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In the course of an investigation of six-dimensional com-
plex linear groups, it was discovered that a central extension
of Z6 by PSU4(β) has a representation of degree six. In fact,
this representation has as its image the uiiimodular subgroup
X(G) of index 2 of the following 6-dimensional matrix group:
<all 6 by 6 permutation matrices; all unimodmlar diagonal
matrices of order 3; J6 — Q/3 where Q has all its entries equal
to one). This matrix group leaves the following lattice in-
variant: {{au - - -, a6) \ di e Ziω) where throughout this paper ω
is a primitive third root of unity; aι — dj e V — 3 Z(ω) for all
i, j ; Σ ΐ = i a % e 3Z(ω)}. The generators of the matrix group are
similar to the following generators for an 8-dimensional com-
plex linear group with Jordan-Holder constituents Z2, the non-
trivial simple constituent of 08(2), Z2: <all 8 by 8 permutation
matrices, all unimodular diagonal matrices of order 2, I8 — P/4
where P has all entries equal to 1>.

The projective representation of PSU4(S) can be used to
construct a 12-dimensional representation Y(H), a central ex-
tension of ZQ by the Suzuki group, which leads to the known
24-dimensional projective representation of the Conway group.
In fact, H has a subgroup K isomorphic to a central extension
of (Z6 X Zs) by PSU4(S). Also, Y\H has two six-dimensional
constituents coming from the above matrix group where the
constituents are related by an outer automorphism of PSU4(S)
which does not lift to the central extension of Z6 by PSU4(3)
with the six-dimensional representation. We obtain two com-
muting automorphisms, a and β respectively, of G from J6 —
Q/3 and complex conjugation. For PSU4(3), the outer auto-
morphism group is dihedral of order eight with its center
corresponding to complex conjugation of X(G). The entire
automorphism group lifts to K. We may take the center of
K to be (a, b, c} with a and b of order 3 and c of order 2,
with G ~ Klb, and with a(a) = a, a(jb) = ft"1, β(a) = α~x, β(b) =
b"\ We can also find an automorphism γ of K with γ(a) = b
and γ(b) = α. We give the character table of K giving only
one representative of each family of algebraically conjugate
characters and classes. Irrational characters and classes are
underlined. Only one class in each coset of Z(K) is repre-
sented by the character tables. The characters in the table

£74(3) give the characters with Z(K) in the kernel. The suc-
ceeding five character tables in order give the following linear
characters, respectively, on Z{K)\ θ(a) = 0(6) = 1, 0(c) = — 1;
θ(a) - ω, θ(b) = θ{c) = 1; θ(a) = ω~\ θ{b) = 1, θ(c) =• - 1 ; θ(a) =
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θ(b) = ω, θ{c) = 1; θ{a) = 0(6) = ω, θ(c) = —1. The characters
with other actions are obtained by applying elements of the
outer automorphism group. The automorphism a transposes
π7 with πΓ1; and Nt with iVT1 in the character tables. The
automorphism β transposes JVΊ with NT1', and N2 with iVΓ1.
The automorphism γ transposes TΊ with T2; JTi with JT 2 ; iVΊ
with iV2; iVΓ1 with iVΓ1; and possibly ττ7 with π7\ As SU4(S)I
Ω(ZSUi(S)) has the centralizer of some central involution iso-
morphic to the centralizer of some central involution J in G,
presumably SU4(3)IΩL(ZSU4(Z)) ~ G/08(Z(G)).

The first four character tables give the characters of the central
extension of </ζ> = Zβ by LF(3, 4) with a six dimensional, complex re-
presentation. Respectively, they give the following linear characters
on <α>: θ(a) = 1, θ(a) = ω, θ(a) = - 1 , 0(α) = -α>. The characters with
θ(a) = ω"1 or 0(α) = — ω"1 come from complex conjugation of the second
and fourth table respectively.

We let UJ3) = PSU4(S) and let Sp be a p-Sylow subgroup of
whatever group is in question. The term "Blichfeldt" refers to the
theorem in [1] that no primitive complex linear group contains an
element with some eigenvalue within 60 degrees of all the other
eigenvalues of the element. Where clear, we use χn to refer to the
previously discussed character of G of degree n. Finally, a(X, Y, Z)
is the coefficient of the conjugacy class containing Z in the product
of the classes containing X and Y.

