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The object of this paper is to use the method of product
integration to treat the time dependent evolution equation
w/(t) = A()u(t)), t = 0, where u is a function from [0, ) to
a Banach space S and A is a function from [0, o) to the set
of mappings (possibly nonlinear) on S. The basic requirements
made on A are that for each ¢ =0 A(t) is the infinitesimal
generator of a semi-group of nonlinear nonexpansive transfor-
mations on S and a continuity condition on A(¢) as a function
of t.

The product integration method has been used by T. Kato in [5]
to treat evolution equations in which A(¢) is the infinitesimal generator
of a semi-group of linear contraction operators. In [6] Kato treats
the nonlinear evolution equation in which A(¢) is m-monotone and the
Banach space S is uniformly convex. For other investigations of non-
linear evolution equations one should see P. Sobolevski [9], F. Browder
[1], J. Neuberger [8], and J. Dorroh [3].

1. Definitions and theorems. In this section definitions and
theorems will be stated. For examples satisfying the definitions and
theorems below, one should see § 4. Let S denote a real Banach space.

DEFINITION 1.1. The function T from [0, =) to the set of mappings
(possibly nonlinear) on S will be said to be a “-semi-groups of mappings
on S provided that the following are true:

(1) T(x+vy) = T(x)T(y) for z,y = 0.

(2) T(x) is nonexpansive for x = 0.

(8) If peS and g,(x) is defined as T(x)p for « = 0 then g, is
continuous and g,(0) = p.

(4) The infinitesimal generator A of 7T is defined on a dense
subset D, of S (i.e., if peD,y, (0) exists and Ap = ¢,7(0)) and if
peD,g,(x) = Ag,(x) for © =0, g,(x) =p + SoAg,,(u)du for © = 0, g,t
is continuous from the right on [0, =), and || g,' || is nonincreasing on
[0, co).

DEFINITION 1.2. The mapping 4 from a subset of S to S will be
said to be a Z*mapping on S provided that the following are true:
(1) The domain D, of A is dense in S.
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270 G. F. WEBB

(2) A is monotone on S, i.e., if ¢ > 0 and
p,qeD||(I—eA)p— (I —eAql|=]lp—qll.

(3) A is m-monotone on S, i.e. A is monotone on S and if ¢ >0
then Range (I —¢A) = S.

(4) A is the infinitesimal generator of a “-semi-group of map-
pings on S.

DEFINITION 1.8. Let each of m and n be a nonnegative integer
and for each integer ¢ in [m, n] let K; be a mapping from S to S.
If m > n define [[~.K;,=1. If m <n define [[",.K;, = K, and if
m+1=< 7 <n define [[/..K; = K,;[[iz), K;. Define J[:7"K; = I17-n Knsmie
If each of a and b is a nonnegative number then a chain {s;};”, from
a to b is a nondecreasing or nonincreasing number-sequence such that
s, = a and s,, = b. The norm of {s;}i", is max {| sy — Sy || 2 €[1, m]}.

DEFINITION 1.4. Let F be a function from [0, o) x [0, =) to the
set of mappings on S. Suppose that pe S, a,b =0, and % is a point
in S such that if ¢ > 0 there exists a chain {s;}i", from a to b such
that if {¢})i", is a refinement of {s;};™, then

Then % is said to be the product integral of F from a to b with respect
to » and is denoted by [[! F({, dl)p.

REMARK 1.1. Let A be a “*mapping on S and define the function
F from [0, =) x [0, =) to the set of mappings on S by F(u,v) =
(I —vA)~* for w,v =0 (Note that (I — vA)™* exists and has domain S
by virtue of the m-monotonicity of A). The following result in [10]
will be used in the theorems below:

If A is a ““mapping on S, T is the %-semi-group generated
by A, and F is defined as above, then for peS and z = 0 T(x)p =
11 F(, dI)p.

In this case let T(x) be denoted by exp (xA4) for 2 = 0.

Let A be a function from [0, ) to the set of mappings on S
such that the following are true:

(I) For each t = 0 A(t) is a &~-mapping on S

(II) There is a dense subset D of S such that if ¢ = 0 the do-
main of A(f) is D

(III) A is continuous in the following sense: If a,b =0, M is
a bounded subset of D, and ¢ > 0, there exists 6 > 0 such that if
u, vela, b] and |u — v| < 0 then || A(u)z — A(w)z|| < ¢ for each ze M.
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THEOREM 1. Let A satisfy conditions (1), (II) and (III). If pe S
and a,b = 0 the following are true:

(1) If T(w,v) = exp (vAw)) for u, v =0, then [[: T(1, dIl)p exists.

