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If a function 2(¢), 0 = 0 < ¢, isin Lip-o, 0 < a < 1, 2(0) =0
and if ¢, (k=0,1,2, --.) are its Fourier coeflicients with re-
spect to the functions 2/t sin [z(k + $)o/t], then it is known
[1, pp. 171-172] that

n=0

2 A

(1) 2=
where A is a positive number not depending on n. We will
show a connection between this estimate and an estimate for
Wiener integrals, Let E,{ |} denote expectation on a Wiener
process, that is, a Gaussian process with mean function zero,
covariance function min (s,7), 0 < 0,7 <t and sample func-
tions z(c) with 2(0) =0,

A

TaeoreM: Let x(c) be in C[0, {] and let ¢, be the Fourier
coefficients of x(s) with respect to the normalized eigenfunc-
tions associated with min (¢, ). That is

6 = }/ %—_ S:x(g) sin [x(k + ¥)o/tldo .

Let 0 < a <1, Then estimate (1) is a necessary and sufficient
condition for the estimate
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for all positive v, where B is a positive number not depend-
ing on v,

Proof. From Cameron and Donsker’s proof of a lemma [2, p.
27-28], we have that, for the case o, = [7(k + 3)/t], the right side of
(2) equals

e»—vl2 i C?c{ok .
k=00, + V

Hence estimate (2) holds if and only if

(3) S e < B
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for all positive v. To prove that (2) implies (1) note that for each
fixed value of v, as k — o, [0,](0: + ¥)] T L. Therefore for each n, by
the remark and (3),

for all positive v. Letting v = p, we have

. 2B A
2 < —
2 E Tt e et b
which is estimate (1).
We now show that the latter estimate implies (3). Since the left
side of (3) is bounded by >'7.c?, estimate (3) holds for 0 <y = 1.
Hence it suffices to prove (3) for v > 1. To simplify notation set

(4) S(n) = Z ¢ = (——%)2—“
by hypothesis. For any n =1
- Ckpk s C?cpk
_]._
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= I R .
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For the first two terms on the right side of (5) we have

k=0 (lolc + V) On + p Y v

(6)

To estimate the third term consider first

7 O Ok _ YO0 — 0u) .
(") [pk + v Ok + ”] (0r + )0k + ¥)

Since 0, — 0 = 2(z/t)’k and (0x + V(04 + V) = [(Tk/2t)* + V], the
right side of (7) is dominated by 2(z/t)’wk[(7k/2t)* + v]~*. Applying
(4) and the above, we have

oo o 1—2a
8 Sk[ O _ pkl < 2njtydy S,
( ) k:zn:-i—l ( ) pk + v pk ] j ( /) k%—l [(72.']5/2t)2 + V]Z
To get the desired estimate we will use standard integral estimates.
For o = 4, the summands in the right side of (8) decrease monotonic-
ally with k for fixed v. If a < %, the function

9(¢) = E““[Czr—f)z + v]_z . £§=0
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has a unique local and absolute maximum at

. gz;(l _ 2%)1/2
T\8 + 2« )

¢

In this case if n = &*, the summands in the right side of (8) decrease
monotonically as & increases and

E 2 oo kl—-?a Z(H/t)ZA oo 51—24
2( ¢ > A > [(zk/2t)® + V[ == S [(me/26v V) + 1] @

_ 8(m/2)A Sw 77y

(9) pe an/2t ¥y (772 + 1)2
8 _7—-[_ ZaA Soa 771—211 _1_ )
< <2t> 0 (7]2 + 1)2 77))&

In the case @ = %, (9) holds for any n and in both cases the last
integral converges since 0 < @ < 1. To complete the proof we fix in
BGB)yn=n*=8&"inthe case a <3 or n =n*=1if a = 4. Estimates
(6), (8), and (9) complete the proof.
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