This paper fills a gap in [9] concerning groups G with a faithful
unimodular representation X with character χ of degree six and G
simple of order 273635 where Z = Z(G) and G = G/Z. We also know
by [9, § 8], that C(S5) = S5Z, C(S7) - S7Z, 4/ίβ = [N(Sδ): C(S5)] = 4, and
6/ί7 = [N(S7): C(S7)] = 3. Also, the principal 7-block B0(7) has degree
equation 1 + 729 = 640 + 90. Finally, by [9, § 8], χ(G) S Q(a>), S\\Z
and we may take X(SZ) to be

/ /0 1 0\ /0 1

/diag(l, 1, ω, 1,1, ω~ι),ίθ 0 11©/,, I 8 θ ( θ 0 1

\ \l 0 0/ \l 0 ,

I learned from the referee that this representation was discovered
earlier by Mitchell, [10]. Mitchell also showed that this linear group
and the first orthogonal group on six indices with modulus three have
isomorphic nonsolvable Jordan-Holder constituents. Hammill, [6] and
Todd, [12] also worked on this linear group with the latter construct-
ing the character table of U4(S).
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2 The character table. By the above, \Z\ = 6 since χ20, the
character of the skew-symmetric tensors of I ® X ® X, does not have
a constituent of degree 90 or 640. There is a character χ640, completing
the 2-block of χ640 in G/Z^ Since χuγ is the 7-exceptional character in
the block B^Ί) with characters whose kernel is Zz, and G/Zd does not
have a character of degree 6, χ20 is irreducible. Degrees divisible ex-
actly by 2 or 4 and = ± 1 (mod 7) and Ξ O or ± 1 (mod 5) are 6, 36,
90, 20, and 540. The possibilities are 660 - 36 - 624, 660 + 90 = 750,
660 + 20 = 680, and 660 - 540 = 120. The degree equation is 20 +
640 = 120 + 540. By [5], 3-7 block separation in G/Z3, these characters
are in the same 3-block of G/Z3. Let Te Z(S3), χ(T) = - 3 . Then (mod
3) |G|ZM3(T)/(540)|C(T)| = |G|χ2 1(Γ)/(20)|C(Γ)| = (-7)1 G |/(20)| C(T) | =
.some 3-unit, so χm{T) is divisible exactly by 27 and \C(T)\/\Z\ > 36.

A 7-block whose characters have kernel Z2 contains χlδ from the
skew-symmetric tensors (irreducible since G/Z2 has no representation
of degree 6) and χ729, completing a 3-block of defect 1. There is another
degree divisible exactly by 3 which must be 384, 24, 15, 60, 120, 480,
or 960. The degree 24 is impossible since

%24(π7)χ24(π7) = 2 ,

ΐ>ut %24%24 cannot fit χ0 + χ729 in B0(7) inside. The possibilities are
729 + 15 - 384 = 360, 744 + 15 = 759, 744 + 60 = 804, 744 + 120 = 864,
744 + 480 = 1224, and 744 + 960 = 1704. Since G/Z2 has no representa-
tion of degree 6, χ21 corresponding to the symmetric tensors of X(£)X,
is irreducible. In the case of 864 there is a 5-block with degree equation
S64 + 864 + 729 = 21 + and the fifth degree is too large. There-
fore, the 7-block has degree equation 15 + 729 = 384 + 360. Suppose
that G has an element J with X(J) having eigenvalues i, i, i, —i, —ί,
-i. Then χ15(/) = (02 - (-6))/2 = 3. Also χ384 has 2-defect 0 and

χm(J) = 0. Since t7 = 2, aJtJy7:i = 0 in G/Z and G/Z2, so

32/15 + W J ) 7 7 2 9 - Zseo(e/)7360 - 0

and 3 + XnΛJ) = Zsβo(/) Then 91χ72β,(J), 31χ36o(Jr), 271χ w (J ) , and
4|χ3βo(e/); so χ729,(J) = - 2 7 (mod 108). Then χ729,(J) = -27, otherwise
l%729'(e/")| > 80 and the sum is negative. Then in BQ(7),

Xo(J) = h χm(J) = -27, χ640(J) = 0, χ9 0(J) = 1 - 27 = - 2 6 ,

and 171 + 277729 - 26790 Φ 0, a contradiction. Therefore, J cannot
exist. We have a character χ384, faithful on Z completing a 2-block
containing χ384. Then a 5-block faithful on Z contains characters of
degree 6 and 384. Now 1 = (χ1B, χ6χ6) = (χβχlβ> χ6) so χ6χ15 contains χ6

as a constituent. Also χ6χ15 — χ6 has an irreducible constituent of
degree =— 1 (mod 5) and divisible by 6: 84 or 24. By the previous
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χ24χ24(τr7) argument, 24 is impossible and the 5-block contains the degree
6, 384, and 84. We have another degree divisible exactly by 2: 6, 486,
126, or 1134. The possibilities are

384 + 84 - 6 - 6 = 456, 486 - 462 = 24

already shown to be an impossible degree,

462 - 126 - 336, and 462 + 1134 - 1596 .