(2) If L(u,v) = I —vAwW)™ for u,v =0, then [[:L(I, dl)p
exists and [J: L, dD)p = TI: T(L, dI)p.

THEOREM 2. Let A satisfy conditions (1), (II) and (III) and define
Ub,a)p =T]. TU,dI)p for pe S and a, b = 0. The following are true:

(1) U@, a) is nonexpansive for a,b = 0.

(2) U®, U, a)=Ub,a) for a,b =0 and c€[a, b] and Ula, a) =
I for a = 0.

(38) If peS and a =0 then Ula, t)p is continuous in t

(4) If peS,0a<t, and U@, a)pe D, then 0'U(L, a)p/ot =
AU, a)p and if peS,0 < s<b, and U(s,b)pe D, then

o~ U(s, b)yp/ds = — A(s)U(s, b)p .
2. Product integral representations. In this section, Theorems

1 and 2 will be proved. Before proving part (1) of Theorem 1 three
lemmas will be proved each under the hypothesis of Theorem 1.

Lemma 1.1, If peD,a,b =0, and {s}i™ s a chain from a to
b then

Ill T(85i1s | S0s — Soia )P — pH = Z; | Soi — Saiz ] “ A(syi_)p |l -

Proof.

[ Do [ = 54 0P — 2|

)y

2=1

IA

1 T 85— 825-20p =TT Tlesoar [ 825 = 2 D)
g=1 j=itl

g ﬁ‘f H T(82i~1y Iszi — Sz I)p — P H

LT A ) T tpat]
= Zi [ S5 — Soia ||| A(S2i1)P I

Lemma 1.2, If peD,a,b =0, {s;}i" ts a chain from a to b, and
{si}™, is a sequence in |[a, b], then

|

Proof.

[T L8t 13— a2 0p = 8| = 330 — sl | AP -
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] Su — S )D — pH

< i 11 Lts)y [ 505 = sy Dp — T LSy |55 — 5252208
= S L | 85— 5ua D —
= SVl L(sh |84 — sua D
— L(sh |8 = sus D0 — 5 — 8| A |
< 55— sl Ap | -

LemmA 1.3. If M is a bounded subset of D,a,b=0,v >0, and
€> 0, there exists 6 > 0 such that if w,vela,b],|u —v|<06,0 =2 <,
and ze M, then || T(u, )z — T(v, x)z|| < x-¢.

Proof. Let M’ = {II7, L(v, $;; — 8y 0)2|2€ M,ve|a,b],0 <2 <,
and {s;}i", is a chain from 0 to «}. Let z,€ M, let ze M, let v € [a, b],
let 0 <« <, and let {s;}i™, be a chain from 0 to x. Then,

m
— Sy )% — III L(v, 8y — 8522
F

=z — 2l .
Further, by Lemma 1.2,

— Sy )% — Z|| = - max || Az, || .

wel0,x]

Then, || TI": L(v, 8: — su2)z || S |2 — 2 || + || 20 || + % - max,c (o, [| A(w)2, |]
and so M’ is bounded. There exists d > 0 such that if u,ve]q,b],
|u —v| <0, and ze M’, then || A(u)z — Aw)z|| <e. Thenif 0 <o <,
ze M, {s;}", is a chain from 0 to x, u, v €]a, b], and |u — v| < 7,

ﬁ L(’M,, S — Szi—z)z - ﬁ L(’I), Sy — Szi—z)zH

i1
Saj — 325—2)kﬂ L(v, sy, — Sy_9)2
=1

=

A
S

ﬁ 1L(u, S3; — Saj_s) f[ L(v, 8 — Sar_2)?
— Sys) I:[ L(v, Sa, — Sar_n)?

- l;[i[1 L(v, sy — S”H)z,l

i ﬁ L(v, 8o, — So_0)2

i1k 1

— (I = (5 — 5D A@) TT L, 50 — 5252

-

I\
Mz 5 [

IA

|
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A(v) klill L(v, 83 — Sp—2)?

J

= én_‘: (S2s — SZi—Z)l

— A(u) IiI L(v, 83 — S—3)?

Ms

< (821 325_2) €

1

8
@y
.

Then, since T(u, )z = [1¢ L(u, dI)z and T(v, )z = [[i L(v, dI)z (see
Remark 1.1), || T(u, )z — T(v, 2)z|| < x-&.

