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A generalized Young tableau of ‘‘shape’ (py, s, *++, Du),
where p; = p2= - = p, =1, is an array Y of positive inte-
gers y;;, for 1 < 5 < p;, 1 <4 < m, having monotonically non-
decreasing rows and strictly increasing columns, By extending
a construction due to Robinson and Schensted, it is possible
to obtain a one-to-one correspondence between m X 7 matrices
A of nonnegative integers and ordered pairs (P, Q) of gene-
ralized Young tableaux, where P and @ have the same shape,
the integer 7 occurs exactly a;,; + --- + a;, times in @, and the
integer j occurs exactly a;; + --- + a,; times in P. A similar
correspondence can be given for the case that A is a matrix
of zeros and ones, and the shape of () is the transpose of the
shape of P.

Figure 1 shows two arrangements of integers which we will call
generalized Young tableaux of shape (6, 4, 4, 1). A generalized Young
tableaw of shape (p,, Doy =+, Pn) 18 an array of p, - p, + - -p,, positive
integers into m left-justified rows, with p; elements in row ¢, where
D= Py = -+ = Dn; the numbers in each row are in nondecreasing
order from left to right, and the numbers in each column are in
strictly increasing order from top to bottom. (The special case where
the elements are the integers 1,2, .-+, N=p, + 9, + +++ + Pn., €ach
used exactly once, was introduced by Alfred Young in 1900 as an aid
in the study of irreducible representations of the symmetric group on
N letters; see [6].)

Consider on the other hand the 6 x 7 array

0010000
0000020
1111010
0010100
2101000
0000001

(1.1) A=

having respective column sums (¢, ---, ¢;) = (3, 2, 3, 2, 1, 3, 1) and row
sums (r, «-+, 1) = (1,2, 5, 2,4,1). Note that in Figure 1 the integer
1 occurs r; times in @, and the integer j occurs ¢; times in P. In
this paper we shall give a constructive procedure which yields a
one-to-one correspondence between matrices A of nonnegative integers.

709
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P Q P Q
171711247 1(2(23[3|6 11113 112214
2131315 313134 ~_2_ 4 —;— —5—
314166 —4_ 51515 3 3
6 _5_ 5

FIGU—I;—;. FIGURE 2.

and ordered pairs of equal-shape generalized Young tableaux (P, Q)
such that the row and column sums of A correspond in the same
manner to the number of occurrences of elements in P and Q. In
particular, our procedure shows how to construct (1.1) from Figure 1
and conversely.

Figure 2 shows two generalized Young tableaux whose shapes are
transposes of each other. A modification of the first eonstruction leads
to another procedure which gives a similar correspondence between
zero-one matrices A and such pairs of tableaux. For example, the
second construction associates the matrix

00100
11010
(1.2) A=110000
00001
00100

with Figure 2. When the column sums of A are all <1, the two
constructions are essentially identical, differing only in that P is
transposed.

Matrices A of nonnegative integers correspond in an obvious way
to two-line arrays of positive integers

Uy Uy v Uy
(1.3) ( ’ )

V, Vs v Vy

where the pairs (u,, v,) are arranged in nondecreasing lexicographic
order from left to right, and where there are exactly a,; occurrences
of the pair (4, 7). For example, the matrix (1.1) corresponds in this
way to

122333334455556
(1.4) .

366123463511247

Such two-line arrays can be regarded as generalized permutations, for
when A is a permutation matrix the corresponding two-line array is
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the permutation corresponding to A. When A4 is a zero-one matrix,
the pairs (u;, v,) in (1.3) are all distinct.

Our construction works with two-line arrays (1.3) instead of the
original matrices (although it is, of course, possible to translate every-
thing we do into the matrix notation). The special case where u, =
k,1 <k < N, was treated by Craige Schensted in 1961 [7]; in this
case A is a zero-one matrix with N rows, each row-sum being equal
to unity. Our first construction is identical to Schensted’s in this
particular case. Another procedure which can be shown to be essen-
tially equivalent to Schensted’s construction was published already in
1938 by Gilbert de B. Robinson [5, Sec. 5], although he described the
algorithm rather vaguely and in quite different terms.

Section 2 below presents Schensted’s algorithm in detail, and §3
uses that algorithm to achieve the first correspondence. A graph-
theoretical interpretation of the correspondence, given in §4, allows
us to conclude that transposition of the matrix A corresponds to in-
terchanging P and @ ; hence we obtain a useful one-to-one correspon-
dence between symmetric matrices A and (single) generalized Young
tableaux.