The degree equation is 6 + 126 + 336 = 81 + 384. As with 84, χβχ21 - χ6

is a character. Since (χ6%2i> Xβ) = 1> XβXu ~ X& has no constituent of
degree 6. Therefore, from the 5-block, all its constituents have degrees
divisible by 30, and must be 120, 90, or 60. The degree 90 would
imply the impossible degree 30. If 60, then a 7-block has degree
equation 6 + 384 = 60 + 330, impossible. Therefore, it is irreducible,
and the 7-block is 6 + 384 = 120 + 270. If J gives an involution in G/Zr

then possibly replacing J by — J, X(J) has eigenvalues 1, 1,1,1, —1, —1
as χ(G) SQ(ω) and eigenvalues i, ί, ί, —i, —i, —i are impossible. In
G — G/Z, <τr5> is self-centralizing and aJtJt7ΐδ = 0 or 5. Now | CG(J) =
Cά(J)\ \Z\ and α.,,J>Γβ = 0 or 5 in G/Z, G/Z2, G/Z,, and G. Then look-

ing successively at G, G/Z2, G/Z3, and G we see that Σ Xi(J)2Xi(πδ)/Xi(ϊ)
over each 5-block is 0 or 5 \CQ{J)

 2/\G\. By 2-block orthogonality on
(I J),.Xw(J) = 0. Also χβ(J) = 2, χM(J) = 2(4 - 6)/2 - 2 = - 4 . Then
Xi2β(J) + Xm(J) = —4 — 2 = — 6. Let a = χm(J). We may find some
J in Z(S2) with 2 7 | Σ = 4/6 + α2/336 + (6 + α)2/126 - 16/84. Then 4|α
and we may let a = 46. Multiply the sum by 63:

27|42 + 3δ2 + 862 + 246 + 18 - 12 = 1162 + 246 + 48 .

Then 4|6 and if c - 6/4, then 81lie2 + 6c + 3. Then c is odd. Since
6 + 16cI < 126, we have c = ± 1 , ± 3 , ± 5 , or ± 7 . Also l ie 2 = 11 =Ξ 3

(mod 8), so 6c = 2 (mod 8) and c = 3 (mod 4). The possibilities are
11 - 6 + 3 = 8, 99 + 18 + 3 = 120 impossible by the factor 5 since
5 I \Cc{J)\, 275 - 30 + 3 = 248 divisible by 31 and impossible, 539 +
42 + 3 = 584 divisible by 73. Therefore,

c - - 1 , 5 I C^(J) I2/! GI = (8)(4)(4)/63 ,

and I CQ(J) \ — 279. Then / inverts a 5-element and there is only one
such class of such J mod Z. If another involution Jλ does not invert
a 5-element, then 27j0 = Σ Xi(Ji)2Xi(Ks)/X%(l)> a n d the above leads to a
contradiction. Therefore, G/Z has a unique class of involutions. Sup-
pose that there is an element F with X(F) having eigenvalues 1, 1,
1, 1, i, —i. Then

χί5(F) = (42 - 2)/2 = 7, χ21(F) = (42 + 2)/2 - 9, χM(F) = 28 - 4 - 24 ,
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and χm(F) - 36 - 4 - 32. However, 322 + 242 > 279 = | Cά(F2) | ^ | Co(F),
a contradiction.

3* The centralizer of an involution* Let J be an involution
Λvith X(J) = I< 0 - I%. Then X | C(J) = U® V and χ | C(J) - 0 + <* where
0 corresponds to U and #(/) = 4. If a is a field automorphism fixing
ω, then θa + Φa = θ + φ, θa = θ, and 9α = φ since #α and 0 are the
sums of irreducible characters of χ | C(J) with J in the kernel. There-
fore, Θ{C{J)) and φ(C{J)) are contained in Q(ω). Let K be the sub-
group of C(J) of elements & such that (det V(k))2m — 1 for some m.
Then IK \ = 2791 Z\β = 289. Suppose a 6 ker Z7. Then α? is a 2-element,
otherwise, some power y of v has order 3 with θ(y) = 4, 0(#) = — 1,
and J?/ contradicts Blichfeldt. If x has order 4, then JSΓ(α?) has eigen-
values 1,1,1,1, i, —i; already shown impossible. Therefore, ker U =
<J> and I Z7(ίΓ) | - 279.

Suppose U has 2-dimensional spaces S and Γ as spaces of impri-
mitivity or invariant spaces. Then H of index 1 or 2 in U(K) has
Θ\H = μ + v corresponding to the 2-dimensional spaces S and T. Let
L be a 2-Sylow subgroup of U(K). Unless [Z7(ίΓ): £Γ] - 2 and μ\Lf]H
and v|LΠ Jϊ are irreducible, iϊ" has an abelian subgroup A of order
25, impossible (if A has an element of order 8, the linear characters
of Θ\A are algebraic conjugates and faithful, so \A\.= 8. Therefore,
irrational characters of θ \ A occur in pairs and have image of order
4. Rational characters have image of order 2. Therefore, \A\ <̂  16).
Therefore, μ and v are irreducible and a 2-element is e C(/) transposes
S and Γ. If μ g Q(ω), then ^ and y are algebraic conjugates, μ is
faithful on JBΓ, and H Π L has an abelian subgroup of index 2 and
order at least 25, impossible. Therefore, μyvQQ(ω) and μ\Lf]H,
v\L Π H are rational. Then

Π H) \,\v(L Π if I ̂  [2/(2 - 1)] + [2/2] + . . . = 3 .