Proof of Part (1) of Theorem 1. Let peD, let a,b =0, and let
€>0. Let M = {T17, T(rai_sy | 75 — 7o )P | @ € [@, b] and {r;}i7, is a chain
from a to #}. Then M is a bounded subset of D by Lemma 1.1. There
exists 0 > 0 such that if u,veja,b],|u —v|<0,0=xr<1and zelM,
then || T(u, )z — T(v, x)z|| < -2. Let {s;}¢", be a chain from a to b
with norm < min {0, 1} and let {¢}*, be a refinement of {s}7, i.e.,
there is an increasing sequence such that u, = 0, u,, = n, and if
1<i=msy =1t,,. For 1<i=<m let K; = T(sy_,, |8 — Su—|) and
let Jz = H?iui_l-#l T(tzj—u |t2j - t2j—2 |)' Theny

1111 T(tzi—la |t21 - tzi—2 I)p - fjl: T(Sgi__ly ’ So; — Soi_o |)pH

[jtso- x|
éi%ﬂﬁw—mg&w

= ﬁ;HJ uﬁlu T(tyjns | to; — to5—2]) I:lifl K.p

— I T 1ty — ) T Ko

<55 I TGVt = toe) T Tl 1t =t [T K
= I TGt = tana) T Tl [t = b IT Kot
éihiﬂﬂ%ﬂm—wﬂ)ylmmdM—mmHKm

= T(tojsy [ oy — T |) Il T(ton_1s | ton — tons D;J’l K.p

Uy —qt1

<3Sty tyale=|b—ale.

i=1 j=u; _3+1

Hence, T]: T(I, dI)p exists. Further, using the fact that D is dense



274 G. F. WEBB

in S and T(u, x) is nonexpansive for u, x = 0 one sees that if pe S,
a,b =0, then ]! T, dl)p exists and thus part (1) of Theorem 1 is
proved.

Before proving part (2) of Theorem 1 three lemmas will be proved
each under the hypothesis of Theorem 1.

LEmMMmA 1.4, If p,qeS,a,c=0, and bela,c], then the following
are true:

(i) |1l T, aDp — 11e T, dD)q |l = ||p — ¢

(i) TI: T, dD II: T, dD)p = TI: T, dI)p.

(iiiy IfpeDthen||II. T(I,dl)p —p|| < |b—a| -maxX,cr., || A@)p]|.

Proof. Parts (i) and (ii) follow from the nonexpansive property
of T(u,x), u,x = 0. Part (iii) follows from Lemma 1.1.

LEMMA 1.5. If M is a bounded subset of D,a,b=0, and ¢ >0,
there exists 0 > 0 such that +f u,vela, b],|v—u| <d, welu, v], and
ze M, then

HH;’, T, dl)z — T(w,lv—u])z]I <|v—wul-e.

Proof. Let M' = {11, T(Ss_., | S0: — Sess )2 | 2 € M, 2, ¥ € [a, B], {s;}*™,
is a chain from y to «}. Then M’ is a bounded subset of D by Lemma 1.1.
By Lemma 1.3 there exists 6 > 0 such that if w,ve]a,b], |u —v]| <
6,zeM’ and 0<Lx<1, then ||Tw,2x)z— T, x)z| <x-e. Let
u, v ela,b],|v—u| < min {9, 1}, w € [u, v], z € M, and let {s;}i%, be a chain
from u to v. Then,

WT@MA%—%4W—TWAW—MWH

T T |50 — 800 m—nﬂwml&li
= Z T(Sgi1s | 82 — Sniz ) H T(Spi1y | 825 — S25-21)%
4=1 =1

= T, |8 = 5 ) T TGousa [ 525 — 554 )
=1

3

= Z lsm Sy s |*€
=

=]lv—ule.
Thus, || II. T, dl)z — T(w, |[v —u)z|| < |v — ul-e.

LeMMA 1.6. If M is a bounded subset of D,a,b=0, and ¢ >0,
there exists 6 > 0 such that tf u,vela,d],welu,v],|v—u|<0,zeM,
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and {s;}i", is a chain from u to v, then

T Lsucas [0 — sa )z — TT L, (50— 5] < [0 = u s,

Proof. An argument similar to the one in Lemma 1.3 proves
Lemma 1.6.