Section 5 shows how to modify the preceding algorithms to obtain
the second correspondence. Finally in § 6 a combinatorial characteri-
zation is given of all matrices having a given value of P; this leads
to an “algebra of tableaux.”

As a consequence of the algorithms in this paper it is possible to
obtain a constructive proof of MacMahon’s classical formulas for the
enumeration of plane partitions, as well as new enumeration formulas
for certain rather general kinds of plane partitions. These applications
will be reported elsewhere [1].

2. The insertion and deletion procedures. It is convenient
to regard a generalized Young tableau of shape (p, p,, -++, »,) as a
doubly-infinite array

Yoo Yor Yoo Yoz ***
(2.1) Y =| %o Y Yoo Yoz =+

Yoo Yoo Yoo Yoz *
with y,; = 0 if 7 or j is zero, ¥;; = o= if i >m or j<p, and 0 <
Yi; #* o when 1 <4< m,1<j < p. We simply border the tableau
with zeros at the top and left, and we put <o symbols elsewhere.
Using the further convention

(2,2) cr < co y

‘this doubly-infinite array satisfies the Inequalities
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Yi; = Yigrny Yi; < Yurns o

(2.3) ..
for all 7,7 = 0.

Convention (2.2) may appear somewhat strange, but it does not make
the transitive law invalid, and it is a decided convenience in what
follows because of the uniform conditions (2.3).

We can now describe Schensted’s procedure for inserting a new
positive integer = into a generalized Young tableau Y. The following
algorithm contains parenthesized “ assertions” about the present state
of affairs, each of which is easily verified from previously verified
assertions ; hence we are presenting a proof of the validity of the
algorithm at the same time as the algorithm itself is being presented.
(Cf. [2, pp. 2-3, 15-16].)

INSERT (x):

I1. Set 7«1, set x, <2, and set 5 to some value such that
Yy; = oo,

12, Now y,.; <2 < ¥y, and z; # .} If 2, < y;,_,, decrease
J by 1 and repeat this step. Otherwise set x;., < y;; and set r; —J.

IB. (Now ys—n = @ < @iy = ¥Yi; = Yitj-n Y0y <& < Ty = Yi5 <
Yy Ti = J, and @; # co.) Set y,; — ;.

I4. (Now Yion = ¥ = @ < By = Yitjeny Yo < Yij = O < Bipy <
Yirngy s =7, and @; % o.) If x,., # o, increase ¢ by 1 and return
to step I2.

I5. Set s« and ¢ 7, and terminate the algorithm. (Now the
conditions

(2.4) Yst F 0y Bop1 = Yourn = Ysrr = ©°
hold.)

The parenthesized assertions in steps I3 and I4 serve to verify
that Y remains a generalized Young tableau throughout the algorithm.
The algorithm always terminates in finitely many steps, since Y con-
tains only finitely many positive integers. The procedure not only
inserts « into the tableau, it also constructs two sequences of positive:
integers

r =22 90<...<3,;s
(2.5) LS .

P2V 2T, =

where s and ¢ are the quantities specified in the last step of the
algorithm.

As an example of this insertion process, let us insert x = 3 into
the tableau
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13358
2466
358
4

(2.6)

The algorithm computes @, = 3, r, = 4,2, =5, 7, = 3,2, = 6, r, = 3,
2, —8,r,=2,4, = c0,8s =4,t = 2; the tableau has been changed to

13338
2456

356
48

(2.7) Y

The input value, 8, “bumped ” a 5 from the first row into the second
row, where it bumped a 6 to row 3, ete.

The most important property of Schensted’s insertion algorithm
is that it has an inverse; we can restore Y to its original condition
again, given the values of s and ¢

DELETE (s, t) :

D1. Set j«—t,1 8, &y, < oo,

D2. (Now ¥;; < sy < Yuwn; and y;; # oo.) If g0 <, and
Y;;40 # oo, increase j by 1 and repeat this step. Otherwise set x;, —
y;; and 7; —J.

D3, (Now ¥ = Uiy = @ < By = Yigro Yoimns < Yig = B < Py <
Yirngy T = J, and @; # co.)  Set y,; — @iy

D4. (Now ¥iion S @ < Ty = Yis = Yigror Yoy < T < Ty = Yy <
Yarngy s = 7, and @; = o.) If ¢ % 1, decrease ¢ by 1 and return to
step D2.

D5. Set x«—ux,, and terminate the algorithm. (Now x % co.)

