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Let Cy denote the Yeh-Wiener space, i.e., the space of all
real-valued continuous functions f(z,%) on I? = [0, 1] x [0,1]
such that f(0,y) = f(x,0)=0. Yeh has defined a Gaussian
probability measure on Cy such that the mean of the process

miz, ¥) = S Ao, 9)deF=0

and the convariance
Ris,t,0,0) = | fls, 0.f(e, v)dsf = (12) min (5, 2 min (7).
-

Consider now a linear transformation of Cy» onto Cp of
the form

T: flw, y)— 9z, ¥)

1.1
=flz, y) + S ZK<90, ¥, 8, ) fls, t)dsdt ,

which is often called a Fredholm transformation. The main
purpose of this paper is to find the corresponding Radon-
Nikodym derivative thus showing how the Yeh-Wiener inte-
grals transform under the transformation.

The transformations considered here contain the Volterra trans-

formation
Tif, ) = £, 0) + || K@, v, 5,056, Odsat
as a special case.

Such transformations in Wiener space have been studied a great
deal by Cameron and Martin [1], Woodward [9], Segal [5], [6], and
Shepp [7], and the results have proved very useful in the evaluation
of various Wiener integrals.

The transformation theorems in this paper are based on stochastic
integrals called the generalized Paley-Wiener-Zygmud (P.W.Z.) inte-
grals given in [3] and [4]. For a function A(z, y) € L*(I*) and f(x, y) € C,,
the generalized P.W.Z. integral is defined to be

(1.2) | hrdes =1im | @f)dr,
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where (hf), is the =»"™ partial sum of the Fourier expansion of
h(z, ¥)f(z, y) with respect to a C.O.N. set belonging to a class of
C.O.N. systems {a,(xz, )} with each a,(z, y) of B.V. satisfying the
condition

Lim. i,laj(:c, Y) S: S: a,(s, tydsdt = i— ,

PSS

and the limit and on the right of (1.2) is an ordinary Riemann-Stieltjes
(R-S) integral. It it known that the limit in (1.2) exists for almost
all f in C, and it is essentially independent of the particular choice of
the C.O.N. set in the class. (For details see [3] and [4].)

The Fredholm determinant D(K) of K(z,vy,s,t)e L*(I*) for » =
—1is defined by

DK)=1
- 1 K(xla yly xly yl)' ° 'K(xly yly xkr yk)
+ > —S ........................ reeees dx,dy, - - «dx,dy, .
el ARECL
K(xy, Yi, @, Yo) -~ - K@, Y, Tiy Yi)

2. Statement of main results.

THEOREM 1. Suppose that each K;(x,y,s, t),7=1,2,3,4, is con-
tinuous on I* and absolutely continuous in z,y for each (s, t) € I* and
K\(0,y,s, t)=K,(x, 0, s, t)=K,(, 0, s, 1) =K,(0,¥,s,t)=0. Let K(z,y, s, t)
be defined on I* by
K(x,y,s,t) if v <s,y<t
Kz, 9,81 ifw>sy>1
Kz, vy, s, t) fe>sy<t
K, (x,y,s,t) ifx<s,y>t
(2.1) K(z, y, s, t) =927(K, + Ki)(z, ¥, =, ©) ife=s9y<t
27 (K, + K)(x, y, x, 1) ifx=s9>t
27K, + K)(, ¥, 8, ¥) foe<s,y=t
2K, + K)(z, ¥, s, ¥) fe>s,y=t
4K + K+ K, + K)x,y,2,y) fe=s,y=1¢t,

where (K, + K)(x, v, z, t) = K(z, y, %, t) + Ki(2, y, 2, t), etc., and let

#(w, 5, 1) = K(@, t7, 8,1) — K(, t7, 8, 1)

(2.2)
(Y, s, t) = K(s*,y,8t) — K(s7,9,8,t) .

To be definite at each jump discontinuity, let us agree that the
partials take left-hand limit whenever it fails to exist at a point, i.e.,
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22

0 . 0
ayaxK(/I’y Y, s, t) = H(xy Y, s, t) - (u,v)l{?’l,y”) a'uau

K(ui v’ 8’ t)

0, _ ETI
(2'3) &v'(/)(xy Sy t) = A(xy S! t) - }i{}}&up(ur S’ t) ’

-~

0 . 0
pe— f— — —_—al
ayv(y, s,t) = B(y, s, t) = }g;rg PRACIEIUE

and assume that there exists an integrable function M(s, ¢) such that

for all (s, t)e I*
SUDP 4y er2 ]H(xs Y, s, t)[
var, ..z H(x, y, s, t)
var,., H(x,1,s,t

(2.4)  H( ) < M(s, t) .
var,.; H(1, y, s, t)
var,., A(z, s, t)
var,.; B(y, s, t)

Also assume that
(2.5) | A(z, s, ?)], | B(y, s,t)| = 8, a constant, and
(2.6) D(K) - 0.