Proof of Part (2) of Theorem 1. Let peD,a,b =0, and ¢ > 0.
Let M ={I1: T, dl)p|x€[a, b]}. Then M is a bounded subset of D
by Lemma 1.4. By Lemmas 1.5 and 1.6 there exists ¢ > 0 such that
if w,vela,bl, welu,v],|u —v| <d,ze M, and {s;}i", is a chain from
% to v, then

- Szi—~z|)z - ﬁ L(wy |Szi — Sz l)zH § |?7 — U "5/3| b - (1/|

and || T3 T, dl)z — T(w, |v —u)z|| < |v — u]|-¢/3]b —al|. Let {r;}¥,
be a chain from a to b with norm < 6. Let {s;}", be a refinement
of {r;}?2, such that there exists an increasing sequence % such that
U, = 0, u, = m, if 1<i<q7'2,:sm, and if 1 <¢=<gq and {t,})%, is a
refinement of {s;}3,,, ,, then

T L(ru s |t = tus ) I T, dD)p

k=1

Ty, |7 — 7)) 11 T, dI)pf( < 7y — Tual-¢/31b — al .

(Note that if
1< 62 ¢ T0uns |7 — 7ass) 1T T dDp

= H L(ry_,, dI) H T, dI)p = H L(ry_,, dI) H T, dl)p
—see Remark 1.1). Let {¢;}i~, be a refinement of {s;}", and let » be
an increasing sequence such that »,=0,v, =%, and if 1<71<m
Sy = ty,. Then,

o [t = o — 11 T, D

q Uq

H H ﬁ L(tzk—u Itzk - tzk—z |)p

1=1 j= u,b_.rlllc =vj_q1

- I 11, 7, a1y

=3

=1

T9i—2
H L(tzk 19 Itzk — bops l) H T(I, dl)p

J=uj_+1 k= 71_1 L

— 11 7, dI) 11 T, dI)pH

T2i—2
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Uq

M T Ll lfa — tass) I1 T(, dDp

J=ug_q+1 k:vj__1+1

T |7 — 7 ) 11 T |

=1

q
+ Dy — Tz |*€/3]b — CL]

o,
-

<e¢.

Thus, [1!L(I, dI)p exists and is [[: T(, dI)p for peD. Further,

using the fact that D is dense in S and L(u, x) is nonexpansive for

u, x = 0 one sees that [[! L, dDp = [I: T, dI)p for all pe S.
Define U, a)p = T[] T, dI)p for pe S and a,b = 0.

Proof of Theorem 2. Parts (1), (2), and (3) of Theorem 2 follow
from Lemma 1.4. Suppose that peS,0<a <t¢, and Ut a)pe D.
Let ¢ > 0. There exists 6, > 0 such that if 0 < h < 4,

A@T@, WU, a)p — AU, a)p || < &/2

(see Definition 1.1, part (4)). By Lemma 1.5 there exists ¢, > 0 such
that if 0 < h < 6,|| Ut + h, YU, a)p — T(t, h)U(E, a)p || < h-g/2. Then,
if 0 <k < min {0, 95},
| A/RUE + h, a)p — U(t, a)p) — A@)U(¢, a)p ||
= [|@/R)(UE + hO)UE, a)p — U(t, a)p) — AU, a)p ||
< /2 + | A/R)(T(E, MU, a)p — U(t, a)p) — AU, a)p ||

h
— 2 + Hl/hg [A() T(t, w) U, a)p — AU, a)p]du“ <e.
Hence, 07U, a)p/ot = A({)U(t, a)p. Suppose that peS,0 < s < b,
and U(s,b)pe D. Let e > 0. There exists 6, > 0 such that if 0 < 2 < 4,

then 0 <s —~h and ||A®S)T(s, R)U(s, b)p — A(s)U(s, b)p || < €/2. By
Lemma 1.5 there exists 0, > 0 such that if 0 < h < 4,

[|U(s — h, s)U(s, b)p — T(s, h)U(s, b)p || < h-¢/2.
Then, if 0 < & < min {3,, 3,)

11/ =h)(U(s — hy b)p — U(s, b)p) — (—A(s)U(s, b)p) ||
= || /h)(U(s — h, 5)U(s, b)p — Uls, b)p) — A(s)U(s, b)p ||
< &/2 + [[(/R)(T(s, h)U(s, b)p — U(s, b)p) — A(s)U(s, b)p ||

— /2 + Hl/hS:[A(s) T(s, u)U(s, b)p — A(s)U(s, b)p]du” <e.

Hence, 0-U(s, b)p/ds = — A(s)U(s, b)p.
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3. Product integral representation in the uniform case. For
Theorem 3 A is required to satisfy, in addition to conditions (I), (II),
(III) of §1, the following:

(IV) For each t = 0 A(¢) has domain all of S.