Since \L Γ) H\ = 26, L Π H = ker v x ker//. In 2 by 2 matrix blocks

let U(x) = (γ ^ ) . Then U(x2) = ( ^ y 0 ^) is contained in a

conjugate in Jϊ of Ker v x Ker μ = L Π H, a 2-Sylow sub-

group of H. Therefore, ( π τ ) = ί7(?/) is contained in H. Now

( 0 Y~ι\ ίl 0\

v Λ 1. Changing coordinates by conjugation withί ί1 %,)1 υ / /0 I\ \ U ^ /
and replacing x by y~ιx, we may take U(x) - lj 0

2J. Since μ\Lf]H
is irreducible and L Π H = Ker v x Ker μ, there is a 2-element y with
C7(T/) = - / 2 0 / 2 . Then U((xy)2) = -J 4 , so V((xy)2) Φ -I2. However,

φ is rational and 1 = det U(xy) = det V(xy). Therefore, φ{xy) ± 2. If
Kerv has an element T of order 3, then μ{T) = - 1 , v(Γ) = 2, and
X{J{xy)"ιTxyT~ι) has eigenvalues α>, ώ, α>, ώ, — 1, — 1; contrary to
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Blichfeldt. Therefore, the representation corresponding to μ has image
of order 72. Then μ S Q(ω) implies that there is a 3-element g with
μ(g) = 2ω. Then v{g) = 1 + ω, otherwise, v{g) — 2ώ and X(J(xy)~ιgxyg~ι)
contradicts Blichfeldt. Now φ(g) = ω -f ώ, otherwise, φ(g) = 2 and
X(J(xy)~λgxyg) has eigenvalues ω9 ώ, ω, ώ, — 1, — 1 and contradicts
Blichfeldt. There exists a 2-element z with μ(z) = ί + (— £), μ(z2) =
— 2, and y(«) = 2. Then φ(z) = ί + { — %) and ^(z2) = — 2, otherwise,
X{z) or X(£J) has eigenvalues i, —i, 1, 1, 1, 1. Then θ(z~ιg~'zg) = 4
implies that z~ιg~ιzg e <V>. As Jz~ιg~ιz has order 6, it cannot equal
g~\ and z~ιg~]zg is the identity in G. Then F(2) with eigenvalues
i, —i commutes with V(g) with eigenvalues α>, ώ contrary to ^ ^Q(ft>).

Now suppose that U is monomial, but not imprimitive on 2-di-
mensional subspaces. Then there exists a 3-element g corresponding
to a permutation of order 3. As before, U{K) has no abelian sub-
group of order 32, so the image of Z7(jfiΓ) under p, the natural per-
mutation representation on four letters has order eight and must be S4.
Then U{K) has an element T of order 3 in Ker p and conjugates of
some commutator of T with a transposition show that U{K) contains
all diagonal matrices of order 3 and determinant I. Then 27] | U{K)\,
a contradiction.

Now by Blichfeldt?s classification of groups of degree 4, U{K)
modulo Z(U{K)) has a subgroup N of the tensor product of 2-dimen-
sional representations W of M = GL(2, 3). Also, N has index 2 or 1
in U(K). Now Z(U(K)) ^ < - / 4 > since det U(k) for keK is a 2m-th
root of 1 and ΘQQ(ω). Let U\N = A($B. Now W(M)<&I2 does

not appear as a subgroup modulo scalars of U(K) since eigenvalues
T, 7, 7"1, Ύ~ι with 72 = i or i, i, 1,1 contradict 2-rationality of θ. There-
fore, the image under A of Ker B in M/Z(M) has order at most 12.
The image of N under J3 in M/Z(M) has order at most 24. This
gives \N\^ |Z(J\0|(12)(24) ^ 269. We must have equality. Then an
element x takes A <g) J5 to J? <g) A. Therefore, iV ID TF(SL(2, 3)) ® /2,
I2 (g) TF(SL(2, 3)) after elements of TF(SL(27 3)) are changed by scalar
multiplication. Also, the quaternions Q = SL(2, 3)' can have W(Q)
taken as the matrices in [1, § 57]. Since det U is a 2m-th root of 1
we may also use the matrix in § 57 for a 3-element S in W(SL(2, 3)).
Let g be a 3-element with U(g) = S(g)I2. Then F(g) has eigenvalues
α>, ώ; otherwise φ(g) = 2 and ^/ has eigenvalues ω, ώ, ω, ώ, — 1, — 1 ;
contrary to Blichfeldt. If h is a 3-element with U(h) — /? ® S, then,
similarly, (̂Λ,) = — 1. Also Z7(#) and U(h) commute, V(g) and F(Λ)
commute modulo \J)>, and F(^) and F(Λ) commute. Both may be
taken as diagonal. There exists Ee W(M) with E~ιSE = S'1. Let
V(g) — ω 0 ώ. If necessary, we may replace h with h~ι and change
coordinates of U by conjugation with J2 <g) E to take F(Λ) = α ) φ ώ .
If x e C(J) with U(x) e W(Q) (g) J2 and U(x) of order 4, then U(x) has



ON A SIX DIMENSIONAL PROJECTIVE REPRESENTATION OF PSU*(3) 413

eigenvalues i,i,—i,—i and V(x) cannot have eigenvalues i, — i.
Possibly replacing x by Jx, we may take ψ(x) — 2. Because of equality
in I N\ ^ 269, U{K) contains a tensor product of elements in

W(GL(2, 3)) - W(SL(2, 3)) .

