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Upper and lower bounds for the eigenvalues of elliptic
partial differential equations associated with fixed membranes
and clamped plates are given in terms of corresponding eigen-
values of their finite difference analogues, The upper bounds
are found by interpolating piecewise polynomials through the
solutions to the difference equations and substituting into the
variational principle associated with the differential equations,
The lower bounds are found by averaging the solutions to
the differential equations and substituting into the discrete
variational principle,

In this paper we are concerned with the following eigenvalue

problems:
the vibration of a fixed membrane,

(1) du+ N e =01in R, u =0 on 0R;

the vibration of a clamped plate,
(2) Ay —Quv=0in R, v=—=—=0 on oR;

the buckling of a clamped plate,

(3) AZw+AAw:01nR,w:%@200naR.
n

Here R is a bounded region of Euclidean n-space with boundary oR,
4 is the Laplacian, d/on the normal derivative.

Each of these problems has a positive sequence of eigenvalues
having no finite acecumulation point:

D<A AR < eet, 0 < QW Q9 < eee, 0 < AD < A® < one

These eigenvalues may be characterized by the following minimax
prineiples:

n a 2
12:]1 Sa[axi (@u, + «+ + akuk)] dx

(4) A® = min max ,
Q1,°,a0f SR[alul + e e + akuk]z

where the minimum is over linearly independent sets of functions
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%, =+, u; which are continuous, have piecewise continuous first_de-
rivatives, and have support in R;

[A(al’vl Foeee + akvk)]zdx

(5) 2" = min max SR
ag,ee,ap

R[al'vl e oapda

| 4w, + -+ + aw)Pde

(6) A® = min max

oo 3
ig{ SR[ 0%,

?

?

2
(aw, — «++ + akwk)] dw

where the minima are over linearly independent sets of functions
Yy, veo, v, and w, -+, w,, respectively, which are continuous, have
continuous first derivatives, piecewise continuous second derivatives,
and have support in R.

We will obtain explicit upper and lower bounds for these eigen-
values in terms of the corresponding eigenvalues of the finite difference
analogues:

(8) £V —02,V=0on Ry, V=0off Ry;
(9) LW+ 4,4, W=0o0on R,, W=0 off R, .

Here R, is a bounded subset of the mesh
S, = {(th, «++, 1,h): 1, +++, 1, are integers}
for >0, and 4, = 3%, 0,0; is the (2n -+ 1)-point approximation of

the Laplacian, where 0;, J; are forward and backward ¢-th difference
operators:

aiU(xlr ey X)) = h—-l[U(x“ e, I + hy "‘7xn> - U(xla e, Ty ".’xn)] y

513U(x11 "')xn) = h*I[U(CU” sy, Xy ""mn) - U(OC” e, Xy — hy "'yxn)] .

Each difference problem has a finite positive sequence of eigen-
values:

0 <MY AP S o S, 0 < QP S 0

S SO0 S AP S e S AP,

where v is the number of points in R,. These eigenvalues also may
be characterized by minimax principles:
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M

k* 30 {0:(a,U, + -+« + a, U
(10) AP = min max =5t
1,0k h‘n SZ [alUl "}‘ e + Ay Uk]2
k

’

Rt 2 [4dua, Vi + oo o + a VI

(11) 2/ = min max —2*
apenor B S [a, Vi + vor + a, VP

Sh

h'n Z [Ah(CLJ_Wl + oo + a/k.[/lfk)]2
(12) AP = min max =t ’
s 30 3 [0 Wy + <o + WP
i h

b

where the minima are over linearly independent sets of mesh funec-
tions U, -+-, U, and V,, -+, V;, and W,, ..., W,, respectively, which
vanish off R,.

2, The lower bounds. To obtain lower bounds we take the
continuous eigenfunctions of problems (1), (2), (3), and average them
over cubes of sides % about mesh points. The resulting mesh func-
tions are then admissible candidates for the minimax principles (10),
(11), (12). The technique is due to Weinberger [4], who applied it to
problems (1) and (3), among others.

