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Assume H°c & (9) is a self-adjoint operator with spectrum
on [0, o) and that E%(4)c <& (9) is the speciral measure deter-
mined by H°, 4 < [0, o). Let H!= H®+V where V = B-A and
A, Be ZB(9) are commuting self-adjoint operators, In this
paper T. Kato’s concept of smooth perturbations is generalized
in the following way: H' is said to be an almost smooth
perturbation of H°, except at 1 =0, if A, B are smooth with
respect to H'E(4,,) for all intervals 4, = (1/m, ), m =1, It
is proved that the time independent wave operators correspond-
ing to H°, H' exist when the assumption that H' is smooth
with respeet to H° is replaced by the assumption that H' is
almost smooth with respect to H°.

The concept of smooth perturbations was introduced by T. Kato
in [2]. The importance of the generalization given here is that it
allows one to apply the theory developed in [2] to certain one dimen-
sional differential operators which are almost smooth but not smooth.
Examples of some almost smooth ordinary differential operators are
given below in § 3.

2. The wave operators. Let 2. denote the upper and lower
complex plane, with the reals excluded, and let f be a function on
0. x & into . Such a function f is said to be in the Hardy class
Hy((— oo, co3: ©) if and only if f is analytic in » for all Ae Q2. and

for all ue ,0 >0, Sw | f(1 =+ i0; w)||’dl £ P||w|}* for some P > 0 in-

dependent of u and 6. An operator Ae <7 (9) is said to be smooth
with respect to H° if and only if the function f defined by

N w) > AH® — M) 'u = AR’ (N is in Hy((— o0, 0): §)

[2, p. 260].” Now we shall make the following assumptions regard-
ing H° A, B:

(i) For some N, ||BRANE°(4,)All £ K <1 for m = N and for
all X not real positive or zero.

(ii) H'= H°+ BA is an almost smooth perturbation of H° It
will be shown below that these two assumptions insure the existence
of the wave operators in the time independent form. With additional
assumptions, one may also show that these operators coincide with

D Actually T. Kato defines smoothness for more general operators than those
considered in this paper.
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the wave operators defined in the time dependent manner. For this
purpose we shall also assume:

(iii) For some X\, Im(n;) 5= 0, the operator |V |'*R°(\,) is an in-
tegral operator with kernel in the Schmidt class.

Let R?(\) ¢ £Z(9) denote the resolvent operators corresponding to
the operators H?, p =0,1 (in formulas involving both H°, H* we
shall use p, ¢ =0,1,p + q = 1).

LeMMA 1 (T. Kato). Let A, B be smooth with respect to H° and
let (i) hold. Then for, 1[0, =), 6 > 0,» = 0,1 RY1 =+ 10) is defined
wn terms of R'(1 = id) by

R\(1 = i) = R(1 =+ 9)

(2.1) . . .
— R(1 + i9)B + Q1 + i) AR + )

where QO\) = AR°O)B.

Proof. The proof is given in [2, p. 263]. Note that formula
(2.1) is essentially the Neumann series for the resolvent since by as-
sumption (1) 332, (—1)°Q° is norm convergent and

L+@7 =3 (-1e.

LEMMA 2 (T. Kato). Let A, B be smooth with respect to H® and
let (i) hold. Then for ue $,1e€[0, «),0 >0,p =0,1:
1. The vectors AR?(1 & ©d)u, BR*(1 & ©0)u have limiis along the

reals 6 — 0 in 9.

2. If AR’ (1 = 0)u, BR?(1 & i0)u denote the limits AR?(1 & 10)u =
lim;_, AR?(1 & ©d)u, BR?(1 + 10)u = lim, ,, BR*(1 + ¢0)u then AR*(1 +
10)u, BR?(1 == i0)u € Ly([0, c): ©).

3. If @ = sups, || BROWE(4,)All, Im(A) # 0, m = N, then

NAR'1 = 0)u|l = 1 — [|QIDT AR £ 0)ul|

and
| BR(1 = 0)ul| = 1 — [|QI)7*]| BR*(1 £ 0)u]| .

Proof. [2, p. 264]. Note that in general the expression R?(1 &+
i0)u does not make sense. The uniform bound |[@] exists by the
principle of uniform boundedness.

THEOREM 1. Let A, B be smooth with respect to H® and let as-
sumption (i) hold. Then the spectral measures K*(4) corresponding
to the operators H?, p = 0,1 are given by
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(E*(d)w, v) = (E'(Du, v)
+ (—1)?%&({13?(1 + i0)AB Im(R*(1 = 70))
@2 | R = i0)BARYL T i0), 0)d1

n % SA({ R*(1 + i0)ABIm(R*(1 + 90)) BAR*(1 F i0)}u, v)dl
where Im(R?(\)) = (1/20)/(B*(\) = RB?(V), w, ve §, 4 S [0, o).