Then for any Yeh-Wiener measurable functional F(f), we have
under the Fredholm transformation (1.1)

@.7) |, Fa)dg = | DU)| | F(TF)-exp (~0(/))dsf |
where
o(f) = S[a;a%glK(fv , 5,0 £ (5, t)ds dt | dudy

(2.8)

+ 2§ |55 K@ v,5 076, ds atlaf @, v) |
12 ayox 12

and “ = ” indicates the existence of one side implies that of the other
and the equality.

THEOREM II. Let h(z,y)e L* on I*, K(x,y,s,t) and F(f) as n
Theorem I. Then under the (nonlinear) transformation

L: f(x,y) —9(x,y) = f(2,v) + fil®, ¥)

(2.9) i S K@, y, x5, 0f(s, Ods di
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where fi(x, y) = gygxh(s, t)ds dt, we have
0Jo

|, F@dig = | DE)I|  FL)-exp (~T(rf

where

v(f) :S [h(x Y) + ayaxg K, y, 5, 1) £(s, H)ds dt]z d dy

+2S[

3. Definitions. C 3 responding to each continuous function f(x, y)
on I?, the (»™) quasi-polyhedric function f,(x, y) of f(x,y) is defined
to be

g Kz, y, s, ) F(s, t)ds dt] T f @, v) -

(3.1) S @, y) = agwy + bw + ¢y + dy;

on each square @;; = [(? — 1)/n, i/n] X [(j — V)/n, j/n], 4,7 =1,2, -+, n,
where a;;, b;;, ¢;;, and d;; are so chosen that f,,(x, ¥) and f(x, y) agree
at the vertices (¢/n, j/n), (¢/n, (j — 1)/n), ((t — 1)/n, j/n) and ((z — 1)/n,
(7 — D/n).

REMARKS. (i). Since the function f,(x, ¥) is linear horizontally
and vertically in each square Q;;, we see that f,(z,y) is continuous
on I*. Furthermore the sequence {f.,(x, ¥)} converges to f(x, ) uni-
formly on I* as n— <. Evaluating a;;, b;;, ¢;;, and d;; explicitly, and
then combining terms, we have on each square @Q;;,

Fuolar ) = £(2, L)wtay (i~ a—n(i— Dy + (-1~ 1]

” + A Dy way + G — Do+ wiy — it~ 1)
( g1 >[ n'ay + njx + n(@ — Dy — j@ — 1)]
+ f< 1>[n2xy — njx — niy + 1] .

(ii) If K(w,y, s, t) is continuous on I*, then for each (s,t)eI*
we can think of K(zx, v, s, t) as a function in 2, ¥y and so we have the
(n*™) quasi-polyhedric function K, (x, v, s, t) in x, ¥, namely for (z, ¥) €
Qi3 1,7=1,2,+--,n, we have
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K{n)(xy y’ Sa t)

= K(=, L s, o)ty — (i — D — m(i— Dy + G~ DG — D]

, 8, t)[—nzxy + n(j — Dz + niy — o(J — 1)]

4
=
N

|
R
IQ

(3.9)

o
|
—_ S

, y S, t)[—n"’xy + njz + n(t — )y — j(7 — 1)]

+ K(Z — 1, J 1_% 1, s, t){n“’xy — njx — niy + 9] .

We also see that K, (v, v, s, ) 2K(, ¥, s, t) on I* as m — oo, provided
that K(z, v, s, t) is continuous on I*. Here “ =7 indicates uniform
convergence.

For each ¢ > 0 let

Q.(s) =sgns —sfe if [s|=e

(3-4) =0 if |s|>e.

Let K(z, v, s, t) and +(y, s, t) be as in Theorem I. Then the function
defined by

(3.5) L.(x,y,st) = Kz, ¥, s, t) + 27'[2.(s — @) — 2.(")]y(y, s, T)
is continuous in z, s. Now define

(3.6) J(x,s,t) = L(z,t",8,t) — L(x,t7,s,1),

and

K(x,y,8t =Lz, y,st) + 2702.t — y) — L.N)]J(z, s, T)
= K(x, ¥, s, t) + 272.(s — )Q2.(s") ]y (y, s, T)
3.7 4+ 27R.(t — y) — 2.(tN)]e(x, s, 1)
+ 472(s — @) — Q(sHL.E — ) — 2(EOK, + K,
— K, — K)(s, t,8,t) .

Then K.(z,y, s, t) is continuous on I*, and K.(0,y, s, t) = K.(x, 0, s, )
= 0. Furthermore K. (x, ¥, s, t) is uniformly bounded in ¢, 2, v, s, ¢, and
lim,_ K.z, y, s, t) = K(z, v, s, t). Now, define

Clx,s) =¢/2 if —e<s—a=ce

(3.8) .
=0 otherwise .