(V) If 0=<a=<b, M is a bounded subset of S, and & > 0, there
exists 6 > 0 such that if wela,b],z, we M, and ||z — w|| < ¢, then

| A(u)z — A w|] <e.

THEOREM 3. Let A satisfy conditions (I)—(V) and define
M(u, v) = (I + vA(w))
Jor w,v=0. If peS and a,b =0, then T[] M, dl)p = U(b, a)p.

Before proving Theorem 3, three lemmas will be proved each under
the hypothesis of Theorem 3.

LeEMMA 3.1. Let pe Sand let a,b=0. There is a netghborhood
N,,; about p, a positive number v, and a positive number K such
that if ge N, ;, x,yela,bl, |y — x| <7, and {s}¥™, is a chain from
x to y, then

g M(Sy; sy | 80 — S22 )G — q“ sly—2|-K.

Proof. There exists a positive number K such that if u € [a, b]
and ge N,,, then ||A(u)q|| < K. Let ¢ =1/2 and let v = 1/2K. Let
ge N, z,yela, b,y — x| <, {s;% a chain fromzx toy,1 <j < m —
1, and suppose that || I, M(su_i [8: — 8u 2@ — @] = |8y — 50|+ K.
Then, [1i., M(sy_i |8 — Su_2)q € N,, and so

J+1 !
L Msisor| 8 = 52 g — g

=

i
1:11 M(sy;_1s I S ™ Sz ‘)q - QH
2
s = 5[ Aoy T M5 [ = s )q)
= (Szj+2 - Soi'K-
LEMMA 3.2, If pe S and a =0 then U(t, a)p is continuous in t.

Proof. Let peS and a,b=0. In a manner similar to Lemma
3.1 one proves the following: There is a neighborhood N, about ¢ =
U, a)p,v >0, and K > 0 such that if ze N,;,z,y€[e, b], |y — x| <7,
and {s;}!”, is a chain from 2 to y then
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1—?[1 (I — |85 — Su—2|A(8:-1))2 — z“ <|y—=z|-K.

Let € > 0, let x€[a, b] such that | — b| <7, let {s;}", be a chain
from a to b and k& < m an integer such that s,, =z and

HU(b, a)p — iI_IiL(sgi_l, | S5 — Suie I)pH < min {¢, 0}
and
U@ a)p =TT Lisuss |50 = sas || < o

Then,
H U(x, a,)p - U(br a)p H

i=k+1

< 2 + l IId- iszi — Sz lA(Szi—x)) ﬁ L(sy_y, ]Szi — Sy 2 |)p

— 1T Loicss 50 — s )|

<2+ |b-—2z|-K.
Then, lim,_, U(x, a)p = U, a)p for xc[a,b]. Further, by Lemma 1.4
lim,_, Uz, a)p = U(b, a)p for z¢ [a, b].

LEMMA 3.3. Let peS and a = 0. There exists a neighborhood
N, ; about p and v > 0 such that the following are true:

(1) If €>0 there exists &« > 0 such that if e N, asx=<a+7,
and {s;}", is a chain from a to & with norm < «, then

1T My 52— 590 = U, a)q| << .

and
(2) If e>0 there exists >0 such that if ge N, ;, max {0, a—v} <
z = a, and {s;}i", s a chain from a to x with norm < «, then

“ﬁl M3y, | 85 — Su—z)g — Ulw, a)q” <.

Proof. By Lemma 3.1 there exists ¢ > 0 and v > 0 such that if
geN,,;a<e =a+7 and {s;}i", is a chain from a to x then

m
1—[1 M(Si—1y Sz — Szi—2)q € Ny«
=

Let ¢ > 0. By Lemma 1.5 there exists «a, > 0 such that if

u,vefa,a + 7,0 v—u<a,uw=sw,



PRODUCT INTEGRAL REPRESENTATION OF TIME DEPENDENT 279

and geN,,, then || U, uw)qg — T(w,v —u)q|| < (v — u)-¢/2y. There
exists a, > 0 such that if ge N, , u€a,a + 7], and 0 < 2 < a,, then
[| A(w) T(u, x)g — A(u)q || < ¢/2y (Note that
1 T, g — gl = ||| A@) Tew, Hgdt | < @) A@wyg || < a-
x (max || Az ||, tela, a + 7],2€ N, ) .