Proof. Lemma 2 implies that the terms in the integrand are
well defined. The integrands are absolutely integrable functions on
[0, =) because of the hypothesis that A, B are smooth with respect
to H°.

To see this consider the integral

2.3) SAIRP(I + 0)BARY(L — i0)u, v)|dL .
By the Schwarz inequality (2.3) is dominated by
2.4) SA||AR4(1 + iO)u||2d1§AHBRP(1 — 0)w]|[d1 .
By Lemma 1,2 the product is less than

P —[1QIwlliiv]l -

Therefore

(2.5) SAI(R“’(I — W0)BAR' (1 + 0)u, v)|d1 < p*(1 — QDI ulll|v]|

for all 4 £ [0, «). The integral (2.3) corresponds to the first term
in the integral on the right of (2.2). Bounds may be found for the
integrals of the other terms of (2.2) similarly.

From the second resolvent equation R'(A) = R°(\) — R"(A\)BAR'(\)
one may derive the identity

Im(R?(1 = 40)) =

2:6) (1 + (—1)*R*(1 + i0) AB)Im(R*(1 = i8)(1 + (—1)> BAR?(1F4d)

for all 1e{0, =), 6 > 0. Also it is known [2, p. 273] that
@.7) (E"(d)yu, v) = lim—l—g (Im(R*(L + 0))u, v)d1 .
-0 7T J4

Employing (2.6), (2.7) and passing to the limit § — 0 leads to (2.2).
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THEOREM 2. Let A, B be smooth with respect to H° and let as-
sumption (i) hold. Then the time independent wave operators W2,
»=0,1 are determined by

o

(Wew, o) = @ ) + (~1p L[

2.8)
(A Im(R*(1 = 40))u, BR?(1 + 0)v)dl

Jor u,ve,p+q=1.

Proof. By Lemma 2 the integrand in (2.8) is well defined and
it is absolutely convergent by the hypothesis that A, B are smooth
with respect to H° It is proved in [2] that W2 are in general re-
presented by

2.9  (Wiu, v) = (u, v)*(—l)f’ﬁs;(ARq(l + 0)u, BR?(L & 0)v)dl .

The integral appearing on the right side of (2.9) determines a bounded
operator X? and (X2u, v) may be written

2.10) (XZu,v) = lim(i)%r (R*(L F i9) BARY(L == id)u, v)dL .
80 1 J—eo

Since we have assumed that the spectrum of H° lies on [0, o) it
follows using Lemma 1 that R*(\), p = 0,1 are regular in ) if X is
not real positive. Therefore the part of the integral (2.10) which is
along the negative real axis may be deformed and

(X2u, v) = lim [(i)i_g (B*(1 F ©0) BARY(L + id)u, v)dl
30 271

oo
o+

2.11) ()L St(Rf’(l T i) BAR'(1 F id)u, v)dl]

__-/ -
2m

= lim lr (R*(1 F i0)BA Im(R (L = d)u, v)dl .

550 7T Jo+

Using (2.11) formula (2.9) reduces to (2.8).

COROLLARY. Then wave operators are also given by

W, v) = (@) + (~ D= |
2.12) T Jot

(ARY(1 = 30)u, BIm(R?(1 = 40))v)dl
for w,ve ,» +q=1.

Proof. The proof is similar to the proof of the theorem.
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THEOREM 3. Let A, B be almost smooth with respect to H° and
let assumption (i) hold. Then:
1. The equation

(W2u, v) = @, v) + (-1 =
2.13) T Jor
(A Im(R*(1 £ d0))u, BR*(1 % 20)v)d1l

defines operators Wie #(9), »p = 0,1 such that W2Wi=1 and
2.14) WeH WL = H?, p=20,1.

2. If in addition assumption (iii) holds them W2 coincide with
the wave operators defined by the time dependent method.

Proof. Consider a sequence of operators H), where H} = H'E‘(4,),
4, = (/n, =), n =1. Let H} be the sequence such that H! = H; +
B-A,n = 1. By hypothesis A, B are smooth with respect to H; for
all » =1. If R:(\) = (HZ — AI)™' then by assumption (i) we may
choose N such that for n = N, ||BR,(MA|| £ K <1 for all v which
are not real positive or zero. Applying Theorem 2 the wave operators
W2(n) corresponding to H? exist and are given in time independent
form by

(Win)u, v) = (u, v) + (_1)pl§°“
(2.15) = Jor
(A Im(Ri(1 = 0))u, BRE(1 & 40))dl .