Then from (3.7), (3.4), (3.8), and (2.3) it follows
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H(%y,st)— K(fvy,st)

@9 = H(a:, Y, s, t) + Cu(@, 8)B(y, 5, 1) + C(y, )A(@®, s, 1)

+ CE(-”U, S)'Cs(yy t).(Kl + Kz - K3 - KA)(S’ t, 8, t) ’

with the understanding that whenever the partial derivatives are not
defined at a point, then the value at the point to be the left-hand
limit with respect to x and y (for the uniqueness sake) as in (2.3).
Thus by using the mean-value property and the dominated convergence,
we see that for almost all (z,y) in I*

Elim jlzﬂs(x, Y, s, t)f(s, t)ds dt
(3.10) = SH(iL U, s, ) (s, yds dt + g;B(y, z, £)f (¢, Ddt
+ S:A(x, s, (s, s + (K4 Ko— Ko— Kz, 9, @, 9)- £ (@, ¥) -
But the right hand side of (3.10) is exactly equal to
(62/8y8:c)gﬂK(x, v, s, Of (s, H)ds dt .

Therefore for a.a. (x, y) in I*

lim S 20y

0

= oyox

—K.(z, y, s, 1) f(s, tyds dt
{3.11)

S Kz, y, 5,1 (s, tyds dt .

4. Some Preliminary Lemmas.

LEmMMA 1. Let K., (z,y,s,t) be the n-th polyhedric function in
(xz, ¥) with the understanding that K,.,(z, v, s, t) =0 for all (x,y,s, t)&
I'. For i,5,0,¢q=1,2, «++, 0 let

@D A= (2 L s ) Ins— DA (nt—gdsdt

(g—1]n J (p—1)n n

Then for any f e Cy we obtain:

() |, K2 L, 5, 0) 56, s ar = 35 A (2, L),

n’' n

. 0 "
(1) | 5= Koo, 1,8, D F s, s dt = w0 3 B, f(2, L

prg=1 n n
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Jor (x,y)e (% ;; 1, —%) X (Jq;ll, %), where

m)  — Alm) ( ( (n)
B, = Ai?pq - Aiﬂ,m - Aifb}ﬂ,pq + Aiil,i—mq ’

i3 pq
0t 2
i) | || oK@ 005, D, s dt [drdy
_ . 7 n én) . —p~ 1)]2
" mzi«x [p,‘j‘jilB””" <n’ n ’
N2

() || 505 Ko 0, 5, 0F s, s dt |4 f o, )

k3 n " q
= 3| 8 B (BT | df

i,5=1 Lp,g=1 n

where

diifm = f(is i) - f<%_:—1" —j—) - f<i’ 1= 1)

n n n n n n

+f(i—1,j—1>.

n n

The proof of this lemma is similar to that of corresponding results
in [1]. Next, we consider a transformation of Cy to Ci:

T: 9@, ) = Fuol@ ) + | Koo, 0,5, 0F (s, Ods dt

Then by (i) of Lemma 1 and the fact that f,,(¢/n, j/n) = f(i/n, j/n)
at each 7 and 7, we have

AR NPV ACI B SR <2_‘I_.-~_
@2 Tio( L) = f(5 L)+ 2 ams(E, D) =12

The determinant 4(K ) of this transformation is given by
(4.3) AK.) =det (A7p + 01p)1p = 1,2, <o, @

where A%, = A{}), with I = (i—1)n+j, P=(@®-Dnt+q,1<4,j,p,q¢=
N

LEMMA 2. Let F(f) be a Yeh-Wiener measurable functional which
depends only on the n* wvalues of f(x,y) at (x,y) = (i/n,j/n); ¢,J =
1,2, ---, n. Let the n™ quast-polyhedric function in x, y, K., (@, ¥, s, 1),
satisfy that K, (x, 4,8,t) =0 if =0 ory =0, and that 4(K,,) + 0.
Then
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|, F@dig = 13K )| Flf+ | Koy w05, 0Fls, tids i)

exp{—g [S a@;;»c (@, 1, 8, ) Fn(s, D)ds dt] do dy

9 gﬂﬂﬂ 53 Ko @ 0,80, )ds dt]d Ful, y)}d), 7.

In view of Lemma 1 and a Yeh-Wiener integral formula (see Theo-
rem 1, [11]) the proof is word for word identical to that of the cor-
responding lemma in [1].

LemmaA 3. If K(x, y, s, t) is continuous on I, and 1f the Fredholm
determinant D(K) == 0, then

lim 4(K.)) = D(K) .