By [1, §57], we may take this element U(y) as α((7 07~ 1 ) (g) (7 0 7 " 1 ) )
where 72 = i. Then £%) has eigenvalues ai, a, a, —aί. By 2-rationality,
a = ± 1 and Z7(τ/) is determined. The action of U(y) on the group of
order 3: W(SL(2,3))(g) W(SL(2,3))/<W(Q)<g> W(Q), S® S'1} is non-
trivial. Therefore,

(since — V{g)~ι is not a 3-element). Since 1 = det U(y) = det F(τ/), we

may choose coordinates so that V(y) = ( Λ) The element x flipping

PΓ(SL(2, 3)) ® J2 to I 2 ® TF(SL(2, 3)) is determined modulo W{M) ®

W(M)/ζU(y), W(SL(2, 3)) ® ϊΓ(SL(2, 3))> and modulo scalars to be 1 φ

(l o)® 1 ' We may take α as α(l φ (J J) φ l) or α(l φ (5 J ) θ i )
As ^ is rational on 2-elements, 2a: or α:(l + i) is rational. Therefore,
a — ± 1 , and we are in the first case, so U(x) is determined. Then
— 1 = det U(x) = det V(ίc) and F(x) has eigenvalues 1 , - 1 . Since the
action of U(x) on W(SL(2, 3)) (g) W(SL(2, 3))/<ϊΓ(0) (g) TΓ(Q), S(g) SH)
is trivial, F(x) and V ĝ) commute. Possibly replacing cc by xJ we
may take V(x) = 1 φ - 1 . Therefore, C(J) and X(C(J)) are completely

determined. In fact C(J)/Z is isomorphic to C ( / 2 φ — J 2 ) in /74(3):
, 3))(8)/ 2 )0 >SL(2, 3 ) 0 J 2 ; (/2(g> T7(SL(2, 3))) 0 > I 2 0

(( Q _ ))β(? *)-.(j X J J ) hereto*
elements have the same action on the central product of SL(2, 3) with

itself, the square of the left element i s ( ( n i ) ® ( π 1 / 0 — ^ 2 ^

0 i)®\ί) _ ΐ j j ® J 2 T h e square of the r ight element is

-<(-i XΪ Λ)}Ml ΰθXθtθ-i-α 0-> Here
both elements have order 2. Both elements have identical action on
the central product of £1,(2, 3) with itself. The commutator of X(x)

with X(y) is / 4 φ — J 2 . The corresponding commutator in t/4(3) is i φ
i 0 — ί © — i This shows that C(J)/Z is isomorphic to the centralizer
of an involution in PSU4(3). By Phan's characterization of PSU4(3),
PS[74(3) ^ G/Z.

4, The normalizer of Z(S3). Earlier, for

T — diag (ω, ω, ω, ώ, ώ, ώ) ,
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we showed that \C(T)/Z\ > 36 and T is centralized by an involution
in G = G/Z. We may take T in C(J) and J in the center of a Sylow-
2-subgroup of C(T)/Z. As χ(T) = - 3 , C/(T) = S*1 ® I2 or 72® S*1,
say the former. Then

U(C(TJ)) = <J7(Γ), U{Z), I2 <g) SL(2, 3)>, IC(Γ) | - 368

and T is conjugate to T~\ As the constituents of X\C(T) are not
algebraically conjugate, X(C(T)) = < —16> x £Γ where if = the sub-
group of X(C(T)) whose action on the homogeneous ω-space of X(T)
has determinant = to a third root of 1. A Sylow-2-subgroup of H is
Q, the quaternions. Let — 1 have order 2 in Z(G). Now <± J> =
Z(Q) is represented faithfully in the α> or the ω space of ff, say the
ω space with ζ = the corresponding constituent of X \ H. If ζ is mo-
nomial, then ± J , being a square in H, is diagonal and conjugating

/0 α 0\
with 0 0 δ ) φ / 3 (the first component is taken to correspond to ζ),

\c 0 0/
we have C(T)/Z contains an elementary),.abelian subgroup of order 4,
a contradiction. Therefore, the representation corresponding to ζ is
the Hessian group in [1, § 79], except that ω 0 1 © 1 has been changed
by a scalar. As an element inverting T flips the constituents of X \ C{ T),
taking H Z) S3 with X(S3) in the normal form given at the start of
this chapter, X(C{T)) c {JlίΊ φ Mz\Mi appears in the Hessian group in
[1], except that diag (1,1, ω) replaces ω~uz diag (1,1, ω)}. As the nor-
mal subgroup K of order 27 of the Hessian group appears independently
in each component, we may examine the components of X(H) modulo

