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Put S(a) = X,y e(® + ¥ + ax'y'), where xx'=yy' =1,
e(x) =+ 22+ -+ + 22" and the summation is over all non-
zero x,y in the finite field GF'(q), ¢ = 2". Then it is shown
that S(a) = 0(¢) for all a € GF(a).

Let p be a prime and put

Sya) = >} ) e + y + ax'y’),

@Y=

where e(x) = ¢*“/* and xz2’ = yy =1 (mod p). For a = 0 it is evident
that S(0) = 1. Mordell [3] has conjectured that

(1) Sy(a) = 0(p)
for all . The writer [1] has proved that
Sy(a) = 0(p™)

for all a.
For the finite field GF(q), ¢ = p", we may define

Sia) = X e + y + ax'y’) ,

Y70
where a < GF(q),
(2) e(x) — eZn:it(cc)/P, t(x) =g b2k e + a;pn—l ,

xx’ = yy' = 1, and the summation is over all nonzero z, y € GF(q). We
may conjecture that

(3) Sy(a) = 0(g)

for all a e GF(q).
In this note we show that (3) holds for ¢ = 2", Indeed if

Sl(a) = %e(x + ax’) ,

we show that, for a # 0,
(4) Si(a) = g + Si(@) (g=2").
Since [2], [4]

(5) Su@) | = 2¢'7,
35
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it is clear that (3) follows from (4) and (5). Indeed a little more can
be said. Since, for ¢ = 2", e¢(a) = F 1, it follows that both S,(a¢) and
Sy(a) are rational integers and in fact nonzero. Hence (4) and (5) give

(6) —q < Sya) = 3¢ .
2. To prove (4), we take
@) = 3 elo + 9y + a(@ + )]
= 23 ez +y+al@+yay].

2y
If we put

(7) U=+ Y,v=2ay

then

(8) Sia) = uz;, e(u + auv')N(u, v) ,

s
70

where N(u, v) denotes the number of solutions z, ¥ of (7); since v %= 0,
x and y are automatically == 0.

For w = 0, (7) reduces to «* = v, so that N(0,v) =1 for all ».
For u # 0, (7) is equivalent to

(9) T Hur=v.

The condition for solvability of (9) is #(u*v) = 0, where #(x) is defined
by (2). Hence the number of solutions of (9) is equal to 1 + e(u),
so that
(10) N(u,v) = 1 + e(uv) (wv = 0) .
Substituting from (10) in (8), we get
SP(a) = >, N(0, 1) + E;,é e(u + auv')N(u, v)
V0 U, 070

=21+ 3 e+ aur){l + o(w"0)}

w750

=q—1+4+ 3 e(w+auv) + 3, e(uw + u™v + au?') .

U, vF0 %, V70

Since
Sie(au) = —1 (a # 0),
uF~0

it follows, for a # 0, that

Sa) =q + 3, e(uw + w'v + auv') .
Uy V0

Replacing v by u*v, this becomes
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Si(a) = ¢ + >, e(w + v + auw'v’)

U, v70

=4q + Sz(a) ’

I

so that we have proved (4).

3. We may define

Sya) = 3, e+ y + 2+ ax’y'z).

@,y ,270

The writer has been unable to find a relation like (4) involving Si(a).
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