This algorithm obviously terminates, since Y contains only finitely
many positive integers. The parenthesized assertions in steps D3 and
D4 show that Y remains a generalized Young tableau ; moreover, these
assertions uniquely define the value of 7, and they are precisely the
same as those of steps I4 and I3, respectively. Hence the deletion
algorithm recomputes the sequences (2.5) determined by the insertion
algorithm, and it restores Y to its original condition. The reader may
verify, for example, that DELETE (4, 2) transforms (2.7) into (2.6).

Conversely, if we start with any generalized Young tableau, Y,
and if we choose two integers (s, t) such that (2.4) holds, the procedure
DELETE (s, ) will specify some positive integer = in step D5, and w
is removed from the tableau; the subsequent operation INSERT (x)
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will put = back again, recompute s and ¢, and restore Y to its original
form. Thus INSERT and DELETE are inversss of each other.

We will now establish an important property relating the quantities
%, s, t in successive insertions (cf. Schiitzenberger [8, Remarque 2]).

THEOREM 1. Let x, &’ bz positive integers. If INSERT (x), deter-
mining s and t, is immediately followed by INSERT (a'), determining
s and t', then

2.8) 2= o of and only tf s= s
) if and only if t' > t.

Proof. (a) We prove first that
(2.9 < x implies s=s and ¢ > ¢.

Let the sequences (2.5) be denoted by x;,,7; 1 <4 <s) and 2}, r; 1 =
1 < s') when 2 and 2’ are respectively inserted. Assume by induction
that s = 7 and s’ = 4 and «; < 2} (this holds initially for ¢ = 1). Con-
sider the state of affairs at the beginning of step I3, when =z is about
to be inserted. We have 2, = y;; for j = r;, hence 7' =7 >7; it
follows that =z, < ¥4 < Yy = 24y, If 8 =4 then s = ¢ and ¢ =
§ >3 =t, s0 (2.9) holds. On the other hand if s’ > ¢ then z},, # o,
hence x;., # c, so s > 1 and the inductive hypothesis is valid for ¢
replaced by ¢ + 1.
(b) The theorem now follows if we can prove that

(2.10) 2’ < 2 implies s’ > s and ¢t = ¢'.

The proof is like part (a), but just different enough to require
care. Assume by induction that s =% and s’ = ¢ and 2] < #; (this
holds initially for 7 = 1). Consider the state of affairs when «; is about
to be inserted, as in part (a); we have j = r} = j’, hence @, = y;; <
x; < %;4.. In particular, x},, # <, so 8 >4 If s=1 then t=75=
j = t', s0(2.10) holds. If s > 4 then the induction hypothesis is valid
for ¢ replaced by 7 + 1.

3. A one-to-one correspondence. We are now ready to givea
fairly direct correspondence between two-line arrays of positive integers

(3.1) (u e M‘V) ,

Vo Uyt Uy

where the pairs (u,, v,) are arranged in nondecreasing lexicographie
order from left to right, and ordered pairs (P, Q) of generalized Young
tableaux having the same shape, where the elements of P are v, v, +++, vy
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and the elements of Q are u,, Uy, -+, Uy.
The procedure, which we will call construction A4, starts with

“empty 7 tableaux :

Do = Poj = Do = 0, pi; = 03
(3.2) Qo = Qoj = Qi =0, ¢;; = oo,
for all ¢,7 = 1.

Then we do the following steps for £ = 1,2, ---, N (in this order):
Al. INSERT (v,) into tableau P, determining values s, ¢, in step
15.
A2, Set q,,., — Uy

The reader may verify, for example, that this procedure takes
the two-line array (1.4) into the tableaux of Figure 1. It is clear
from the construction that P and @ have the same shape, since the
insertion procedure removes the co from row s and column ¢ of the
tableau. Furthermore, since u, < u, < -+« < uy, and since step A2 inserts
an element on the ‘periphery’ of @, it is clear that Q will be a
generalized Young tableau if we can verify that no equal elements fall
into the same column of Q. The latter property follows immediately
from Theorem 1, for w, = u,,, implies that v, < v,.,, hence t,., > t,.

The inverse construetion, which we will call construction B, starts
with two generalized Young tableaux, P and @, of shape (p,, Do «*+,
D.); let N=p, + p, + «++ 4+ p, be the total number of elements. We
do the following steps for £k = N, ..., 2,1 (in this order):

Bl. Find s, t, such that g, is the largest positive integer ele-
ment of @, where ¢, is as large as possible. Set %, <— ¢, and then
set ¢, <« co.