Proof. Using (4.3), we may expand 4(K,) as:
A(KM)) = det (A?P + 511’)1,1’:1 2,000,702

72 1 n2 .
=1+ Z Afp + 57 det (A;;iP)i,jfl,z
2! Py, Py=1 7

1 g
(4.4) T G e O AR e

1 n
=14+ Z quzq + ap " pZ‘aq det (Amqwﬂ])w j=1e
1 2=
1 n
PN s det (AL, o )i jrs wee e -

2
(77/ )' P1>01> P22 Py 2,442 1

Let M be the bound for K on I*. Then by (4.1) we have |n*A{},| <
M uniformly in #n, 4, 7, p, . Thus by Hadamard’s inequality it follows:

(4.5) |det (Apm],]q])z ey | < (Mm)¥NE

Upon using (4.5) in (4.4), we conclude that |4(K,,)| is uniformly
bounded by the convergent series 1 + >3, M*N"2/N!, and for each N’

lim N det (A% i0)i soreeer

NP1t P NN =L
K(Sn tl) Sly tl)' * ‘K(SU tU S‘\'y tA)
= S I R R R TRTTEY ds,dt, -« dsydt, .
2N
K(Sx\" t}\'y Sly tl) K(SZ\'y t‘\'y S[\'y tA’)

Hence the conclusion follows.
Similarly it follows:
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LEMMA 4. Let K, v, s, t) be a bounded integrable function with
D(K) # 0 and let {K,(z, v, s, t)} be a set of Borel measurable functions
which are uniformly bounded in N, x, ¥, s, t, and let lim,_+ K;(x, ¥, s, t) =
K(zx, y, s,t). Then lim, .+ D(K,) = D(K).

LeEMMA 5. For each (s,t)eI* let H(x, vy, s, t) satisfy that

sup |H(x,y,s,t)|, var H(w,y,s,1),var H(x, 1,s,t), var H(1, y, s, 1)
(z,y) eI~ czel yel

(x,y) el

are all dominated by an integrable function M(s, t). Then

“.6) S,z[g,ﬂ(% Y, 8, ) (s, O)ds dt]d £, y)

= s, 0] | He, v, 5045 @, v d .

Proof. Let “||-|]” denote the supremum of the absolute value.
Then from the fact that

var ;,,er S H(ﬂ’;, Y, s, t)f(S, t)dS dt
72
.7 var“,g H(z, 1,s,t,)f@, Hdsdt - < ;|fu{ M(s, tyds dt < o
12 J12
var,., | H(L, v, 5, 0, 0ds dt
2

the left member of (4.6) exists as an ordinary R—S integral. Hence
for the net: o, =1i/n,y; =j/n;%,5=1,2,+-,n, and z,_, < 2} < 2,,

-1 =
Y =¥y, =¥y; we have with 4,/ (x,y) = f(@,y;) — f(@i,y,) —
f(/l/zy yj——l) + f(xi—-ly yj—l)y

gﬂ[gﬂH(x, U, 5, 0 F (s, Dds dt]d f (@, )

4.8) = 1im 3 | B, 3,505, 0ds dt 4,76, 9

n—oo 7,31

2,0 =1

= lim g £(s, 1) [z H(wt, b, s, )dsf (x, y)]ds dt .
But
S HE U5 0450 @, 0) |
(4.9) = ]If}l[(x\’fyfc)xfﬂH(m, Y, s, t) + \;?}“H(:c, 1,st) + \;?}“H(l, Y, s, t)

+[H(, 1,5, 0]
=4S M, 0,

and since M(s, t) is finite a.e. we see that for a.a.(s, t) e I®
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lim 35 H?, o, 5, 0400 0, 9) = | H@, v, 5,047, 9) -

n—oo 1,j=1

Thus (4.6) follows from this, (4.8) and (4.9) by dominated convergence.
LEmMmA 6. Let H(z,y, s, t) be as in Lemma 5, and let

n in
(4.10) Hx, vy, 5, 1) = n“‘g‘” / S" Hu, v, s, H)du dv
(g—1)/n

(p~1)/n

-1 -1
f07 (PC y)e< ’p:lx(q———)%]yp’q:lyzy"'yn

n n n

Then for every f(x,y)e Cy

lim S [SﬂH(m, U, 8, ) f o (5, )ds dt]zdx dy

n—roa

(4.11) _ S,Z[SIZH(“’ Y, s, O f(s, t)ds dt]zdx dy ,

(4.12) [ SIZUIZH"(%', Yy 88 f o (5, ) dt]2 dw dy | < (Ilf HSﬂM(s, t)ds dt>2 :

lim | [] H°@, v, 5 0, s dt |47, 9

n—roo

(4.13)
_ Slz[gle(x, u, 5, 8)f (s, t)ds dt]d £, ) .