Λ 1 L

K. Let i be the image of I 1 co ω \/(ω ~ ω) in this homomorphism.
\1 ώ ω)

Since Q is represented faithfully in the top component and some ele-
ment in X(C(T)) flips the components, Q is represented faithfully in
the bottom component. By changing coordinates by conjugating with
a power of diag (1, 1, 1, α>, 1, 1, ), we may assume that X(C(T)) con-
tains i φ ± ϊ (i stands for a coset of 3 by 3 matrices and i is obtained
by complex conjugation of the entries) where

j = (diag 1, 1, ώ))ί(diag (1,1, ω)), - 1 = i2 ,

and k = ij. If X(C(T)) contains i φ — i, then, conjugating with T1 =
diag (1,1, ω, 1, 1, ώ) e S3, we have j φ - J and & φ -keX(C(T)) and

(i Φ -ϊYJ Φ - J)(Λ θ - f c ) = - 1 0 1 e X(C(T)) ,

contrary to 8|| \H\. Since diag (1,1, co),i, and ίΓ generate the Hessian
group, H = <J^φ/ 3 , /aφίΓ, I φ ϊ where M is any matrix in the
Hessian group changed as shown by scalars>.

X(ΛΓ«T») is obtained from X(C(T)) by addition of a 2-element
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X(x) = ίp Q) where E and F are 3 by 3 matrices normalizing the

Hessian group, and, hence, in the Hessian group modulo scalar multi-
plication. By multiplication with an element in C(T) we may take E
as scalar and, changing coordinates by conjugation with a direct sum
of 3 by 3 scalar matrices, we may take E = /3. Again, we are only
interested in F modulo K. If F is scalar, then by determinant, F ~
— J3 and X(x2) = —/6, impossible. The other possibilities are F — some
scalar times —1, ±ΐ, ±j, or ±k in the notation of the previous para-
graph. If not — 1, then replace x by TfxT? to take F — some scalar
times ±i. The scalar is —13 by determinant = 1. Then

l+ί 0

n * )(c\ ~) —_ υ ^/\u ^/
f t Yj, contrary to 8|| \H\. Therefore, F — some scalar times —1
and the scalar is —1 by determinant = 1. This completely determines
X(N«Γ»).

5- The correlation between X(C(J)) and X(N«T») for Te C(J).
Take X(T) = ( S ^ / J φ ω φ r 1 in our normal form for X(C(J)). Let
GL(2, 3) and SL(2, 3) be the 2-dimensional matrix groups in [1, § 57]
and φ be an isomorphism from SL(2, 3) to SL(2, 3)/02(SL(2, 3)) ^ Zz

with 0(S) = 1 and 02(SL(2, 3)) isomorphic to the quaternions. Then
X(iV«JΓ») = ζX(JT) = (S <g) 72) 0 - ω 0 - a)-1; (/2 ® %) 0 (o> 0 ω-1)^)(ϊt)

for u e SL(2, 3); T = (y ® f Z ° Λ) 0 (^ ^) for some

,3))

with y~ιSy == S"1; —colβy. We get a subgroup of order at least 2736

of X(G) generated by our normal form for N(ζT)) and the image
under conjugation by a matrix R of our normal form for X(C(J))
where R conjugates X(JT) and X(N((JTy))9 in our normal form for
X(C(J)), to X(JT) and X(N«JT>)), respectively, in our normal form
for X(N(ζTy)). Therefore, R is determined modulo multiplication on
the left by a matrix P fixing X{JT) and X(N(ζJT») in the normal
form for X(C(J)). As we are only interested in the image of X(C{J))
under conjugation by R. We are only interested in P modulo multi-
plication on the left by a matrix fixing X(JT), X(iV«JjΓ»), and X(C(J)).
As 02(02(X(iVv<JT»))) = <(J2(g)u) 0 / 2 such that ^€ 02(SL(2, 3))>, by [7,
Satz 3] and [1], P = (A <g> JB) © C-where Be GL(2, 3), Ae CGLi2,&(S),
and C G GL(2? C) where C is the complex number field. If B ? SL(2, 3),
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then P conjugates (S (g) S~ι) φ I% to (S (g) Sv) 0 /2 for some

v e 02(SL(2, 3)) ,

a contradiction, since the former, but not the latter is in X(N((JTy)).
Therefore, multiplying P by an element in X(N(ζJTy)), we may take
B = 72. Also,

(A-ιyA)-ιS(A~ιyA) = {A
= A~ιy-ιSyA = A-'S-'A

Therefore, A~ιyAe iVGi(2,3)«S» - CG i ( 2,3 )«S» where

- ζy, S, ZGL(2, 3)> .