The operators W2(n) are in <& (9) and satisfy Win)Wi(n) = I,
p-+q=1 and

(2.16) Wi(n)R,(\ Win) = RE(V)

for all A, Im(\) = 0. Also if E%(4), 4 = [0, =) are the spectral meas-
ures of H? then FE2(4)W?2(n) = WEi(n)EY4), 4 < [0, o), which follows
from {2.16). The operators WZ2(n) agree with the wave operators
defined in terms of H? in the time dependent manner [2, p. 271] and
they satisfy |[(W2(n)u, v)| < [|E*(4)v ||| EY(4,)w]|l. Formula (2.15) may
be written

(W2, ) = (,0) + (~17 |
(A Im(R*(1 + $0))E*(4,)u, BR?(1 + 0)E?(4,)v)d1 .

(2.17)

Now consider the expression Z,(u, v) defined by

Z,(u,0) = (B, o) + (~1rL "

(2.18)
(A Im(RY(1 = i0))u, BR*(1 == 30)v)dl .



302 JOHN B. BUTLER, JR.

To see that the integral in (2.18) is well defined write
R*(A) = S2(\) + R, (\) where R.L(\) = R*(ME?(4,,)
and
1m
SL(A) = BRI — E*(4,)) = S (L, —M)7dER1,) .
0
The operator SZ(\) is regular in A for M e (1/n, o), m > n. By hypo-
thesis A, B are smooth with respect to HS. Applying Lemma 2,
lim AR?(1 = i0)u = AS2(D)w + ARL(1 = 10)uec 9,
60
lim BR?(1 + i0)u = BS;(1)u + BRA(1 & i0)uec 9, 1e (1/n, =)

and the integrals
| iasuyelrat, |” || AR = dojufdL,
1/n 1/n
[ IBS2wulra, |7 IBR2  i0)ulFdl
1/n 1/n

are convergent. Therefore the integral in (2.18) is absolutely con-
vergent by the Schwarz inequality. Writing Z,(u, ) in the form

Z,(u, v) = lim lr
2.19) =0 T Junt
(L + (—1)*R*(L =+ i6)BA) Im(R*(L = i0))u, v)d1

by (2.5) and applying (2.6) one obtains

Z(u, v) = lim r
(2.20) 20 Jifat
(A + (=1)"BAR(1 & id))u, Im(R?(1 F 46))v)dl .

This implies, again by (2.5),

Z,(u, v) = (w, E?(4,)v) + (—D"%S: .

(2.21)
(BARY(1 == i0)u, Im(R*(1 F 10))v)d1

Now because of the regularity of S2(1) for 1€ (1/n, «) and RZ(1) for
1¢(0,1/n) we have Im(R%(1 =& i0))u = 0 for 1e (0, 1/n) and

Im(R2(1 = i0)w = Im(R*(1 =+ i0))u ,

for 1 (I/n, «). Using these relations it follows from (2.17), (2.18),
(2.20) that Z,(u, v) = Z,(E'(4,)u, v) = Z,(u, E*(4,)v) and also

Z,(u, v) = (Wn)E(4,)u, E*(4,)v) = (Wn)u, v) .
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Since
Zo(w, v) = (Wi(mu, v), | Z,(u, v)| < || E*(4)0]|[| E*(4,)u]] ,

the sequence Z,(u, v) converges to the right side of (2.13) and defines
an operator W2e <7 (). The operators RZ(\) converge strongly to
Rr(\), Im(\) % 0, the operators W2(n) converge weakly to W2, n— co,
and Win)W2 = I, Wi(n)RI(N) Woi(n) = R:(\), n = 1. From these re-
lations it follows that the first part of the conclusion of the theorem
is valid.

If the hypothesis of part 2 of the theorem holds then the wave
operators corresponding to H? exist as defined in the time dependent
manner [1, p. 546]. Let us denote these wave operators by Wi‘f. It
is easily seen that W2(n) converge strongly to Wer. Since W2(n)
also converge weakly to W2 it must be that W2 = W2 and the
operators defined in the two different ways coincide.

COROLLARY. The conclusion of Theorem 1 holds if the assump-
tion that H' is a smooth perturbation of H°® is replaced by the as-
sumption that H' is an almost smooth perturbation of H°.

The proof proceeds along the same lines as the proof of the
theorem.