Proof. (4.11) and (4.12) are immediate. By (4.7) the function
S H(z, v, s, )f(s, )ds dt is of B.V. Now
2

Sﬂ[gﬂﬂ "(x, ¥, s, £)f (s, t)ds dt]d 1, 9)
= ﬁ: S 2[nzS"/n SW H(u, v, s, t)du, dv]f(s, tydsdt-4d, .f ,

prg=1 JI (p—1)/nJ (g—1)/n

where 4, ,f = f<n n) f(zlii’i)_f(p’q >+f< 1q;1>'

n n n

Since

g [nz SW SW H(u, v, s, t)du dv]f(s, t)ds dt

2 (¢—1)[nJ (p—1)/n

is the average value of S H(x, y, s, t)f(s,t)dsdt in the square
12

((g — D/n, g/n] x ((g — 1)/n, p/n], the existence of the R—S integral
implies
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lim S, [Sﬂﬂw, U, s, Of (s, H)ds dt]d £, v)

n—oco

(4.14)
=\ |} H@ v, 076, 0ds atjar @, -
12 1%

Now,

var H™(x,y,s, t) < var H(z,y,s,t) < M(s, t)

(,y) € I2 (z,y) e I2

var H*(x, 1, s, t)<varH(x 1,s,8) < M(s, t)
(4.15) oet

var H*(1, y, s, t) < var H(1,y,s,t) < Ms,t)
yel
{H"(1,1,s,t)| = sup |H(z,v9,st)|= Ms,1) .

(z,y) el

Seeing the fact that H"(x, y, s, t) is constant in x, ¥y in each square

(p;l —Q—] (‘_1__—_1 %] and that f.,(z,y) and f(v,y) agree on the

n 'n n

vertices of this square, we can write
LIV E @ 0,5, 07065, s dt a5, )

_ ¥ P 9 '
= > S,zH (£, L, s t) 105, 05 dt- 4,

= Ful 0] 3 B2 L s t)a,, s Jdsdr

P,

Therefore
{ X,[SIH @, Y, 8, 1) f(s, t)ds dt]d £ (=, y)
_ Sﬂ[gﬁH "(@, Y, 8, 1) fum (s, t)ds dt]d Fou(@, ¥) (

= || et = rut, 1] S HA(E, L 5 t) a0 Jas e

< 41 F = L 17 11] M, ds dt
thus obtaining

lim ||| B, 9,5, 0705, s dt |4 (2, )
4.16
@19 = lim X[S Hr(x, y, 5, 1) (s, )ds dt]df(x v) .

N—r00

Hence (4.13) follows from (4.14) and (4.16).

COROLLARY. Let K(x,y, s, t) be as in Theorem I, K.(x,y, s, t) the
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corresponding function defined by (3.7), and K, .,(,¥,s,t) the n™
quasi-polyhedric function of K, in x, y. Then

2 2
tim | [ ] 5052 Keco@, 9, 5, 0F s, s dt [ do dy

n—roco

(4.17)
ZS [S,zaya K.z, v, s, )f(s, O)ds dt]dmdy,

. o
lim | [ [ 5735 Ke @, 9, 5, 0 s, s dt 7,0, )
(4.18) i

— S UI ayaxK(x v, 8, O f(s, O)ds dt]df(m ) .

Proof. In view of (3.9), (3.8), and (2.4) we obtain

B

sup |H.(z, v,

(x,y) €

Js, b s, t)l,

var H((z,y,s,t) < M(s, t) + M(s t) + 2](KL+K2—K3

(z,y) e I2

(4.19) - K4)(8, t’ s, t)l ’

var H.(v, 1, 5,1) < Mis, 1) + (26 + Ms, 0] + 551 (K, + K,
- Ks - K4)(S) ty S, t)l 3
var H(l, g, s, 8) < M(s, ) + =28 + M(s, §)] + = | (K, + K,
yel 2e 2¢e
- Ka - K4)(Sr t) 8) t)[ .

Let M.(s, t) be the sum of the four right members of (4.19). From
(3.3) it is obvious that

2

3 g/n pln
a_oia_yK‘ w(@, ¥y, 8, t) = nS S K(u v, s, t)du dv

(4'20) (g—1/nJ (p—1)]n a'Uau/

for (p —Dn<ax=pn,@—/n<y=gqgmnpg=1,---, n. Hence
from (4.10), (4.20), and the fact that (0*/0vou)K.(u, v, s, t)=H. (4, v, s, t),
we see that

aZ

(4'21) mﬂs.(n)(xy y) S! t) = Hs'n(x, y! S! t) *

Thus the conclusions follow directly from Lemma 6°
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5. Some discussions on resolvent kernels. Let us denote the
resolvent kernel of K(x,w, s, ) in the Fredholm transformation (1.1)
by K*(x, y, s, t), i.e., if

G.1) 0@, ) = F@,0) + | K@, v, Ddsdt,
then
(5.2) flx,y) = g(x, y) + SIZK*(.%', Y, s, t)g(s, t)ds dt .

