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Let f(x) be a function integrable in the sense of Lebesgue
over the interval (—r, =) and periodic with period 2z. Let its
Fourier series be

f@) ~ U; + i (@, cos nx + b, sin nx)
n=1

= Z{, A, (%) .
Whittaker proved that the series
S A@me (>0
n=1

is summable | A| almost everywhere., Prasad improved this
result by showing that the series

oo k—1
3 A@) /< ] 1og n)(logk mire (logtmy > 0)

n=mng

is summable | A| almost everywhere,

In this note, the author is interested particularly in the
|C,1| summability factors of the Fourier series at a given
point x,,

Write

o(t) = fleo + t) + flwe — ) — 2f(x0) ,
o(t) = S | o(w)| du .

The author establishes the following theorems,
THEOREM 1, If
o(t) = Ot) t—+0),
then the series

S Auan)/ne

is summable |C, 1| for every a > 0,

THEOREM 2, If

o(t) = o{————ﬁ lotgf* T }

p=1
as t — 40, then the series
A A%(xo)

To—
n=ng < [ log# n)(logk n)i+e
1

=

is summable |C, 1| for every ¢ > 0,
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A series >\ a, is said to be absolutely summable (4) or summable
|A], if the function

f@) = 3 a.e”

is of bounded variation in the interval {0, 1>. Let 0% denote the nth
Cesdro mean of order a of the series 3 a,, i.e.,

05 = L3 (@ha, s, (@, = Ik + &+ DTk + D@ + 1) .

(@), #
If the series
Z laﬁ - 0%41

converges, then we say that the series 3 a, is absolutely summable
(C, @) or summable |C, «|. It is known that [2] ¢f a series is sum-
mable |C|, it is also summable |Al, but not conversely.

2. Suppose that f(x) is a function integrable in the sense of
Lebesgue and periodic with period 27. Let its Fourier series be

f@) ~ C;) + i (a, cos nx + b, sin na)

=23 A4,@®) .
Whittaker [4] proved that the series

S 4,@)/n (@ > 0)
is summable |A| almost everywhere. Prasad [4] improved this result
by showing that the series

S A, (@) (1T Tog n )(log* ny*“(l0g* n, > 0),
n="mngy 2=1
where log* n = log (log"* n), log® = log (log n), is summable |A| almost
everywhere.

Let (A,) be a convex and bounded sequence, Chow [1] demonstrated
that the series

2L AL ()N,

is summable |C, 1| almost everywhere, if the series >, n~"\, converges.

In this note, we are interested particularly in the |C, 1| sum-
mability factors of the Fourier series at a given point. For a fixed
point x,, we write

P(t) = @, (1) = f@, + 1) + f(@, — t) — 2f(@) ,
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and
o) = | 1o du .
We are going to establish the following
THEOREM 1. If

(1) o(t) = O(t)

as t— +0, then the series

2 A (xo)
1s summable |C, 1| for every a > 0.

3. The following lemmas are required.

LEMMA 1 [3]. Let o > —1 and let ¢ be the nth Cesdro mean
of order « of the sequence {na,}, then

Th = n(o; — 05_) .
LEMMA 2. Write
S.() :ﬁ‘é(n +2—k)eos(n + 2 — k)t

then

ntt (it =1),

S, () = 0{
n? (for all t) .

In fact, we have

S,(t) = I{di 'L(n+2)tz e—zkt}
k=
{ d < i(nt2)t oit }
—d_ 1 — e—zt 1 . 6»—'”)
{ 2) jeim+nt jeimtat

e—it (1 _ e—it)z

et 9
1 — et + (1 _ e-—it)z}
= O0(nt™) + O(t™)
= O(/I’I/t—l) ’
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if nt < 1. This proves the lemma. From this lemma, we can easily
derive the following

LEMMA 3.
A A
l {ZS(t)A }] {th“ + poyer t=1),
n -+ (v + 2)« B
Ant—* (for all t).

By Lemma 2, for nt = 1, we write

n —1}— 1 {»z:‘f S.t)4 (v i 2)“} - n —1|— 1 {[t}&i—l + v:[tzi"llﬂ} + O(%t}__"‘>
=05 )+ 503 5r)

+ O( n;—“ >

- O(%;——a) * O< tif*) ’

and for all ¢,

PRS0 = oS )
Y

This proves the lemma.
4. We have

A, (%) = %S:cp(t) cos nitdt .