B2. DELETE (s, t,) from tableau P, determing a value 2 in step
D5; set v, «—x.

The algorithm clearly reverses construction 4. Conversely, if we
apply construction B to any given pair of generalized Young tableaux
having the same shape, we can see by Theorem 1 that the pairs (u,,
v,), (U, 1), +++, (Uy, vy) are in lexicographic order, i.e., that u, <
U, < ++» < uy and that v, = u,., implies v, < v,.,. It follows readily
that construction A reverses construction B, hence the one-to-one
correspondence is established.

THEOREM 2. Constructions A and B, which are invsrses of
each other, establish a one-to-onz correspondence bstween two-line
arrays and gencralized Young tablsaux having the propzrties stated
above.
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By the previously mentioned correspondence between two-line arrays
and matrices of nonnegative integers, we have therefore verified the
first result advertised in § 1.

4. A graph-theoretical viewpoint., The correspondence in the.
preceding section can be looked at in another way, if we try to build
the P and @ tableaux one row at a time instead of using the insertion
procedure. The first rows of P and @ can be interpreted in terms of
a certain labelled directed graph, which might be called the “ inversion
digraph ” D, of the given generalized permutation (3.1); similarly the
second rows of P and @ are related to the “second-order inversion
digraph” D, derived from D, and so on. We will now study this
graph-theoretical interpretation of Schensted’s construction, in order to.
deduce further properties of the correspondence.

Given a two-line array

(4.1) (u Yo rne u”) ,

V, Vg e Uy

we construct its corresponding “inversion digraph” D, as follows :
There are N vertices, to which the respective labels (U, v.), (U, Vy), * v,
(4y, vy) are attached; in the discussion below, when we refer to a
vertex (w,v) we mean any one of the vertices whose label is (u, v).
An arc passes from vertex (u, v) to vertex (w', v), when (u, v) = («, v"),.
if and only if

4.2) w=u and v < 7.

Furthermore we construct arcs between vertices with identical labels:
by putting all vertices with given label (u, v) into some arbitrary order,
say Vi, Vi, +-+, V), and drawing arcs from V; to V; if and only if 7 < j.
For example, Figure 3 shows the inversion digraph corresponding to

1,2) (3,2) 2,
° °
°

'\_———_’/
1,3) (1,3) < (1L,3)

FIGURE 3.
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111128
233312/

When the two-line array is a permutation of the integers {1, 2, - -,
N}, the number of ares in D, is equal to (727’) minus the number of

inversions in the permutation according to the classical theory, hence
the name “inversion digraph.” It is easy to see in the general case
that D, has no oriented cycles, and in fact it is the digraph of a partial
ordering. Note that our definition of D, does not require that the
pairs (ug, v,) of (4.1) be in lexicographic order from left to right ; only
the pairs themselves are used. Furthermore (4.2) is symmetric in u
and v, hence the itnversion digraph of

V, Vy ot Vy
(13 ( )

Uy Us = o * Uy

18 1somorphic to the inversion digraph of (4.1). This observation will
be important to us later.

We now partition the vertices of D, into disjoint classes C,, C,, - -+,
as follows : C, contains the “source” vertices, i.e., those with no ares
leading in to them; and for [ = 1, C,,, consists of all vertices which
are sources when the vertices of C,U +-- U C, (and all arcs touching
them) are removed. For example in Figure 3 we have

C.=1{1,2), @ D},
C.=1{1,3),3,2)},
G, = {1, 3)},
C,={1,3)}.

(The vertices denoted by (1, 3) in C,, C,, C, are actually distinct, because
of our conventions for dealing with vertices having equal labels.) The
reader may easily verify that, in general, C, consists of all vertices
V such that the longest path to V in D, has length I — 1. This
partitioning is closely related to the well-known procedure for “ topolo-
gical sorting” [2, pp. 258-268].

If (u,v) and («, v') are distinct vertices of the same class C,, there
is no arc joining them ; it follows from the construction that u = w’
and v =% ¢. Furthermore if u < «’ then v < v, and conversely ; there-
fore we can arrange the vertices of C, into the following order:

(4-4) Cl = (ulu ,Ull)r (ulzr vlz)’ tt (ulnp vlnl)
where

u’l1<ulz< e <'M/lnz

(4.5)
/Ull > /Ul;? > s > /Ulm'
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LEMMA 1. The digraph D, constructed above has the following
relation to the correspondence defined in §3: If the nonempty vertex
classes are C,, +--, C,, the first row of P at the end of the construc-
tion s
(4'6) Vings Vangy =% %y Ving
(in the notation of (4.5)), and the first row of Q 1is
(4.7) Usyy Uty =0y Ugy »

Moreover if we denote the two sequences (2.5) obtained during the
operation INSERT (v,) by

Vyp = Bpy < Ly < ove < Wy

(4.8)
Poi = Tre = *0 0 = Pis, = by

then the pair (uy, v,) of (3.1) belongs to class C, if and only if | = ry,.

