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Let S be a real Banach space, Let C denote the infini-
tesimal generator of a strongly continuous semigroup 7T of
bounded linear transformations on S, This paper presents a
construction which proves that for each b > 1 there is a dense
subset D(b) of S so that if p is in D(b), then

(A) p is in the domain of C* for all positive integers n and

B) limu-. [|C*p|] (n!)~t = 0.

Condition (B) will be used in §3 to obtain series solutions to
the partial differential equations U, = CU and U, = CU,

Suppose G is a strongly continuous one-parameter group of bounded
linear transformations on S which has the property that there is a
positive number K so that |G(z)| < K for all numbers z. Let A
denote the infinitesimal generator of G. In 1939, Gelfand [1] presented
a construction which showed there is a dense subset R of S so that if
p is in R, then

(C) p is in the domain of A" for all positive integers # and

(D) lim, .. [l A"p|l (n!))~ = 0.

Hille and Phillips, in their work on Semigroups [2], used Gelfand’s
construction to prove there is a dense subset R of S which satisfies
condition (A) with respect to the operator C. Hille and Phillips, how-
ever, do not present estimates on the size of ||C"p||. Also, this author
has not been able to use their construction to obtain estimates on the
size of ||C"p]|.

2. Infinite differentiability of semigroup motions. Let b > 1.
Let ¢ be a number so that 1 < a < b. Let M be a positive number
so that | T(X)| < M for all nonnegative numbers z less than or equal
S m~® For each point p in the domain of C (denoted by D.) and
each positive integer n, let p(n + 1, %) = p. For each point p in D,
and each pair (k, n) of positive integers so that k < =, let
p(k, m) = kSk duT wyplk + 1, n) .

THEOREM 1. Suppose p is in D, and each of k and n is a positive
integer. Then

ok, b +n — 1| = M|pl|l.

Proof. Let w = [[i=i(k + 7)*. For each nonnegative integer 7,
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let »(j) = (k + 7)~°. Then
l|p(k, £ +mn — 1)

—w H ST(O)duOT(uO)SrmdulT(ul) .. S Udun_lT(u,,ﬁl)p”

r(0) r(1) r(n—1)
e | T e )p| < MR

0 0 0

=

THEOREM 2. Suppose p s in D, and k s a positive integer.

Then
l|pk, k) — pl| = M||Cp| k.

Proof. Theorem 2 follows from the definition of p(k, k) and the
fact that T (¥)p — p = E duTw)Cp for all & > 0.

THEOREM 3. Suppose p 18 in D, and each of k and n is a positive

tnteger. Then
| ok, k +n) —pk,k+n— 1| < M| Cpl|l (k+ n)—".

Proof. Let w and 7(j) be defined as in the proof of Theorem 1.
Then
[[pk, &+ n) — plk, b +n — 1)

= e+ wew| [ aw T - | T [ | T @) - ]|
0 0 0

r(n

= (k + n)*w H S:(O)duo ces S

[z — o] < a10p0 66+ m-.

—1)
du’n—lT(uO + e+ un—l)

COROLLARY. Suppose p 18 in D, and k is a positive integer.
Then the sequence

S(p, k): p(k, k), ok, & + 1), p(k, k + 2) ,
converges tn S.

Proof. Theorem 3 and the fact that Yo, (k + n)™* converges
imply S(p, k) is a cauchy sequence in S. Since S is complete, S(p, k)

will converge.
For each point p in D, and each positive integer %, let the

sequential limit point of S(p, k) be denoted by p,. Let
D@®): {p.|p is in D, and k is a positive integer} .

THEOREM 4. Suppose p, is in D). Then p, < M||p|l.
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Proof. Theorem 4 follows from Theorem 1 and the fact that p,
is the sequential limit point of S(p, k).

THEOREM 5. D(b) is a dense subset of S.

Proof. Suppose ¢ is in S and ¢ is not in D(b). Let e > 0. Since
D, is a dense subset of S, there is a point p in D, so that

(1) [lp—qll <¢/3.
Theorem 2 implies there is a positive integer k& so that

(2) |ipk, k) — pll <e¢/3 and

(3) (M+ 1)[|Cpll X7 (k + m)~ < ¢/3.
Theorem 2, Theorem 3 and statement (3) imply there is a p, in D(b)
so that

(4) o — Dk, k) || < €/3.
Statements (1), (2) and (4) imply || p, — q|| < &. Thus, D(b) is a dense
subset of S.

