If wm an interval [0, r] (»r > 0), v(w)=c>0
almost everywhere, then the function f defined by (1) has an in-
decomposable factor.

COROLLARY 2. If in an interval [r,s] (s > 2r > 0), +(u) =c¢c >0
almost everywhere, then the function f defined by (1) has an in-
decomposable factor.

The characterization announced in the introduction is the following.

THEOREM 2. A mnecessary and sufficient condition that the func-
tion f defined by (1) has no indecomposable factor is the existence
of an * >0 such that one of the two following conditions 1is
satisfied:

@) o) =0 a.e.; J(u) =0 a.e. tf uelr, 2r];
(b) (u)=0 a.e.; pu) =0 ae. if ug[—2r, —7r].

Proof. The sufficiency is a consequence of the Theorem 1 of
Ostrovskiy [4] (see also [2], Th. 8.2), while the necessity follows
immediately from the preceding theorem and from the Theorem 1 of
[3] stated above.
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