Let K(x, vy, s, t) be a bounded L*kernel on I* with D(K) # 0, and set
(5.3) (@, y,8,t) = K, ¥, s, ) D(K) .

Then, using the familiar results for resolvent kernels for Fredholm
integral equations with » = —1 (see [8], pp. 66-75), we can establish

(5.4) K(x,v,s, t)+K*@,y,s,t)= —S Kz, 9, w, v)-K*(, v, 5, t)dudv
I

(5.5) D@, y,5,1) = 3, Culs, u, 5, /!

=0
where Cy(z, vy, s, t) = —K(x, ¥, s, t), and other C,s are found succes-
sively by

Cﬂ(xy y’ S’ t) = J’n(K).K(x’ y? S! t)
— nS Kz, y, w, v)C,_,(u, v, s, t)dudv ,
I2

K(x, y, %, y) « - K(®, Yy Tuy Y)

J(K) = _S .(7?).8 ...............................
72 72
K(@oy Yuy T2y Y1) * =+ * K(@ny Yy Ty Yn)
dedy, - -+ dx,dy,, .

(5.6)

By Hadamard’s inequality it follows from (5.6) that

G, g, 8, 0| = (0 + D*IEIK[™ .
Therefore the series in (5.5) is absolutely and uniformly convergent.
If K(z,y, s, t) satisfies the assumptions in Theorem I, then

S 2K(ac, Y, w, v)C,(«w, v, s, )dudv
I

is continuous on I* for n = 0,1, 2, ---, and hence from (5.6) we sze
that the jumps for C,(u, v, s, t) coincides with those for K(x, v, s, t),
and thus it takes average value at each jump, and so does
Siwo Colz, y, s, t)/n! by uniform convergence. By absolute convergence
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we may rearrange the terms in the series (5.5), and then use the
uniform convergence to obtain

2,050 = 5[ 7. K@, 0,5,
(5.7) —nSK@yﬂgwﬂwﬁh%&ﬂmmq
Ie
=C-K,y,s,1t) —g Kz, ¥, u, v)- 2 (u, v, st)dudv ,
12

where C = 3\ J.(K)/n!. Corresponding to each Ke(x, v, s, t), define
K(f)(xy Y, s, t) by

K():)(x! yy Sy t) = D(K),@Es)(x, yy Sv t)
5.8 = DE)[ C-K@, v, 5,9
—S K.(z, y, u, v)- 2 (u, v, s, t)dudv] .
12

Then K (z, v, s, t) is continuous on I*, and since < (u,w,s,t) is
bounded, we have that K (x, v, 8, t) is uniformly bounded in ¢, x, v, s, ¢,
and from (3.9), (4.19), and (5.8) it follows that

He e, v, 5,1) = 50 Ko, 4,5,
(5.9) :mm@ﬂm%w)
— gzzHE(x’ Y, 4, V) Z(u, v, s, t)dudv] ,
and sup. , .2 HE (2, v, s, )|, vare .. HE (2, ¥, s, t), var,., H (2, 1, s, t),

and var,., H%(1,v,s,t) are all dominated by |D(K)|(|C| + ||<=|).
M.(s, t). Furthermore, by Lemma 4

(5.10) 51_1.?3 D(K}) = D(K*) = D(K) .
6. Additional lemmas. Utilizing (3.7), (3.9), (38.11), (5.8), and
(5.9), we have the following
LEMMA 7. If K(z,v, s, t) satisfies the hypotheses of Theorem I, then
le[Ks(x, Y, 8, t) — K(z, y, s, t)]f (s, t)dsdt ]
= 4e(1 + A II-IKI

(6.1) 0 ]2
> d
SMMWﬁW%WWWW“my
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= 171 | MGs, st + 25 + 4111

1im§ U 61;0 K., v, s, 0)F(s, t)dsdt] dady

<07

(6.2) 5
:S [m/amg K(z, v, 5, 1) £ (s, t)dsdt] dody
(6.3) K50~ Ko, 0)]7
< 41+ o)l £ IKN| | DE)|-(IC] + 1]
DK (v, v, 5, 0 (s, dsdt | dudy
(6.4) Wam |
< (171 DE(C]+ || | MGs, tidsat + 28 + 41 K1
Eﬁ’}g [S P T ki, OFG, t)dsdt] dady
(6.5) '

62
_ S,Z[ayaxK“ @, v, 5, 1)1 (s, t)dsdt] dady .
The following two lemmas are the key results:
LemMA 8. Let K(x,y, s, t) be as in Theorem I. Then
0
*
| 5eaa) @ v, 8,076, Odsdt 077w, )
defined as in (1.2) converges for a.a. f in Cy, and any two C.O.N.

sets in the class lead to the same value for a.a. f in Cy. Further-
more, we have

110m S [S 28y8x

_ Slz[ajaxg K@, v, 0.f(5, Odsdt | £z, 9) on C

s, 0)f (s, t)dsdt]df(x Y)
(6.6)

where the mean convergence is in L*-semse.