Proof. We want to show that the vertices of class [ are those
pairs (4, v,) which affect the I-th element of the first row of P during
the insertion process. The proof is easily carried out by induction on
N; for if we add a new vertex (uy.,, vyy,) which is lexicographically
greater than all other vertices of D,, no new arcs lead from this vertex,
while there are arcs leading from a vertex of class C, to this new
vertex if and only if v, < vyy,.

COROLLARY (Schensted). The number of columns in the generaliz-
ed Young tableaux P, Q corresponding to (3.1) is the length of the
longest nondecreasing subsequence of the sequence v, vy +++, Vy.

Proof. We have observed that C, is nonempty if and only if there
is a path of length d — 1 in D,; such a path corresponds to a non-
decreasing subsequence of length d.

We now have characterized the first rows of P and @ in terms
of the labelled digraph D,. Since Schensted’s construction behaves on
row (¢ + 1) in essentially the same way as it does on row ¢ (inserting
elements that were bumped down from row <), we can see how to
characterize the remaining rows of P and . Assuming that the ¢-th
order inversion digraph D, has been defined, we will construct D,., by
leaving out one vertex of each class and by changing the labels. If
class C, of D, is given by (4.4) and (4.5), we include n, — 1 vertices
labelled

(4°9) (ulm 7)“), (ul39 vlz)v Ty (ulnp /vl(nl%))
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in D;,,. After the vertices of D,., have been determined in this way,
from all classes of D,;, the arcs of D,,, are defined in precisely the
same manner of we have defined the ares of D..

The vertex labels of D,., correspond to a two-line array. A few
moments’ reflection will show that, in view of Lemma 1, construction
A in §3 builds rows 2,3, --- of P and @ in precisely the same way
as it would build rows 1,2, -.. if it were given the two-line array
corresponding to D, instead of the original two-line array. Hence the
second rows of P and @ are respectively given by (4.6) and (4.7) cor-
responding to D,, and in general the digraph D, corresponds to the
i-th rows of P and @ as D, corresponds to their first rows. This
leads to the following result.

THEOREM 3. If the nonnegative integer matrixz A corresponds to
the generalized Young tableaux (P, Q), then the transposed matrixc AT
corresponds to (Q, P).

Proof. The two-line array corresponding to A’ is obtained from
(3.1) by interchanging the two lines and rearranging the columns in
lexicographic order. (Cf. (4.3).) We have observed that the resulting
graph D! is isomorphic to D,; this isomorphism associates vertex (v, u)
of DT with vertex (u,v) of D,. The construction of D,,, from D;
shows that the same isomorphism relates D? to D,, hence the theorem
follows from Lemma 1.

For the special case of permutation matrices, Robinson [5, p. 755]
essentially stated Theorem 3 without proof; a proof was given by
Schiitzenberger [8].

THEOREM 4. The construction of §3 yields a omne-fto-one corre-
spondence between symmetric matrices A of mnonnegative integers,
having respective colummn sums (¢, ¢, -+, ¢,), and generalized Young
tableaux P, having c¢; occurrences of the integer t. In this corre-
spondence the number of colummns of P having an odd length 1is the
trace of A.

Proof. Since A is symmetric, A = A7, hence by Theorem 3 P =
@ in the correspondence. It remains only to verify the connection
(suggested by Schiitzenberger) between odd-length columns and the
trace of A.

When A = A”, there is a corresponding symmetry in the digraph
D, since the vertex (u,v) occurs as often as the vertex (v, w). The
automorphism (%, v) — (v, ) shows that each class C; has the form
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Uy = (g, ulnl)y (Wi, ul(nl—l))? ceey (U/zn,y Uy

(4.10)
Uy < Upp < oo e < Uiy

(Cf. (4.5).) Hence C, contains 0 or 1 elements of the form (u, w) ac-
cording as n, is even or odd; and so trace (A) is the number of
classes in which %, is odd. Furthermore the graph D, contains as
many vertices of the form (u, #) as the number of classes in which n,
is even (cf. (4.9) and (4.10)); hence it corresponds to a symmetric
matrix A4, such that trace (4) + trace (4,) = d = number of nonempty
classes of D, = number of columns of P. Let P, be P with its first
row removed; by induction on the number of rows of P, we know that
P, has trace (4,) odd columns, hence P has d — trace (4,) = trace (4)
odd columns.