3. Application to ordinary differential operators. To apply
Theorem 3 consider a self-adjoint operator H® on L,(— oo, c0) which
is determined by the formal ordinary differential operator

Ly, = (—1)*(d/dx)", n = 20,

defined on (— oo, ). The resolvent R°(\) = (H° — M[)™* may be ex-
plicitly calculated. Let A, w be complex variables defined by

A= e, w = " exp(if/n), r = 0,0 < 6 < 2x ,

and define functions sj(x, M) = exp(e;wz), 7 =1, ---, n where ¢;, j =
1, ..., % are complex roots of unity with increasing argument

(3.1) — gargel<---<argen<%t—.

Y

The functions s%(x, ), j =1, --+, % form a fundamental set of solu-
tions of the equation Ly = Ay, —co < < co. The resolvent R°(\)
is an integral operator whose kernel is the Green’s function

1 & 0 0
> lelcsk(xy N)Si—o(Ys N)

NnW* kvt

(8.2) G(x, y: \) =
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for ¢ =y with variables «x,y interchanged if < y. The kernel of
the spectral measure E°(4) associated with H° is given by

&, y: 4) = lim%g Im(G(z, y: 1 + i6)dL .
3-0 4

More precisely and explicitly with 4, = (44", s" =1

0 _ 1 kil el
(3.3) BXdyu = 27:13541 Ic:zv‘-‘HS._oo
{ex exp [as(@ — )] — &, exples(@ — Y)lju(y)dyds

for ue Ly(— 0, ), 4 =0, o). Suppose that A, B are real multiplica-
tion operators Au = fy(x)u, Bu = fi(x)u, where

Jis fo€ Ly(— 00, o0), fi, fo€ C(— o0, o) .

Then the differential operator L' = L° + (fi(z)f;(x)) determines a self-
adjoint operator H'= H° + B-A on L,— >, ). To show H' is
almost H° smooth, but not H° smooth we must show

¢o ([T lr@@a £ DBue e = PUlel, =12
where 4, is any interval 4,, = (1/m, «). Since
B = ROVEU) = |7 (1 - n=aBw)

is regular for ) real 0 < ) < 1/2m equation (3.4) follows if

65 " |7 5@ | 6w v = iwuwy| dedt = Palull,

1=1,2
for all m = 1. Employing (3.2) it turns out (3.5) holds with
P4,) = (2m)*n|Re ¢,,|[™'7 max (Sm ffdw)
and (3.4) with
P(4,) = P(4,) + max (S“’ ffdx) :

Now assume that the functions f, f, satisfy the following conditions:
(a') ﬁ(x), gi(m 1w)e C("" o0, ) | Ly(— oo, oo) N Lz(“ 00, o) and

I 1h@raa(( 1 fias) <1

where
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Jirn = ij,-dx, Gip1 = S‘:gidx , 1 =23, +0,m,
oilm:0) = B4, f, o = (| fedo)’, g0 = ([ardo)’,
Jor any we C°(—co, ), [|u]] <1,
® " |7 IA@AE @, v v fdsdy < o
for some X\, Im(\,) #= 0. Assumption (i) is valid if there exists N

such that

(3.6) S:

@)\ Ge oy amipdy| =K<l

for m = N and all A not real positive or zero. Integrating by parts
(n — 1)-times (3.6) is equivalent to

3.7) Sl’ £(@) Sl(%;_if>gm(qn : y)dy‘z de<K<1.

Inspection of (3.2) shows |"'G°/oy™—*| < 1 for all =, ¥y and X not posi-
tive real. Therefore (3.7) holds if

(3.8) | @ rda(|” Jounminianf s K <1

Since E°(4,)f:u = g,(m : x) converges to f,(x)u, # — oo, in the L,(— oo, o)
norm it follows, using (a), that there exists N such that (3.8) holds
for m = N. The assumption (b) implies that the operator |V |'*R°(\,)
has a kernel in the Schmidt class. Therefore when (a), (b) hold the
wave operators exist corresponding to L° L' as a consequence of
Theorem 3.

Similar results to those stated above apply to the differential
operator L’ = —(d/dx)* defined on [0, ««) with the boundary condition
#'(0) = 0 imposed at © = 0. In this case we assume that f,, f, are
such that

Jor for for G2y G5
are in C(0, o) N L,(0, o) N Ly(0, o) and
SO fquo ]ﬁ,}dw) <1.

Again L'= L° + (fu(x)-fi(x)) is almost smooth but not smooth with
respect to L° [3, p. 381].
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