Multiplying P on the left by a power of X(T), we may take A~'yA
in <>, ZGL(2, 3)> of order 4 and ^ - 1 y ^ e ^ G L ( 2 , 3) = y<-I2>. Let
Q e GL(6, C) be the matrix which acts as /3 on the space where X(T)
acts as ωl3, and acts as —13 on the space where X(T) acts as ω '̂/a.
Then for We iVβ£(β(C)(X«T»), TΓ-^ZίT)) t F = X(T)α and Q-1ΐ^-1QT7 =
(—l)[t°~1)/yIβwith a equal to either 1 or — 1. Therefore, Q normalizes

and X(iV«JT»). Also, QeC(J),C(T), and

C((/2<g)02(SL(2,3)))ei2)>

and Q-1 F-1Q F = — J6. If we are allowed the possibility of replacing
P by QP, then we may take A~ιyA = y. Then, as ζy, Sy is an irre-
ducible two dimensional group on which A acts trivially, A and A®I2

are scalar. As the homomorphism C(J) —• U(C(J)) has kernel /, and
A ® ! , centralizes U(N«JT»),C centralizes F(i\f«J:r»)/<-/2>. Then
C centralizes F(T) = w ® w~\ and C is diagonal. Let

0

Then V(F) is centralized by C. As V(C(J)) = <F(iV«JT»), V(F)>, C
centralizes F(C(J))/<-J2>, and P normalizes X(C(J)).

Therefore, X(JT) and X(N«JT») determine X(C(J)) except pos-
sibly for conjugation of X(C(J)) by a matrix U which is ±/ 3 on the
homogeneous spaces of X(T). Now <C(J), N{ζτy)y has index in G
dividing 35. As JS0(7) has only χ0 with degree < 35,

G = <(?(/), iV«T»> .

We put J5Γ(i\Γ«Γ») in our normal form. Then X(JT) and
determine X(C(J)) within conjugation by U. However,

,X(iV«T»)>[/ =



ON A SIX DIMENSIONAL PROJECTIVE REPRESENTATION OF PSUi(S) 417

so the similarity class of the representation is not affected by replacing
X{C(J)) by U"ιX(C(J))U. Therefore, there, is at most one unimodular,
6-dimensional, complex, linear group projectively representing a simple
group of order 273635.

6* Existence of X(G). We shall show that Gt = ζx, D, P>, where
/I 1 1\

x rzr V(& V and V = 1 ω ω )/(ω — ω), D = <all diagonal matrices of
\1 ώ ωl

order 3 and determinant 1)>, and P = <(all permutation matrices)4 has
a central extension of ZQ by C/^) as a subgroup of index 2. First
we show it is finite. In fact, L Λ 0 / 4 has a total of 126 conjugates,
d U C2, where d consists of 45 monomial matrices and C2 of 81 con-
jugates of z = IQ — Q/3 where Q = (qitj) and qifj = 1. <(d> has no
invariant subspaces, so only scalars commute with all conjugates. If
Si are sets of matrices, define S];

1S2Sί = {y\y = sγ1s2sι for s4 e SJ. Then
C2 - D-^JD. Let M= DP = PD. Now Λf^dJIf = Cx and ikf-^.M -
M-\D-χzD)M - Λf-^Λf - D-1(P~1zP)D = D~lzD = C2. It only remains
show that a r ^ d u C2)x = C.Ό C2. Let {C/J be the top 3 by 3 blocks
of the 9 elements of Cι whose bottom 3 by 3 block is /3. Then {Ϊ7J =
— 73 {2-elements in the normal subgroup of order 54 of the Hessian
group, [1, § 79]}. As the top left 3 by 3 block of x is contained in
the Hessian group, conjugation by x permutes these 9 elements. We
may reverse the roles of the top left and the bottom right to show
that x permutes 9 more elements of CΊ. As x~ιzx is a permutation
matrix transposing 1 and 4, x~ιzx has eigenvalues —1,1,1,1,1,1.
Suppose that d = diag (d^ , d6) e D with dyd2d% = 1. Then in each
row and column of d^xd, and nonzero entries are distinct and have
sum 0, or are identical. Then ud — {d~ιxd)~ιz{d~ιxd) = I6 — Cd where
nonzero entries of Cd are sixth roots of 1. As z and ud are unitary,
ud has entries 1 or 0 on the diagonal and third roots of 1 off the dia-
gonal and is monomial. Then udeC1 since ud has eigenvalues —1,1,
1, 1,1, 1. Therefore, x~ιdzd~ιx e dC^1 = Cγ where d runs through 27
cosets of ζwl6y. This gives the other 27 = 45 — 9 — 9 elements in C1

and χ-ιCx U C2x D d; d U d => xC,x~l = x'^C^x = x~lC,x as -I6x
2 e P.

