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For G a locally compact abelian group with dual I”, let #
be a (finite regular Borel) measure on G with Fourier-Stieltjes
transform 4. Doss has recently shown that when I is
(algebraically) a totally ordered abelian group and 2 is square
integrable on the negative half I'_ of I" then its singular com-
ponent ¢ has 6 = 0 on ['_; in particular #F = 0 for each com-
mon null set E of the analytic measures (those with transforms
0 on I'.), such E being Haar-null.

In the similar (but usually distinct) case in which I is
partially ordered by a nonzero homomorphism ¢:7"— R with
' = ¢~1(—oc0, 0] the common null sets £ are known, and our
purpose is to note in this setting how function algebra results

apply to show p¢E =0 when 2e€ L¥I".), and when /£ satisfies
sometimes weaker (but more obscure) hypotheses.

Doss’ results appear in [2], and the function algebra results we
apply are those in [4, §1], [5, §2], with which we shall assume the
reader familiar. The common null sets mentioned above are given in
[1, 5].

THEOREM 1. Let +,I— be as above and let ¢: R— G be the
homomorphism dual to . If

(1) |, 120 par < e

then p vanishes on all Borel E C G for which
(2) {te R:x + @(t) € K} has linear measure 0,

Sfor all ze @G, i.e. (by definition [3, §2]) p is absolutely continuous
e the direction of o.

Proof. Let G* be the Bohr compactification of @G, with dual I,
the discrete version of I". Dual to v:1;— R we have a map of R
into G, the composition R-%,G— G° which we still call @. Note
that each Borel ¥ in G is Borel' in G°, and if F C G satisfies (2) forx e G
it does for all  in G* (the set is void for xe G\G). As in [5] we
are forced to transfer our attention to G* to apply the function algebra
results.

1 'We take the o-ring generated by compacta as our Borel sets.
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368 I. GLICKSBERG

Let A Dbe the closed span of I', = [0, =) in C(G*), a subalgebra
of C(G*). As usual we can shift ¢ to a measure on G* carried by its
subset G [6] with the same Fourier-Stieltjes transform as before. Let
7 be the element fiy of L*I"), where y is the characteristic function
of I'_, and® f the element of L*@) corresponding to f.

For any trigonometric polynomial » = 3,¢;v; in A (i.e., with
¥(7;) = 0) we have

Pe)) = §7pd/x = S — ) = (3 ed )50

and since

(S e:0_ )xF () = 3 efi(v — vy — )
= S afi(v — 1) = (p)"(7)

if «r(v) <0, we have

[, oy ray | (Seopefidr = | 1predo < Ipl Il
or

(3) @™l = 11 F 1l 1l 2l -

Now (3) continues to hold for any a < A in place of pe A: for if
p,—a in A then (p,p)" — (ap)" uniformly, so that for any compact
KcrI_

[ 1@ pdy =1tim | | dy < 171 lim ),
= 17l ek

whenece || (@) xll. £ |Ifll:lle¢]le. Indeed this clearly follows whenever
|Dalle < lla]le and (p,)* — (a)* uniformly.

Let v be a fixed element of I" with 4(v) >0, and let p=v + 0o
be the Lebesgue decomposition of g relative to M7 (the probability
measures on G* orthogonal to vA4, cf. [4, §1]), with v« M7, 0 M'-
singular. By the argument of the last paragraph of [5, §2], v vanishes
on Borel sets in G° satisfying (2), so we can complete our proof by
showing ¢ = 0. As in [4] ¢ is carried by U K,, where K, is a com-
pact M7 -null set.

By the abstract Forelli Lemma [4, 1.2] (applied to the algebra
C + 7A) and dominated convergence we have {a,} in the unit ball of
A for which a,¢t— o in norm, so (a,ap)* — (ao)* uniformly and again
we conclude that [[(ao) x|l. < || fll:l|e]l. for aec A.

2 It should be noted that when G is compact f€LY(G) and the result follows
trivially from [1]; for then u(dz) = pu(dx) — flx)dx defines an analytic measure.
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Now by [5, §2] each measure z on G* orthogonal to A has z,, = 0
for each K, and thus by [3, 4.8] K, is an intersection of peak sets
of A, and an interpolation set for A; using the regularity of ¢ one
then concludes® there is a sequence {a;} in the unit ball of A for which
a;0 — |0g, | in norm. So again ||[og [*-X|l; < ||fl]l.-1, which of course
implies |0k, |" € L*(I") since the absolute value of this function is even.
Because u is carried by the subset G of G°, the same is true of its
restrictions ¢ and o, and so, as a measure on G with square summ-
able transform, |o, | is absolutely continuous by the elementary argu-
ment given by Doss [2, Th. 1]. Hence o is absolutely continuous.