Proof. First we observe that

[ 550 K w070, nasit 41w, 0
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B S Sﬂ&yﬁ

|
(6.7) g [S By, v, 1) (@, t)dt]d*f(”v v)
)

5, 0. (s, Odsdt |4/ @, v)

+ | [V A@, 5,056 wis|er@, v
| (K K= K= K@,y 0, 0)F @, 00w, )

and the existence and the consistency of each of last three expres-
sions follow in the similar manner as in the generalized P.W.Z. integral

~

3 hfd*f. On account of (3.9) and Lemma 5 we may write
2

§ [Sﬂ@j@a,K(a/ Y, s, t) f(s, t)dsdt]df(q, Y)

B § [S r0Yox

6 L s t)[glzCe(ac, 9B, s, O (v, 1) |dsdt

s, 1)1 (s, t)dsdt]df(x ”)

+ gﬂf(S, t)HIzCE(y’ ) A(z, s, H)df(z, y)]dsdt
+SIZ(K1+K2—K3"K4)(S’ t, s, t)[gﬂcs(x, $)C.(y, t)df(x, y)]dsdt .

Obviously,

S [Sﬂa;axlf(x Y, 8, )1 (s, t)dsdt]df(x %)

:S U 120ydx

Thus to establish (6.6) we need only show that

s, 1)1 (s, t)dsdt] 4 f(z,y) for a.a.feC, .

Li.m. Sﬂ 76, t)[SﬂCe(x, 9B, s, t)df (z, y)]dsdt

s
=07

(6.9)
_ Sﬂ[S;B(y, z, ) f (x, t)dt]d* f(x,y) on Cy,

and so on. To see this we observe that the Yeh-Wiener integral
| Al 76 0] e, 9B, 5, 047, v |sat) dvr
cy U2 12

= %{S [HC(x s)B(y, ¢, t')ds’dt’]zds dt dw dy
I tJs
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+ [SI<SSC(9G 9By, s, t)dady) dsdtT
+ Sl(“cw By, &', t’)dxdy)
X <S“S:’CE(90, s)B(y, s, t)dwdy)dsdtds’dt’} )

S {S [S B(y, =, t)f (=, t)dt] d* f (x, y)}zdl,f
= ‘i‘ {S H;(S:B(y, @’ t')dt'>2dx’]dxdtdy

+ %[SIZ(SLB(@/, o, it )dady [ |
and
S{Sf (s, ”U,ﬁs(%, $)B(y, s, )df (@, y)]dsdt}
AL B 07 vat fae pe, )

= %{Sl [S B(y, =, ') min (s, 2)C.(z, ) B(y, s, t)dxdy] min (¢, ¢')dsdtdt’
g (S 5 BW, o, t)[ § Cw, 9B, 5, t)dwdy]dx’dy’)dsdtdt'

+—;—S 14<S0 Bly', o, t’)[SOSOCe(S’ x)B(y, s, t)dxdy]dy’>dx'dsdtdt’} .

The techniques leading to the evaluation of above integrals can be
found in [3] and [4]. Using these and then taking the limit as ¢—0",

we get
lim SCY{Sﬂ 76, t)[SﬂCs(x, $)B(y, s, H)df (2, y)]dsdt

— | [\ Bw, o, 5@, vt | r@, )} dor = 0,
which is exactly the same as (6.9).

Let K(x, v, s, t) satisfy the hypotheses of Theorem I.

LEMMA 8'.
Then for its resolvent kernel K* we have
0* i
* *k
(6.10) Sﬂ[ﬁyaxs K, v, s, O f(z, t)dsdt] f, )

converges for almost all f in Cy and is essentially independent of the
particular choice of the C.O.N. set, and
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l.i.m.g U O Ky, s 0 t)dsdt]df(m, )
J 2

12911533

az *( ~ * "
= [ Lsr! Ko v s 056, tasat g s, ) on G

Proof. The claim on (6.10) can be treated as that in (6.7). As

2

o

for (6.11) we may use (5.9) with H.(z, v, s, t) = 50w

KA(x,y,s, t) to see
that

SZ'—)[:Sﬂa/;axK(f)(xy yy Sy t)j(s, t)dsdt]d‘f(a), y)

_ D(K){Cglg[gﬂ a;a%K(m y. 5, ) (s, t)dsdt]d F(, v)

)

2

- D(KM‘;M K (0,1, 0) 7, 0,5, O)dudo ) £ (5, s [d7 o)}

and the first term in the braces converges in the mean to
c| [@iavon] K, u, s 076, vasit | s, )
12 J2

on C; by the preceding lemma. Therefore, in view of (5.3) and (5.7), it
remains to show that

. f 0 . .
lllionj'Sﬂ[S;Z(Szzay&szm’ Y, w, v).7 (U, v, s, t)dudv)f(s, t)dsdt]dj (v, ¥)

0* > r L
= Sﬂ[ayaxSﬂQﬁK@’ Y, w, V)0 (U, v, 8, t)dudv)f (s, t)dsdt]d fx, )

on C, whose proof is essentially on the same lines as that of Lemma 8.