Let 7,(x) be the mth Cesaro mean of first order of the sequence
{nA,(x,)/n"}, then

T
L‘Tn(xﬁ) =

= (v + 2)cos (v + 2)t
2 S @(t‘ . 1 Z

v + 2)~

Abel’s transformation gives

T (= 1 2 1
e = So@(wn L {5 S04 bat

* 1 S,.(t)
t) e
T SOED( n+1 (n+ 3)°
= Iln _I_ I2n ’
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say. Thus, on writing
+ S - I3'n, + IML )
1/n
say, we see that
i/n
L, = 0(w=" |p|at) = 0~ ,
0

by condition (i) of the theorem.

n=of &, 7La) +of2] tekay.

Now,
ko= () e o off 5t = oo,
and

g” 12l gt < e g: 12l gt = o—=1og n) .
1/n tz— in ¢

It follows that
L, = O{log n/n*} .

As before, we write

u=§+f=m+m,

1/n

say. Then,
I, = O(nl—“glm o] dt> = O .
And

I, = O{n—“gzn%dt} = Oflog n/n°} ,

by the similar arguments as in the estimation of the integral I,,. By
Lemma 1, we have to establish the convergence of > |7,(x,)|/#. And
from the above analysis, it concludes that

S lnEl g 2
=1 T T

o

Ll + L] + Bl + 1L}
log

,HMS iMs

} oq) .

n+
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This proves Theorem 1.
5. Let 7,(x,) be the nth Cesaro mean of first order of the sequence
k—1
{nAn(xo) / < 11 log* n>(log’c n)‘“} (e>0),
p#=1

where k is a positive integer. Abel’s transformation gives

Teuw) = S P(0)- { S S, d—— 1 dt
{ Tl log (v + 2)}{logk v+ 2+
i 1 S,.(t)
+ | #(?) T dt
S‘) “ 1 M ogr (o + 3)}{10g" (n + B)p+
= Iln + I2n }

say. As before, we write
say, and

say. Since, for v = n,,

k—1 é; [1
(H log* v)(log’” p)ite
p=1

v(k]:f log* v)(log" p)tte

=1

b

we obtain
1
}% {2 S (t)A (k]]' log# (IJ + 2)>(10g (D + 2))“5
. * £ (nt = 1),
il g Fm)tte 2 I rd
§ t(,go log Z)(log n) t(H log )(1og >
n

— (for all ¢t) .
< 11 log* n>(10g" n)+e
n=1

Now, if
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as ¢t — _l_Oy then

L,=0 y
: ndmgm+gl¢m%

s~

-t

(H log* >(10g )

J, 2L}

ol o1 %)Zojg 1y 5

(H log )(log n)ite

It

But since
Sj/nl_t_’dt = <_%)1'/n 4 g,:ln_fz—dt
:mn+0H@¥ﬁﬁZ%y}
= 0(1) + Oflog*+' n} ,
and
S 1<pl "o ) S
(H log* ><10g % >1+5 <kf[:1 log* %)(logk e o
=0 n ]ngH n
(:]:Ii log* n)(Ing oy ;
we obtain
= log“+* m |
L. O{ <’”ﬁi log* n>(1ogk ) }
Finally,
B L 1n
L, = 0{ (1 108 ) togt my+ @l dt
1

<H log* n)(log )

145
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_ 1 S 2|
o O{ Cli log* n)(log’c )L+ un ¢ dt}
-0 logk+* n

<§ log* %>(10gk n)+e

Thus,

i |T,,L(.%0)| — {i — 10gk+1/n } + 0(1)

e . n<H log* n)(log" n)+e

#=1
=0Q1).
Hence, we establish
THEOREM 2. If
11 logr -

as t— +0, then the series
A,(%,)
k—1
< log f‘n)(log" n)'+e
=1

Ms

(log* n, > 0)

n=ng

is summable |C, 1| for every ¢ > 0.

6. For the conjugate series
i (b, cos nx — a, sin nx) = >, B,(z) ,
we can derive two analogous theorems. Write, for a fixed z = z,,
t t
v(t) = | vl du = | 1A + 0 ~ fe — | du.
We have the following
THEOREM 3. If
(iii) ) = O(t)
as t— +0, then the series

i Bn(xo)
n=1 ne
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is summable |C, 1| for every a > 0.

THEOREM 4. If

(iv) T(t) = O{—ﬁ—lt—T}
o8t

as t— +0, then the series

5, D (log* n, > 0)
n=ng <H logy %>(10gk n)l+s

1s summable |C, 1| for every &> 0.
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