Let @ = min {a, a,}, let ge N,; let a <o < a + v, and let {s}i", be
a chain from a to & with norm < a@. Then,

zl_[L M(Sg;_yy Soi — Syi_0)q — Uz, a)q“

111 M85 1y 85; — Spi-0)q — 11 U(syi, SZi—z)QH
<3

it
— M(Sy_1y Sy; — 85i_3) H1 M(8y5-15 S5 — 32:‘—2)‘1”

IU(Szi, S5i_3) ﬁIM(Szj—n S2; — Sa2j2)q

1—1

< gf2 + 2: }T(Szi_u Sy — S3i3) El M(s,;s, S35 — Spi_2)q

i1
— M(S2i—15 S2; — Ssi2) Hl M(sy5_1y 825 — 321‘—2)QH
e

=¢/2 + 3,

Ssm._sgi_Z[A(szi—J T(85i-1, t) %[:I1 ]W(Szj—u Sy; — S25_0)q
— A(8y-1) i—il M(83;_1s 825 — Szj—z)q]dtil
<2+ 3 (S — sua)e/2y < €.

A similar argument proves part (2) of the lemma.

Proof of Theorem 3. Let pe S and 0 < a < b. Suppose that if
a<x<bl[[:M(,dl)p exists and is U(x, a)p. Let a < x < b, let {s;}i™,
be a chain from a to b, and let 7 < m such that s,; = . One uses
the inequality

” U, a)p — ﬁ M(85i—15 Sz — Szi—z)p”

< “U(b, ap — 11 M(L dI)p”

+ || i1 2, dDp — IT Mo 52— 500
+ J_Il M(Sy;_1y Soi — S2i2)P

m J
— I M(ss—1 S2i — S2is) III M(85;_15 82 — Spi2)D
=

=7 +1

|
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and Lemmas 3.1 and 3.2 to show [[!M(I, dl)p exists and is U(b, a)p.
Suppose now that for ¢ <z < b []: M, dl)p = Uz, a)p. Let b < x,
let {s;}", be a chain from « to =, and let j < m such that s,; = b.
One uses the inequality

U@, a)p — [ M(suss 52~ 508
< U@, H U, ayp — U, b) 1] Mo 52— 5599

L+ H Ulx, b) Ij M(S5i1, S35 — Sua)D

m

- ,I[“M(Szi_n Sz — Sziz) IJI M(s5i1s S5 — SZFz)pH
and Lemma 3.3 to show that there exists v >0 such thatif b <2 <b+ v
then [z M(I, dI)p exists and is U(x, a)p. Thus,if peSand0<a<b
then J1% M(I, dI)p exists and is U(b, a)p. With a similar argument one
shows that for pe S and 0 < a < b [[¢ M({I,dl)p exists and is U(a, b)p.

4. Examples. In conclusion two examples will be given.

ExampPLE 1. Let S be the Hilbert space and let A be densely
defined and m-monotone on S (Definition 1.2). In M. Crandall and A.
Pazy [2] and in T. Kato [6], it is shown that B is the infinitesimal
generator of a &-semi-group on S (Definition 1.1). Let X be a function
from [0, ) to S such that X is continuous. Define A(t)p = Bp + X(¢)
for p ¢ Domain (B) and ¢ = 0. Then A satisfles conditions (I)—(III).

ExampLE 2. Let S be a Banach space and let B be a mapping
from S to S such that B is m-monotone S and uniformly continuous
on bounded subsets of S. In [11] it is shown that B is the infinitesimal
generator of a “>-semi-group of mappings on S. Let C be a continuous
mapping from [0, «) to [0, =), let D be a continuous mapping from
[0, =) to (0, =), and let each of K and F be a continuous mapping
from [0, «) to S. Define A(t)p = C(t)-B(D(t)-p + E()) + F(t) for t = 0
and pe S. Suppose t =0,e >0, and p,qe S. Then,

I —eA)p — (I — eA(t))q ||
= /D)) || (I — eCAOD@)BYD(t)p + E(t))
— (I = eCH)DH)B)(D(t)g + E1)) ||
= (/D) I(D@)p + K@) — (D()g + E@)) ||
=llp —qll

and so A(t) is monotone for ¢ = 0. Suppose t =0, >0, and pec S.
Let ¢’ be in S such that (I — eC(¢)D(£)B)qg’ = D(t)p + E(t) + eD(t)F(t).
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Let ¢ = (1/D())(¢’ — E@)). Then (I — cA(t))g = p and so A(t) is m-
monotone. Then A satisfies conditions (I)—(V).
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