To complete our proof we can show ¢ = 0 by showing ¢ is carried
by a Haar-null set. And since o is carried by a o-compact set, it
suffices to show o, ., is carried by a Haar null set for each x,€ G and
some compact symmetric neighborhood V of the identity. But ¢ and
each A e M7 are mutually singular, so it suffices to show there is a
N in M7 equivalent to Haar measure on «, + V, and, for example,
with m Haar measure

1
M= S*«»L m2V — o Laprer (8 — @(t))dwp(t)dt

defines such a measure if

_ _lsl
o(s) = P (7)

0 elsewhere .

s = ()

Indeed

\Y%
=

o) = v (SRR Y

so =0 and

) = ;waww>mww»,

as is easily verified; so X vanishes off 4~ (—(7), ¥(7)) whence \ is
orthogonal to YA, the span of {8 e I": ¥(B) = ¥(7)}. And ME = 0 implies

[ Feoror(® = gtz = 0

for some t, with @(t,) € V since o(t) > 0 a.e., ¢(0)e V and ¢ is con-

3 By regularity there is a peak set (an intersection of countably many such)
Fy D Ky for which o5, = og,, and if f peaks on F, then ff—>1 a.e. IaK |, >0 a.e.
IoKnl If Ok, = plaK l,lpl=1, then we have f; in the unit ball of C(Kn) for which
fe—p a.e. |og |, hence b; in the (1+¢)-ball of A for which br =fi on K., whence
brf¥e > |0 Kn‘ by dominated convergence.
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tinuous, so if Kca, + V we have K — o(t) C 2, + 2V, and therefore
= S Logrr (@ — p(E))dw = S ldx = mE .
I E

Hence m. o € N, 1205 the reverse is obvious (and actually unnecessary)
and our proof complete.

Variants of theorem 1 can be obtained from the same argument,
but seem to require more artificial hypotheses. For example

THEOREM 2. With ~, I'_ as before, suppose the continuous func-
tion f = f*e LNG) N L") never vanishes on* G, and p is a measure
for which for some k

(4) (1, g},_(p#)A(“/)f(@ — 7)d72d5 <klipll

o

for all trigonometric polynomials p = S5, ¢;v; with 4 (v,) = 0. Then
pE =0 for each Borel EC G satisfing (2).

We argue exactly as before that if p.¢t— ay and ||9,]e = 10|,
ac A, one has

I @mraie - as < kliall.
for K compact, so (4) holds for » an arbitrary element of A.

With ¢# =y + o as before we again obtain (4) for pe A and o in
place of yx, and then for 1 = pe A and |o4 | = 7 in place of . But
since 7(—7) = 7(v) the finite integral
(5) [} 2enfe = masf ag
coincides with

(6 ||, #onfe - varfas =] [| #-nfor - o] as
= II, 2= - mrarf as

so that, by Minkowski, #xfe L¥I"). Trivially one verifies that the
transform of the finite measure fr jon G is 7xf: thus fr is absolutely

¢ When such an f exists this contains the preceding result. For when 2y€ L")
so is (p)"™yx and always of norm =k Hp!lm as we saw in the proof of Theorem 1.

But then || (o) /112 < 11 (0 |l2 1| 111 = k1| p |l || £11: which is (4).
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continuous, so T = |0, | is since f never vanishes; again o is singular
with respect to Haar measure, and ¢ = 0 follows.

THEOREM 3. Suppose there are v, el for which &, = ||7,.pt||+— 0,
where the norm is that of 7,tt as a functional on A = span/’.. Then
PE =0 for every Borel E in G satisfying (2).

We are supposing that [(ag)"(7,)| = ¢, ||a|l. for each a € A, where
e,— 0. As before we have a; e A, ||la;|| =1, with a;t — o, where ¢
is the M7-singular component of , so

(7) (@) (v.)] = e llelle

follows since (a;-ap)" — (ao)" uniformly. Now we have o carried by
U K;, K; a compact M7-null set, and as before an intersection of peak
sets of 4 and an interpolation set for A. So exactly as before (cf.
footnote 3) we have {a,} in the unit ball of A for which a0 — 7, oy |,
whence by (7)

(o, D7) = 04,1 Q) = llog, | S &,

for all n, so gx; = 0,0 = 0, completing our proof as before.

As a final remark, we note that for any measure g vanishing on
all E satisfying (2), i.e., for p absolutely continwous in the direction
of @, if | (7.)| — oo, we (at least) have 7,4t — 0 weakly.” Indeed since
I'pe = {vyp:ve'} is conditionally weakly compact we need only see any
weak cluster point of {7,£} must be 0, so it suffices to show

Fu)(7) = f(y + 7.)— 0.

But this follows directly from the following easy “Riemann-Lebesgue
lemma”: If p is absolutely continuous in the direction of ¢ then for
any € > 0 there is an N for which |[(v)| < & if |4 (v)| > N.

By [3, 2.4] ¢ translates continuously in the direction of ¢, i.e.,
e — pll < e if |t| <0, where pE = p(pt) + E). Thus for an
appropriate continuous f on R vanishing off (—d, §) we have

lpsf — ¢l <e,

where
pif = | sitrat

5 Thus for any measure z# on G one has an analogue of a well known lemma of
Helson: if | ¥(ya)| — 0, any weak cluster point v of {y,z} is carried by a subset E
of G satisfying (2), i.e., null in the direction of ¢ in the terminology of [3]. (For v
is necessarily a weak cluster point of {y.s}, where ¢ is the M/-singular component of
u, as always.)
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can be interpreted as, say, a Riemann integral. But

i

(ef)' ) = | |@ Detdmrsinrae

= {{& =20, Huansvat
= i@, st
= 2|t YONABA = POIF(—4()

which shows (g+f)" has the desired property by the Riemann-Lebesgue
lemma applied to f. As a uniform limit of such functions /£ of course
has the same property.
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