To simplify notation, let = = (x,, -+, 2,), let ¢; be the unit vector
in the ¢-th coordinate direction, and let

Ch<x) = {(yu "':%)3 'yz - sz é %h: 1= 1y ) %}
be the cube of side & about =z.
If % is a continuous and piecewise differentiable function with
support in R, then

(13) Ux) = h‘”g )u(y)dy , ze S, ,

opt

is a mesh function which vanishes off R,, the subset of S, consisting
of points # for which C,(z) N R is not empty. Then,

(14) SﬁM—mngzkwww—ww@.

ze Ry,

Now since
[, ) — Ualdy = 0,
Cplx)

each integral on the right of (14) is bounded by the integral of the
square of the gradient of u times the reciprocal of the second free
membrane eigenvalue for the cube of side h, and
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(15) 5 wds — h*S, UZg@fzS [au]de.
R ®n 7 T JelLox;

We also have, by integration by parts,

(16) 0.U() = b= | s — ) 24 gy
Cp(@+e;h)UCH (2) 0Y;
where
¥(é) = {3h — &, th < Eé%h,
o , otherwise .

It follows that

JE T

(17) -

zelSy Schlaﬁ-eih)UC}L(x)

P ~ x)[% — 3,U@) [ay ,

1=1,,m.

Therefore, since the right side is positive,

o v poor s § [2e.

If the function w is continuous, has continuous first derivatives and
piecewise continuous second derivatives, each integral on the right
side of (17) is bounded by the integral of the square of the gradient
of ou/dy; times the reciprocal of the second eigenvalue 7, of the
weighted free membrane problem

Ap{y) + nv(y; — 2)Ply) = 0, ye Culw + eh) U Cp(w) ,

(19) E’afjfl -0, v d[Cu(w + eh) U Cu@)] -

The eigenvalue here is the second one because

Wy — xi)[ag—f — 3 U(x)]dy —0.

Sch(ﬁeih)uch(n
Since Y¥(y; — x;) < h, a lower bound for 7, is the second eigenvalue of
the problem obtained by replacing + with & in (19), i.e.,

N = % Th2 .

Therefore,
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(20) Sz Urz 3| |2

1= Sh

]d - 8—5 [dulde .

Still assuming « is continuous, has continuous first derivatives,
and piecewise continuous second derivatives, we have, by integration
by parts,

0,0, U(w) = h_n_zs ¥ (Y; — xi)aZM(?)d?/ , t=1,.c0,m,
Cplz—e;h)UCH(®) UCH (z+e;h) oY
where
3 + 3h), —3h=&é —3%h,
- th* — &, —3h =5 3h,
#©) = e ;
3¢ — 3h), th<&<3h,
0 , otherwise .
Then
S [ai%]zdx — S [ UF
rLOx? Sh
(21) N ) au(y) A ’
=h3 ¥ (Y — ;) —0,0,U(x) |dy = 0,
zeSp JCplz—e;R)UCHL(2)UCE (z+e;h)

’i:: 1, '--,’l?/ .
We also have, for 7 # 7,

71 Ta — e 3, [00,UT
) la 2 =1 510001

— p—2 — Y (y, — 2.
(22) :ceShECh(:u)UC},(a:+eih)UCh(x+ejh)UCh(x+eih+ejh)'¢‘(y’b %) (y, xj)
2 2
x[gy“a(z)—aiaij)]dygo, =1, 0oy m.
A ]

Combining (21) and (22), we have
23) WS4 UF < g [dulde .
Sh R

Now we obtain the desired lower bounds. Let u'® be the eigen-
function associated with A% in (1). We may assume

S WUy = 5(i, 5)
R
where 6(7, j) is the Kronecker delta. Let

Uiw) = hS wh@)dy » seR, .
Cp(x)
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We employ (15) and (18) with % = au® + -+ + a,u®, U = a,U, +
« + a,U, in (10) and see that

B < A0
r = hz ]
1 — 2w
77:2
or, what is the same thing,
(k)
(24) Mo <z
1+ B

Next, let v’ be the eigenfunction associated with 2% in (2), ‘also
such that

Sw%mmza@ﬁ.
R
Let
Vi) = h§ 09 (g)dy , veR, .
Cp(x)

Employing (15) and (23) with % = ao® + «++ + ¢o"®, U= a,V, +
.+ a,V, in (11), we see that

om <29
1 Pow
n.z
or, equivalently,
k
(25) — <.
L+ Lo

(Inequalities (24) and (25) correspond to (2.25) and (8.10) of [4].)
Next, let w'? be the eigenfunction associated with 4 in (3), such
that

ig ow' aw(l)dx _ 5(]_’ l) )
=1JR ax,, ax,,‘

Let
Wie) = 1| w9y, reR, .
Ch(2)

Employing (20) and (28) with 4 = aw® + «+« + quw"®, U= a,W, +
-+ a,W, in (12), we see that
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A(k) < A(k) ’
C1-ghyw
71-2
or,
(26) -
1+ SF/H"’

This inequality is new.

