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Let « > 0,3 > —1, The (Ci, a, ) transformation of the
sequence {s;} is defined by
PR I@E+n+2)l'a+p+) & e+ BIk+n+1) s
"T T+ DI+ D) = TE+DMat+g+nt+k+2) F

and the (Ci, a, §) transformation of the function s(x) is de-
fined by

dx .

g =LetitD ““r o

TrE+1) 7 ) @+ yeree

Some properties of the above two transformations are
given in this paper and the relation between the summability
methods defined by these transformations is discussed,

1. For any sequence {z,} the Hausdorff summability (H, p,) is
defined by the transformation

i n
tn = Z <k )(An—kﬂk)sk ’

=0
where
A(l)lk = ﬂk ’
A = e — Mgy

an = 44y,

Transposing the matrix of the (H, #,), transformation we get the
matrix of the quasi-Hausdorff transformation

- [k
t, = 2 ( )(Ak_nﬂn)sk ’
kE=n \ N

which will be denoted by (H*, ¢,). Ramanujan [8] introduced the
(S, p,) summability, which is defined by the transformation

(k - n)(dkﬂn)sk .
n

Thus the elements of row n of the matrix of the (S, z,) transformation
are those of the corresponding row of the (H*, p,) transformation
moved % places to the left.

It is known [8] that if (H, p,) is regular and if ¢, — 0 as n— oo,
then (S, ¢,.,) is regular; conversely, if (S, ¢,+,) is regular, then (H, y,)

Ms

t, =

k

0
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can be made regular by a suitable choice of g,.
When
1

(n + a) '

n
(H, p,) reduces to the Cesaro summability (C, «). Borwein [3] intro-
duced the generalized Cesiro summability (C, &, 8) which is (H, )

=

with
(n+,8)
_ n
(1) e T atey
)

The aim of this paper is to discuss properties of the (S, ft,..)
summability with g, given by (1) for « > 0, 8> —1 and of the ana-
logous functional transformation. We shall denote this summability
by (C,, &, B). The case in which 8 = 0 has been considered by Kuttner
[6] and a summability method similar to (C,, @, 8) has been discussed
by me [7].

A straightforward calculation shows that the (C, a, ) transfor-
mation is given by

RPN CES CES BECESES
(S a@tl) (@t k=Dl D+ 2) (et )
= @tp+)atpt(@tp+nt+1+k
_DE+ntdla+p+ )& Ia+ Bl +n+1)
I'(n + OB + VI(a) & Th+1)(a+s+n+k+2)

(2)

It is clear that, if (2) converges for one value of %, then it con-
verges for all n. Further, a necessary and sufficient condition for
this to happen is that
(3) pI

k=1 fBt?

should converge.

Let s(x) be any function L-integrable in any finite interval of
2 = 0 and bounded in some right-hand neighbourhood of the origin.
Let a > 0,8 > —1, and let

Ilat+p+1) ﬁ+1§°° _x_”‘_“li(:_vl____d,b
r'e)I'(p + 1) o (- y)etert

If g(y) exists for ¥y > 0 and if

(4) 9») =9, a p =
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limg(y) = s,
Yoo

we say that s(z) is summable (C,, «, G) to s.

It is clear that a necessary and sufficient condition for the con-
vergence of (4) is that
(5) r (@) g

1 At

should converge.

2. The relationship between sequence-to-sequence and func-
tion-to-functions transformations., Given any sequence {s,}, let the
function f(x) be defined by

fw)y=s, mM=<ae<n+Ln=012 ).

Then the (C,, a, B) summability of {s,} is equivalent to the (C,, a, B)
summability of f(z) for &« > 0, 8 = 0 (see [6] Theorem 4). However,
the proof breaks down when g > 0. We can prove that they are
equivalent for —1 < 8 < 0 as follows. Write

e + k) +n+1)

k) =
A k) = T D@t 6+ kD)
b, k) = T __da
PEE) wr g

As in [6], we may suppose that s, = 0. Then the result would follow
if, corresponding to equation (11) of [6], we proved that, if (3) con-
verges, then uniformly for 0 < 6 < 1,

(6) 3 [a(n, k) — b(n + 6, k)]s, = o(-—l-—> .

k=1 nett

Choose an integer @ such that @ = 8 + 3. From equations analogous
to those of the last line and line 6 from bottom of p. 709 of [6], we
find that

_ s e
(1) atn, ) = bn+ 0, 1) = 2p(0) e v O ).