5, A dual correspondence. Let us say a “dual tableau” is an
arrangement of positive integers which is like a generalized Young
tableau except that the rows (instead of the columns) are required
to have distinct elements. Thus, every dual tableau is the transpose
of a generalized Young tableau and conversely.

If Y is a dual tableau, we can insert a new element 2 into it
using a procedure almost identical to Schensted’s construction of § 2.
The algorithm INSERT* (x) may be defined to be the same as INSERT
(x), except that the signs < and < are interchanged throughout the
latter algorithm. (An element now bumps down another element equal
to itself.) Similarly we obtain an algorithm DELETE* (s, t) by chang-
ing DELETE (s, t) in the same way. The reader may readily verify
that, as before, INSERT* (x) and DELETE* (s, t) are inverse to each
other, and that Y remains a dual tableau throughout each algorithm.
We also have

THEOREM 1*. Let x, 2’ be positive integers. If INSERT* (x), deter-
mining s and t, is immediately followed by INSERT* (x'), determining
s and t', then

x <2 tf and only if s= ¢

(5.1) . .
if and only if t' > t.

Proof. In the proof of Theorem 1, change the symbol < to <
wherever it appears; and change < to <, except in the two instances
“Yigen = Ysp 7 and “y;; < @;” where the < is to be retained. (Do
not change the symbols > and =, which have been used consistently
for indices instead of elements.) The result is a proof of Theorem 1*.

Now consider a two-line array of positive integers
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'ul Uy o oo U,
(5.2) ( : V)
V, Uy e Uy

where the pairs (u,, v,) are all distinct and arranged in increasing
lexicographic order. (Such arrays correspond to matrices A of zeros
and ones.) Starting with empty tableaux P and @ as in (3.2), we
perform the following steps for £k = 1,2, ..., N (in this order):

Al*., INSERT* (v,) into the dual tableau P, determining values
Sy, b, in step I5*.

A2*. Set g, < Uy

By Theorem 1* and an argument like that of § 3, this makes @
a generalized Young tableau, while P is a dual tableau. The inverse
procedure consists of the following steps for # = N, --+,2,1 (in this
order):

Bl*. Find s, t;, such that g¢,. is the largest positive integer
element of @, where ¢, is as large as possible. Set u, <gq,,., and then
set v,

B2*. DELETE* (s, t,) from tableau P, determining a value z in
step D5*; set v, — 2.

By Theorem 1* this procedure will produce a two-line array (5.2)
of distinct pairs in increasing lexicographic order, when given any dual
tableau P together with a generalized Young tableau @ of the same
shape. Therefore we have a correspondence between such pairs of
tableaux and zero-one matrices.

The graph-theoretic equivalent of this construction, corresponding
to §4, is obtained by changing (4.2) to

<« O,

(5.3) u<u and v <.

This lack of symmetry makes it impossible to find a simple relation
between the tableaux corresponding to a matrix and its transpose; in
general the latter two pairs of tableaux can be quite different.

6. Further properties. Let us now concentrate momentarily on
the P tableau, independently of @. By varying @, we will in general
find many arrays A corresponding to the same P tableau, and it is of
interest to look for characteristic properties of such arrays.

THEOREM 5. Let x, 2, 2" be positive tntegers and let Y be a
generalized Young tableau. If x < o' < &' the sequence of operations

(6.1) INSERT (x”), INSERT (x), INSERT (x')
has the same effect on Y as the sequence

(6.2) INSERT (»), INSERT (z"), INSERT (2) .
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If o <o <&, the sequence
(6.3) INSERT («'), INSERT (z), INSERT (x")
has the same effect as

(6.4) INSERT («'), INSERT (2"), INSERT (z).

Proof. Using notation like that in the proof of Theorem 1, we
will show that the sequences in question have the same effect on
the first row of Y, and that the corresponding elements =,, x;, x5 will
(by induction) yield the same results on the remainder of Y. By con-
vention let us say that INSERT (o) is the null operation; when z"” =
oo the theorem holds trivially.