3. The upper bounds. To obtain upper bounds we take the
mesh eigenfunctions of problems (7), (8), (9) and interpolate to obtain
admissible candidates for the minimax problems (4), (5), (6).

Polya [3] has applied this technique to problem (1) using piece-
wise linear interpolation. Specifically, he considered the mesh domain
R, consisting of points x in S, such that C,,(x) c BR. Each mesh
square with vertices at points of S, he divided into two triangles
by a diagonal through two vertices. Given a mesh function U which
vanishes off R,, he interpolated a function #, linear on each triangle
and agreeing with U at the vertices. He then proved the estimates

SRuzdm =1 U — SR S [BUF,

ze R}, 2E€Rp

[ 2 = 5w g ooy,

; 1=1 zeSp
from which it follows that, for n = 2,

7\;(")
@7 A< M
1 — 3hngP
Weinberger [4] indicates how this may be extended to higher dimen-
sions.

For the problems (2) and (3), however, piecewise linear functions
are not smooth enough to be admissible in (5) and (6). We must
interpolate with functions which are cubic polynomials in each space
variable in each mesh cube, and such that the function is continuous
with continuous first derivatives across the sides of the cube.

Let us first consider the one-dimensional case (n = 1). Given a
mesh function U, we uniquely define the interpolating function, P,U,
by requiring that for ze S,

P,U() = Ulw), C%C[Ph U)] = 3[0U() + 3U)] .

By linearity,
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P,UG) = 3, Uw)P:d(, 1)
so it suffices to define

kvl — y) = Pyo(x, v)

1_£y i{_* , le—yl<h,
= — Y El i'x‘yr h<l|z—y| <2k
}+ |2, hsle -yl <2h,

0 y2h < e —y] .

For general n, then, we define
-Ph U(x) = Phyxlph,xz e Ph,xnU(xl’ ] xn)
= y;{hU(y) g ke, — ) .

Let us assume R, consists of point # of R, such that C,(x) CR.
Then, for U vanishing off R,, P,U will vanish off R. We now wish
to estimate

S [P,UTds .
R
Let us again first do the case n = 1. We have

Sl[Ph Urde = 3 U U(y)gi:lch(x — Dkuly — 2)dz

5, U U0 @k + 2 — vz

z,yeS

ho U(w){ U(x)g [lw(2)['dz + [U@ — k) + U + h)]

% S_wkh(z)kh(z + B)dz + [U — 2h) + Uz + 2h)]
% S:k,,(z)kh(z + 2h)dz + [Uw — k) + Ul + 3h)]
X X“"k(z)k(z + 3h)dz}

> U(x){ U + - 6O[U(x — k) + U + h)]
- %[U(x — 2h) + Ulw + 2h)]
+ 5%[(](00 —3h) + U + 3h)]}

-3 U(x){z - %h%z + ;ﬁhsa%s} Uz) .

zeSp
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Then, for general n, we have

[ [PUTdz = 5 U U) I | e — 2k - 20dz

— S U 1T [I - _1_h4a2a2 + _hﬁasaa] U) .
zeSp i=1 560

(28)

Similarly, we have

IRE-

(29) ' %
—ah

q@_: V@U@ ki@ — 2)kivs — 2)dz

11 | rita; = 2k, — 2de

xeSh

S U [a 5, — _hzazéz _ _hwas]
(@) 120

< T [I L —1—h65383]U(x)
£ 10 560
I
Also,

[[4PUrdz = 5 U@UG|S | ke — 20k, - 2)de
n teo
<IL | ks - 2la; - 2)dz,
n oo
+ 3 [T — 2t — 2dz
0T

A“Wm—wW%—wm

l

s U(x){ﬁy [azé‘:; - lhzazég]
zeSp i=1 2

X llz[ Si:kh(wl — 2)ky(y, — zl)dzl]
#i,d
{(30)

t 1 N 1 ;6 ]
— Lz 4 L peaa
XL T — 00505 + g5h
JFi
n 1 —
— gy h46363]
Z; [ 12 120

x [a].aj - lhzag.ég. — ——h43383]
120

% 11 [I _ _h4azaz + 5Lhaa]} Uw) .