where p(f) is a polynomial in ¢ (which may be different for each term
in the sum), and the sum is taken over those integers ¢, r which are
such that

g=1,r=1, gqrnotbothl, ¢g+7r=Q.
Since the convergence of (3) implies that

s, = o(k*™)
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and since @ > 0,Q = B8 + 3, we see that the contribution to the ex-
pression on the left of (6) of the “0” term in (7) is

o<_1_> :

nA*

Hence the result would follow if (corresponding to Lemma 2 of [6])
we could prove that the convergence of (3) implied that, for relevant

q, 7,

(8) i_ﬁl:.q_.__sk:()(_l‘__).
=~ (k + ,n)a—l-,e+r s
Now write
_ w  Sa
Vi = m% —mﬂ“

so that v,— 0 (and this is all we know). The sum on the left of (8) is

o Jpatpre—a

2 o gy e T k)
(9) — v, + i ’Uk{ fpeteti—e _ (k - 1)oz+,g+2—q } ]
(n+ Ve = Lk + m)rrerr (B — 1 4 m)erEer

The first term on the right of (9) is o(1/n#*") (since r = 1, > 0). The
expression in curly brackets in the second term is

ka+p+1——q
oG mer)
(k + my=+eer
(and this result is best possible). This gives the required result when
B =0; but if 8> 0, all that we can deduce in the “worst” cases
(which are ¢ =1, =2 or ¢ = 2, r = 1) is that the sum (9) is o(1/n).
Of course, the fact that the proof breaks down does not imply

that the theorem itself is false. My guess is that the theorem pro-
bably is false for p > 0; but I have not actually got a counter example.

3. Theorems. The following two theorems with 5 =0 are
Theorem 1’ and Theorem 2’ given by Kuttner [6]. The proof of
Theorem 1 is similar to that of Theorem 1’ in [6], and Theorem 2
follows from Lemma 1 and Lemma 2 of this paper.

THEOREM 1. Let a > 0,8> —1 and r =0 and let s(x) be sum-
mable (C, r)* to s and (4) converge. Then s(z) is summable (C,, a, B) to s.

THEOREM 2. Let a>a'>0,8> —1, and let s(x) be summable
(C,,a,B) to s. Then s(x) s summable (C,, o', B) to s.

1 For definition of the (C, r) summability of s(v), see [7].
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In §5, we shall prove

THEOREM 3. Let a>0,8> 8 > —1. Suppose that s(x) is sum-
mable (C,, o, B) to s and the integral

Sw 8(2) dx

1oft?

converges. Then s(x) 1s summable (C,, a, 8') to s.

The sequence {s,} is said to be summable A4; to s if

mw=a—MME(”+ﬂ%w
n=0 n
converges for all x in the interval 0 < 2 < 1 and tend to a finite limit
s as £ —1-. The A, method is the ordinary Abel method.

It is known (see [1] and [2]) that A, D A4; for A > x> —1. For
other properties of this summability method, see [1] and [6]. We

shall prove

THEOREM 4. Let v > —1, 8> —1. Suppose that the sequence {s,}
is summable A, to s and that (8) converges. Then the sequence is
summable (C,, M + 1, B) to s.

4. Lemmas.

LEmMA 1. Let a>a' >0,8> —1. Suppose that (5) converges.
Then

a—1 4 — F(a) Y @’ —1 —_ a—a’—1
Yoy, &, B) = RCACEN Sot (y — 1) 9(¢, a, B)dt .

The proof of this lemma is similar to that of Lemma 4 in [6].

LEMMA 2. Let

o) = |7 e, vsay -
Then in order that
s(y) - 8 (y —_— oo)
should imply

Jor every bounded s(y), it is sufficient that

et vy < H,



736 B. KWEE

where H 1is independent of x, that

v

|| let@, 9)ldy—0
when x— oo, for every finite Y, and that

5‘” o(w, vy — 1

when x — oo,
This Theorem 6 in [4].
5. Proof of Theorem 3. Let

for © > 0. Then ¢(x) is continuous in (0, ), and ¢(x) —0 as &~ oo}
hence ¢(x) is bounded in (B, ) for any B > 0, say

lo(x)| = M

for © = B, where M may depend on B if B is small, but may be
taken as an absolute constant for large B. It follows that

R e RINCE

5 (@ 4 gy
_ I<Bi t)a+ﬂ+1¢(B)

o 1 / x a+p
+(a+p +1)th T s t) ¢(w)dx[

(10)

= dx

< [§(B)| + (@ + 8 + WMSBW
S(a+pB+2)M.