It is not difficult to verify that if x does not displace z” in (6.1),
then the elements x,, x}, #; are identical for sequences (6.2) and (6.1),
and 2, < 27 < 2. On the other hand if x does displace 2” in (6.1}
then the first row of Y in its original state had the form

cee Y y’ y" “oe
where y <z < o' <z” <y Zy”. After (6.1), the first row of Y becomes
and x =9, 2, = a”, 2, = y”. If instead we use (6.2), the first row
becomes

and x, = o, 2 = ¢, x; = 2’’. By induction (using the fact that (6.3)
is equivalent to (6.4)),

INSERT (), INSERT (2"), INSERT (y")

has the same effect as
INSERT (y'), INSERT (¥”), INSERT ("),

hence (6.1) is equivalent to (6.2).
A similar but somewhat simpler proof shows that (6.3) is equivalent
to (6.4).

Note that, once the two-line array (3.1) has been put into lexico-
graphic order, the P tableau constructed in § 3 is a function of the
sequence v, Vs, +++, vy only. In general let (v, v, ---,v,) be any
sequence of positive integers, and let P(v,, v, -+, v,) be the generalized
Young tableau obtained by starting with an empty tableau and suc-
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cessively performing the operations
INSERT (v,), INSERT (v,) --+, INSERT (v,) .
We will write

(Vg ++=, v, = (w, +++, w,) if and only if

(6-5) P(?)l, eee, ,Un) — P(wl, cee, ’w%) .

According to Theorem 5,

(Vg ooy Vn) = (U1, v vy Vs Uty Uiy Visay = * 5 Un)
if
(6.6) Vi = Vi < Vpyy OF U, < Vpy < Vpuy -
Symbolically, if a < b < ¢, we have
6.7) achb = cab, bac = bea, aba = baa, bab = bba .

Using these elementary transformations we can usually find several
sequences equivalent to a given one; for example,

“4,2,1,1,2,3)=(4,1,2,1,2,3) = (1,4,2,1,2,8)
=(1,4,2,21,3=(4,1,2,2,1,3) = (4,1,2,2,38,1)
=(1,4223,1)=(1,24,231=(1,24,2,1,3)

=(1,2,2,4,3,1).
In fact, it is somewhat surprising that the elementary transformations

of Theorem 4 precisely characterize those sequences which yield the
same P tableau:

THEOREM 6. Pvy, +++,v,) = P(w, -++,w,) if and only if (v, ---,v,)

can be transformed into (w,, -+-, w,) by a sequence of the elementary
transformations (6.6).

Proof. Let P(w, +--,v,) be a generalized Young tableau Y of

shape (D, ++, Du); and let (uy, «+«, %) = Woss ** ¢y Ymp,y * % Your = * %
Yopy Yur * 5 Yip). It is easy to show that P(v,, « -+, v,) = P(u,, « -+, %,);
hence in view of Theorem 5 it suffices to prove that (v, ---,v,) can

be transformed into the ¢ canonical” sequence (u,, ---,u,) for the
tableau Y using only the operations (6.6). By induction on 7, we need
only prove the following statement: If o is a positive integer, if
(ty, +++, u,) 18 the canonical sequence for a gensralized Young tableau
Y, and of (U, «+-, u,, Uh.,) 1s the canonical sequence for Y after the
operation INSERT (x) has been performed, then (u,, «-+, u,, &) can be
transformed into (U}, «--, u,.,) using the operations (6.6).
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This necessary condition is easily proved, for if we assume that

Y SYa = <Y; SEYn=sr=2YL,1275k,

we have
('Z/u cory Yy fl/) = = (yly ey Yicy Yis By Yt "'yyk)
= e = (yjy Yiy o0, yj—lv £, yj—l—u "'7?/]::)

by rules (6.6); hence we can simulate the insertion algorithm (since
Y; = &, ete.).

COROLLARY. If P(v, -+-,v,) = Plw, -, w,) and P(v, ., -+, v,) =
Plw, ., +-+, w,), then
P(Tn oty Uy Uy * 0 % vaz) = P(wl’ oy Wy Witny =y wn) .

This corollary can be expressed in terms of matrices as follows:
We denote the P tableau corresponding to matrix A by P(A). Let

+=(2) ==(a)
A, B,
be two (m, + m,) X n matrices partitioned into m, X n and M, X n
submatrices. If P(A) = P(B,) and P(A,) = P(B,), then P(A) = P(B).
A similar statement holds for the @ tableau, by taking transposes (cf.
Theorem 2).

The corollary can also be used to define an associative binary
operation on generalized Young tableaux if we let

P(/Ul' tty vm)P(’vm%l! Tty vn) = P(’I)l, M) 'Un) .