THEOREM 6. Suppose p, is in D(b). Then

ke
D = k“SO AuT (w)Pyss -

Proof. Let € > 0. Then there is a positive integer n so that
(1) ok, &+ n) — p. ]| <e/2 and
(2) ||ptk+1,k+mn)— ppy | < &/2M.
Statement (2) implies
(3) ) olk, ke + n) — kg duT(u)pkHH <¢2.
Theorem 6 now follows from statements (1) and (3).

THEOREM 7. The elements of D(b) satisfy conditions (A) and (B).

Proof. Suppose p, is an element of D(b). Theorem 6 implies p,
is in the domain of C™ for all positive integers % and that

(1) Crp. = 1Ii% (B + D IS [T (/(E + 5)°) — I]Dssn.
Thus, the elements of D(b) satlsfy condition (A). Statement (1) and
Theorem 2 imply

(2) 1C"p: | = [1Ii= (B + )N M + 1)+ || pll.
Statement (2) implies p, satisfies condition (B). The proof of Theorem 7
is now complete.

3. Partial differential equations in a banach space. The
results of §2 will be used in this section to obtain series solutions to
the partial differential equations U,, = CU and U,, = CU. Solutions
to these equations may be easily obtained if C is a bounded linear
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transformation. The transformation C, however, may be unbounded;
that is, C may be discontinuous at each point where it is defined.

For each subset D of S, let P(D) denote the set of all funetions
g for which there is a nonnegative integer % and a sequence p,, p,, * -,
p, each term of which is in D so that

g(x) = go x'p;

if x =0. If D is a dense subset of S, it may be shown that P(D)
is a dense subset of the set of continuous functions from [0, d](d > 0)
to S.

THEOREM 8. Let d > 0. Let b be a number so that 1 < b <2,
Suppose each of g and h i1s a function in P(D()) so that g(0) = h(0).
Then there is a function U from [0,d] x [0,d] to S so that

(1) Uslz,y) = CU(x,y) for all (z,y) in [0,d] x [0, d],

(ii) Uz, 0) = g(x) for all z in [0, d] and

(i) U0, y) = h(y) for all y in [0, d].

Proof. Suppose © is a nonnegative integer and »,, ,, +--, », IS a
sequence each term of which is in D(b) so that

9(x) = ZO ',

if x = 0. Suppose m is a nonnegative integer and ¢,, q, -+, ¢, IS a
sequence each term of which is in D(b) so that

h(y) = go Y'q;

if y = 0. Let U be the function from [0, d] x [0,d] to S so that if
(x,y) is in [0, d] x [0, d], then
(1) U, y) =m0 + 2 '

+ S S (@) et Crpy /(R + 1) -+ (2 + k)

+ 2 2 (@) Y Cr /(B + 1) -+ (1 + k).
Theorem 7 implies U is well defined on [0, d] x [0,d]. Theorem 7 and
the fact that C is a closed transformation imply U,(z,y) = CU(%, y)
for all (x,y) in [0,d] x [0,d]. Statement (1) implies U(z, 0) = g(x)
and U(0, y) = h(y) for all (z, %) in [0, d] x [0, d].

THEOREM 9. Let d > 0. Let b be a number so that 1 <b <2,
Suppose each of g and h is a function in P(D®)). Then there is a
Junction U from [0,d] x [0,d] to S so that

(1) Uz, y) = CU(x,y) for all (z,y) in [0,d] x [0,d],

(ii) U@©,y) = g(y) if v is in [0, d] and
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(i) U0, 9) = k(y) if y is in [0, d].

Proof. Let each of g and & be defined as in the proof of Theorem
8. Then let U be the function from [0, d] x [0,d] to S so that for
each (z, %) in [0, d] x [0, d],
(1) U, y) = ko v'p: + 2 200 ¥
+ Do 20 #HYCrpi/(2R))(C + 1) -+ (4 + K)
+ 2o i ¥y Crq/((2k + DD(E + 1) -+ (5 + k).
An argument analogous to that used in Theorem 8 may be used to
show U is well defined on [0, d] x [0, d] and that U satisfies conditions
(i), (i1) and (iii) in the hypothesis of this theorem.

REMARKS. (1) The solution U to the Theorem 8 has the proper-
ty that for each (z, %) in [0, d] x [0, d], is in the domain of C™ for
all positive integers n. The same remark is true for the solution to
the equation in Theorem 9.

(2) Theorem 5 implies there are solutions to U, = CU and U,, =
CU for a set of boundary functions which is dense in the set of
continuous functions from [0, d] to S.

(3) Theorem 9 and Theorem 5 imply there are solutions to the
ordinary differential equation %" = Cy for a dense set of initial values
for y(0) and ¥'(0).
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