The desired inequaht1es are obtained from (28), (29), (30) by using
the summation by parts formula
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SN UV = -3 V.U,
Sh Sh

for functions with compact support. We consider the case n = 2.
From (28) we have

SR[Ph Ulds = 1* 5, {U2 - 4—16h4([8‘f‘ U + [2UP)

— L @@UT + U + S hlemUT

560 1600
1 10 azas 2 asa 2 1 hIZ 6363 2}
+ soao0" WOUT + [00.UF) + roerih 10108 U]

>nEs {U2 - %h*([aw]z + 2[05,UF + [3,UP)

Sh

___L 6T B3TT12 2 2 2 TT12 3TT2
560h ([3UT + 3[050, U + 3[0,0;UF + [03U] )} .

Therefore,

1 1
31 SPUZ > B _Lpep _]
(31) JPUTde = 1 5, U[U Y

Similarly, from (29), we have

2

20T 8 : 1 1
32 S [ P U] do > b U[—A U+ sy L pop U] :
62 x|, oz, 1010 = >y 10t Y T gage

22] S [ 0 PhU(x)]zdx < h“‘szh‘, U[—AhU+ T;hzﬁiU

i=1 JrL Ox;
— U+ U |
168000 1334000 ’

(33)

and from (30), we have
R S

Now we obtain the upper bounds. Let U{” be the eigenfunction
associated with A\§’ in (7) such that
B3 UP TR = 8, J) -
Sh

Let u; = P,U{. We use (31) and (33) in (4) with U = a,U" + «-+
+ a,U® to see that, for n = 2,

1 . 1 p 1 6
)\:(k) _hZN(k) hsh(k) thN(LL)
© "™ T Tegoo0” T 13340000

1 . 1 s
1 — __hti)\l(k) — ____hG)\’(k)
40 " 560

(35) A <
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=A\P 4+ lhz)\,(’”z 4- O(h4>\lzk)3) ,
12

which, for k sufficiently small, is a better bound than (27). Let V?
be the eigenfunction associated with 2§ in (8) such that
h* S VIRV = 6(i, 5) .
Sh

Let v; = P,V”. Use (31) and (34) in (5) with U= q, V¥ + ... +
a, Vi to see that, for n = 2,

(36) Q(k) é ‘Qﬁtk) + %hZQ;Lk)SIZ
1— Laop — L psgpa
40 560
(where the Schwarz inequality was employed).
Finally, let Wj” be the eigenfunction associated with 4{’ in (9)
such that

St S8 W8 W = 8(7, 1)

i=1 Sp

Let w; = P,W,?. TUse (32) and (34) in (6) with U = o, W® + «.. +
a, Wi¥ to see that, for n = 2,

AP+ 3heA
Yy
120 2240

(37) A <

1 Beaps

Explicit upper bounds for higher dimensions may be obtained in
the same fashion from (28), (29), and (30). It is clear that, in general,

(38) AE < NP O
(39) 0 < 0F + (R )
(40) A(k) é A}(Lk) + O(hzdzk)?) .

4. Conclusion. We notice that the lower bounds (24), (25), (26)
are in terms of difference problems on an R, such that

ZERp

while the upper bounds (38), (39), (40) are in terms of difference
problems on an R, such that

U Cul@)cR.
e Rp

However, the problems (1), (2), (3) depend continuously on the domain
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R in such a way that if R, R’ are domains whose boundaries are
within O(%), then, for each k, the eigenvalues A%, 2%, A® for R are
within 0(k) of the eigenvalues N ®, Q'® A'® for R’, respectively.
With this consideration, we can combine the bounds (24) and (38), (25)
and (39), (26) and (40), to say that if R, is such that ..z, Ci(x) has
boundary within O(%) of the boundary of R, then

(@) O —MP| = 0 ,
@2 2% — 2| = o) ,
#3) 4% — 4] = O -

Estimates like (41), (42), (43) can be used in proving convergence
of more accurate finite difference schemes which may be regarded as
perturbations of the schemes (7), (8), (3). See the paper [2] for
details.

Upper and lower bounds for eigenvalues of free membranes by
similar techniques may be found in [1]. Further references may be
found in [1],[2] and [4].
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