Some very special cases of this associative operation were discovered
by Schensted in his original paper [5]. Perhaps some further properties
of the correspondence can be deduced from a deeper study of this
“ tableau algebra.”

Similar properties can be developed for the dual correspondence
of § 4. If we interchange < and < in Theorem 5 and change INSERT
to INSERT*, we obtain Theorem 5%, which leads to a corresponding
Theorem 6* and its corollary in an analogous way. We can also show
that the elementary transformations (6.6) allow us to build the dual
tableau P* of a sequence by working on columns instead of rows during
the insertion algorithm, and inserting the elements in the order v, -,
vy, v,.  Therefore P(v,, +--, v,) s the transpose of P*(v,, «--,v,); this
interesting relation implies that the number of rows of P(v, <+, v,)
s the length of the longest strictly decreasing subsequence of (v, +--,
2,). (The latter result is due to Schensted [7].) The details underly-
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ing these observations are straightforward and left to the reader.
Let us conclude our remarks by deriving a further consequence
of Theorem 6:

THEOREM 7. Let 7(1), ---, #(m) be a permutation of the integers
(1,2, -+-, m}. There is a constructive one-to-one correspondence between
the set of all nomnegative integer m X n matrices with row sums
(ryee-, rn) and those with row sums (Fauy, ***, Tewm) SUCh that, if A
corresponds to B, we have P(A) = P(B).

Proof. Since any permutation is a product of adjacent transposi-
tions, we may assume without loss of generality that = merely inter-
changes k& and k¥ + 1. Let us partition

4,
A= Az ’
A,

where A4, has k£ — 1 rows, A, has 2 rows, and 4, has m — k — 1 rows.
Let the row sums of & be (7, s); it suffices to construct a 2 x # matrix
B, such that P(4,) = P(B,) and such that the row sums of B, are (s, 7),
since the corollary to Theorem 6 tells us that P(4) = P(B) when

A4,
B =18,
Ay

The tableau Q(A4,) has » 1’s and (s — t) 2’s in its first row, and
it has ¢ 2’s in its second row, for some ¢ < min (v, s). We now define
B, by saying that P(B,) = P(4,) and Q(B,) has s 1’s and (»r — t) 2’s
in its first row, ¢ 2’s in its second row. The correspondence of §3
determines a unique B, with this property, so the mapping A4, B,
is reversible.

COROLLARY. Let p, = p,= «e-Zppz=l,and p, 4+ D, + <o+ + Dy =
N=uw 41,4+ oo+, where v, v, «-+ are positive integers. Let
7(1), ---, w(m) be o permutation of the integers {1,2, -+, m}. There
18 @ constructive one-to-one correspondence between the set of all gene-
ralized Young tableaux of shape (p., «++, Pn) having r, 1’s v, 2’s, «++,
r. m’s, and those tableaux of the same shape having v., 1S, 7.
278, vy Promy M.

Proof. Let P be any fixed generalized Young tableau of shape
(s, *++, Du), and consider the correspondence of Theorem 7 as @ varies
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over all tableaux of the same shape, having »; occurrences of element 1.

In other words, the number of ways to fill a shape with specified
numbers of elements of different kinds is actually independent of the
order of those elements.

7. Generating functions. Let 2 = (%, ---,2,) be a vector of
formal variables, and let

Yy oo Yo,

1

m
1=

{a; p} =§

summed over all generalized Young tableaux Y of shape » = (p,, p., ** -,
»,) that have been filled with the elements z, <2, < --+ < #, each
repeated any number of times. For example, we have

(@, @ 255 2, 1} = 2w, + 2wy + 228 + 2,07 + 00w + 0,07 + 20,00
corresponding to the tableaux

11 11 12 13 22 23 12 13
2 3 2 3 3 3 3 2

Dudley E. Littlewood [4, p. 191] has shown by group-theoretic means
that {x; p} is a symmetric function of the x’s, which is identical to a
function studied by Jacobi, Schur, and others.

The two correspondences we have exhibited therefore provide a
constructive proof of Littlewood’s identities [3, Theorem V]

m 1
I ——— = S @« %0 DHOw *+ ) YasD}
=1 j=1 1 - xiyj ?

3

3

INTT (L + @) = 3w - oy @ns 0HH -, U p7}
3=1 3=1 J

summed over all shapes », where p” denotes the transposed shape.
The Jacobi-Trudi identity and the Naegelsbach-Kostka identity [4,
pp. 88-89] can also be established combinatorially by means of our
correspondences, as shown in [1].
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