Since s(x) is bounded in some right-hand neighbourhood of the
origin, there exists B, > 0 such that

Is(@)| = K
for 0 < ¢ < B,. By partial integration, we obtain

tﬁ+1§B° e 7s@) gl o Kla+28+2)
o (@ + e - a(@ + 1)

By combining (10) and (11) it follows that ¢(¢, @, B) is bounded
in any finite interval (0, T'). Since it tends to s as t— oo, g(¢, a, B)
is bounded in (0, ). Thus, for y > 0, the integral

(11)
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CL@TE D) (" ysrrs oy
= Fa+pg+1) L“ (¢ — 9"t @, p)dt

converges. In view of the definition of g(¢, @, B) it follows that

12) I = lim I(4)

A—rc0

where

=" = pergel” 2 Ts(@)
14 = "¢ - vprr-arl o

It follows from (10) by dominated convergence that, for fixed A,

4 o a—1
t — ﬂ—ﬂ’—ldtS _@__ix)___d, —0

as B— c. Hence, by Fubini’s theorem

We will now show that, for fixed v,

— V) L TR
(14) SO . s(x)de =0
as A— oo, It is clear that for large A the inner integral in (14) is
O(A~*=#-1) uniformly in 0 < < 1, so that the contribution to (14) of
the range 0 < ¢ < 1 tends to 0 as A— «. Now write

v = |72 au;

uf'

thus we are given that v (x) exists and that it tends to 0 as @ — co.
The contribution to (14) of x > 1 may now be written

(15) -[7 ma+ﬂf+:d¢(x)sz_((tx—%dt

It is easily seen that, for fixed y, A and large z, the inner integral
in (15) is O(xz—=#"); thus, integrating by parts, (15) becomes

R = y)ﬂ—ﬂ'—ll(a( H A 6 Sl

Now for fixed y and large A, uniformly in 0 < 2 < A, the inner in-
tegral in (16) is
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of [t -r=sat} = o(a=r-.

ey
Py

s o] L 8 (5 9l
. @+ oo
A/logA A
S n S Yo ¥ @) (A= e
A]log 4

1

—a—3'—1( A[log4
<A S x“*f*'dm)

1

Il
P

Il
S

+O(A““‘ﬁ’“1 sup M’r(w)lg

2 (d{logd)

x“*‘ﬁ’da:> - 0Q) .

A
Allogd

Nothing that for fixed y and large ¢
(t — y)p# =t O,
and also that

S” @+ B+ Dt = (B =By _ g,
, (x + t)xrete

we see that, for large A uniformly in x = A, the inner integral in
{16) is

[t 8 s Dt = el g

0 (x + t)“””
=@+ B+ Dt — (B — B)xl
e

= ofr{ vt} + ol vt} + of [ o-v-at)
0 A £
= Oz~ AP¥) + O(x—¥%)
{except that, in the case § — 8 = 1, we must insert an extra term
O(z—**"log ®)). It is now clear that the expression (16) tends to 0

as A-» o, and this completes the proof of (14). We deduce from
(12), (13) and (14) that

1= | woswda| L=
0 e s(w)dw v (x + t)ree

_ L= a+p +1) g‘” A L))

Ila+g+1) o (@ + y)rH
_ LB = @I(F+1) :

Thus, in view of the definition of I, we have
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no__ F(B+1) g\ T g _ —p 1
9, §) = B | — 0 gt B)ds

The kernel of this last transformation can easily be verified to satisfy
the conditions of Lemma 2, and the theorem now follows.

6. Proof of Theorem 4. It follows from the convergence of
(3) that for 8> —1, s, = o(v**?). We can easily prove that the func-
tion ¢"**(1 — t)**#'+' has a maximum when

_ E+mn
k+n+r+pm +1

For large k + m, this maximum is O((k + n)~*~#~'). Hence, if g’ >
B + 2, we have, the inversion in the order of integration and sum-
mation being justified by absolute convergence,

F(B’ ‘!"%"‘2) Y n I AVEY ISR < )\'+k> k}
Hn+DHH+1AJG't)ﬂ{%< L st

' +n+2 ”(k+k)%Yﬂwa—wVWHw
17 T I'n+DIE +1) =\ k o

L +n+DI0AL+2) & PO +k+DI(k+n+l) o
I'(n+ )G +1)I(W+1) = Te+1)I(M+ 8 +n+k+3)
=tn,N+1,0).

By analytic continuation, (17) holds for ' = 5. Hence

B Ent2 (e
““X+LB”'nn+nnB+me“ £)6F,(t)dt

A R e T G R
_F(1z+1)F(B+1)SO(1 e~y P )(1 — e™)dy .

By Lemma 2 the result with follow if

. I'g+mn+ 2) T 1 oyra—(i LY
(i) ﬂn+DﬂB+DS“1 evye-riivdy < B

where H is independent of n,

.. F(,@+7Z+2) ¥ oY \n,—(a+1)Y N
(ii) RS SO (1 — e~")re=+0vdy —

when % — oo, for every finite Y, and

I'g+n+2) T o\ DYy
(iii) T+ DTG+ D SO (L —e?yremtVdy —1,

when % — co. Since
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s

_ ptymp—tpinu gy, — L+ DI(B + 1)
S(l e ey I'(B + n + 2)

(i) and (iii) are satisfied. We have I"(n + 8 + 2) ~ nf*'['(n + 1), and
the integral in (ii) is, by changing the variable,

1—e—Y
S (1 — t)edt .

0

Hence (ii) is satisfied.
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