It only remains to show that x~ιdzd~ιxe C2 where dγd2dz = ω or ώ, say
ώ without loss of generality. We may find e in ζD, diag (α>, 1,1,1,1,1)>
with (ω — ώ)d~ιxde == (aifj); {auj, a2>j, a3)j} = {1, ώ, ώ} counting multipli-
city for j = 1, 2, 3; and {α4>i, α6>i, α6,y} = {-1, - ω , -α>} for i = 4, 5, 6.
As d~ιxde is unitary, the ± Γ s appear in different rows. Then the
product of the nonzero entries in the first and the fourth rows is still
— 1, and ee D. Now (ω — ώ)d~1xdeQ and (ω — ώ)Qd~1xde have all their
entries equal to ώ + ώ + 1— — ω — ω — 1. Then zd~ιxde = d~ιxdez,
d~ιx~ιdzd~ιxd = βze"1, and a r ^ d " 1 ^ = dezerγd~ι e DzD~ι = C2.
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Gλ is primitive since D contains any proper normal reducible subgroup
of M and x does not preserve the monomial form of M. Furthermore,
(?! may be made unimodular by replacing odd permutation matrices by
their products with il6. As 37 | \GL\, by [9]'s classification of groups
of degree 6, Gγ contains a central extension of ZQ by Z74(3) as normal
subgroup, G. However, Gι contains an element with eigenvalues
— 1, 1, 1, 1, 1, 1 and G contains no element with eigenvalues —i, ί, i,
i, i, i. By [8], T)(\GJZ\. By [4], 3F, S7 is self-centralizing in GJZ,
otherwise G1 has a normal p-subgroup not contained in Z for some prime
p, a contradiction. Since [NG{S7); CG(S7)] = 3 and [NGl(S7); CGl(S7)] ^ 6,

[GL: G] ^ 2 and [GL: G] = 2. For any unimodular finite linear group
normalizing X{G), applying this argument to G2 in place of G, shows
that [G2: X(G)\ — 2, so Gγ is maximal among finite unimodular 6-di-
mensional complex linear groups normalizing X(G).

7* LF(3,4)Φ From [9] we may have a six-dimensional group
Xyβ) with GjZκG) simple of order 2G3235, χ(G) S Q(w), and B0{5) with
degree equation: 1 + 63 = 64. As S5 is self-centralizing in G = G/Z
and 50(5) does not contain the degree 6, \Z\ Φ 1. If | Z | = 2, then
βL(5) contains the degrees 6 and 64 from a 2-block of defect 1, im-
possible as 64 — 6 = 58 cannot be a degree. If \Z\ — % then BJ5)
contains the degrees 6 and 63 from a 3-block of defect 1, impossible
as 63 + 6 = 69. Therefore, \Z\ = 6. Let J be any involution in G.
Then 0 or 5 - aJtJ,r6 = |G|(1 + Z63(J}2/63 - χJjγiU)l\CτJ)W Now,
χ64 has 2-defect 0, so χM{J) = 0 and χ63(J) = 1 — χ64(J) = 1. Then
5 \Co{J)f = 263235(1 + 1/63) = 2125 and | C ^ J ) | - 26. Therefore, C(J)

has a normal 2-Sylow-subgroup, and by [11], G ι*& LF(3, 4). As C7"4(3)
has a subgroup isomorphic to LF(S, 4) and LF(3> 4) has no projective
representation of degree ^ 5 , by § 6, G exists with a representation
of degree 6. By private communication with N. Burgoyne, G is
unique, and the subgroup of the outer automorphism group with tri-
vial action on Z has order 2. A group Gι ΐ> G with [Gf. G] = 2 comes
from the product of a field and a graph automorphism.
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APPENDIX.

G = Some Central Extension of ZQ by L F ( 3 , 4).

θ = (1 + yyΎ)l2 G/Z φ = d + > / : r 7)/2

Element I π5 π7 T J Fi F2 Fs

Order 1 5 7 3 2 4 4 4

C(g) g 5 7 9 64 16 16 16

1
63
64
20

45
35
35
35

1
θ

-1

0
0
0

0
0

1
0
1

-1

-φ
0
0
0

1
0
1

2
0
1

1

-1

1
-1

0
4

-3
3
3
3

1
1

0
0
1

3
-j

-1

1
-1

0
0
1

-1
3
1

1
-1
0
0
1

-1
-1
3

G/Zz

21
63
84
15
15

1
θ

-1
0
0

0
0
0
1
1

0
0
0
0
0

5
-1
4

-1
-1

1
-1

0
3

-1

1
-j

0
— 1
3

1
1

0
-1
-1

15 0 1 0 - 1 - 1 - 1

45 0 -ώ 0 - 3 1 1

G/Z,

/
36
64
28
90
1Q

1
-1
0
0
0

7Γ7

1
1

0
-1

-φ

T
0
1
1
0
1

J
-4
0
4

-2
2

Fi

0
0
0
2

2

Fz
0
0
0
0
0

Fi

0
0
0
0
0

70 0 0 - 2

36
42
90
60
6

1
-θ
0
0
1

1
0

-1

Φ
^

0
0
0
0
0

-4
-2
-2
4
2

0
2

-2
0
2

0
0
0
0
0

0
0
0
0
0
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