LeMMA 9. Let F(f) be a nonnegative Yeh- Wiener measurable func-
tional on C,, and let K(x, y, s, t) satisfy the hypotheses of Theorem I.
Then under the Fredholm transformation T in (1.1), we have

(612 | Fydg = DEK)I| FTS)-exp (=0}, f |
where O(f) is given by (2.8).

Proof. First we assume that F(f) is a bounded nonnegative func-
tional continuous on C, with respect to the uniform topology, and is
dependent only on the =»* values of f at (z,¥) = (i/n,j/n); 1,5 =1,
2, »»+, m. Since lim,  + D(K.) = D(K) == 0 and lim, ... D(K, ,,,) = D(K.)
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by Lemma 4, there exist ¢’ and N(¢) such that 0 < ¢ < ¢’ and n = N(¢)
imply D(K.) # 0 and D(K.,,) # 0. For such ¢ and » we may apply
Lemma 2 to obtain

|, F0)drg = 14K )| F| Fiot | Kunlcs -, 0F s, s ]

JCy

3 .
(6.13) * exp {~— Sﬂ[‘ﬂ% K. (@ Y8, 0) f (s, t)dsdt] dudy

= 2] [, Ko 05050 Ot i 0

As n— oo fi,(z, y) = f(x,y) and K, . (z,¥,s,t) = K.(, ¥y, s, t). Hence
6u(, 9) = (@, 1) + | Koiw(®, 0y 5,0 finls, Ddsdt = 0(w,9) = F@, 0) +
S K.(x, v, s, t)f(s, t)dsdt. Therefore F(g,) — F(g) boundedly. Thus
lim, S F(g9,)dyg = S F(g9)dyg.. Now, by Fatou’s lemma it follows from
(6.13) wlth the help “of Lemma 3, (4.11), and (4.13) that

ScyF(g)dYg > | D(K.) 'Lyﬁ'[ f+ S K-, -, 5 )f(, t)dsdt]

(6.14) -eXp{ ( U,zoyaxK(‘” ¥, 8, 1) f (s, t)dsdt] dady
-2§ [S zayaxK(x v, 5, 5, t)dsdt]df(x y)}dyf

By (6.1) SK(x Y, s, 1) F(s, t)dsdt = SﬂK(x, Y, s, 1) f (s, t)dsdt as €— 0%,
and hence
Flf+ | Ko s 086, 0dsat| = F] 7 + | KC, -, 5,006, tasit

boundedly. Since “mean convergence” implies the existence of an
almost everywhere convergent subsequence, it follows from (6.6) that
there exists a monotone sequence ¢, | 0 such that

lim g [8125‘;55 K. (@, v, s, 01, t)dsdt]d £ (@, v)

n—oo JI

(6.15)

g,o[ag;axs K@, 9, 5, D (s, t)dsdt]d* f(@, ) for a.a.feC,.

Now we replace ¢, for ¢ in (6.14), and then use Fatou’s Lemma together
with (6.2) and (6.15) to arrive at (6.12). This completes the proof for
the case when F(f) in nonnegative, bounded, and continuous in uniform
topology. To obtain the result for arbitrary nonnegative measurable
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functionals, we go through, as usual, the following steps: after proving
it for the preceding case, we go to characteristic functionals of inter-
vals, then 0-sets, then 0;-sets, and then mull-sets. (In the last case
we get equality rather than inequality, both sides being zero.) Then
to characteristic functionals of measurable sets, nonnegative simple
funectionals, nonnegative bounded Yeh-Wiener measurable functionals,
and then finally nonnegative Yeh-Wiener measurable functionals. For
the details of these steps see [2: pp. 391-392].

On account of (5.9), (5.10), (6.3), (6.5), and (6.11) we can establish
the following on the same lines as above:

LemMMA 9. Let F(g) be a nohnegative Yeh-Wiener measurable
Sfunctional on Cy, and let K(z, v, s, t) be as in Theorem I and K*(x,y,s,t)
its resolvent kernel. Then under the transformation

T (o, 9) — £, 9) = 9@, 9) + | K*@,u, 5, Do(s, dsde

we have

|, F(A)dsf 2 | DHE| | F(T0)-expl—0*(0))dra
where

0*(g) = [[ajayLK(x , 5, 09(s, t)dsdt [ dudy
(6.16)

az K *
+ 2] [5a K@ v, 0066, st [a9(e, )

7. Proof of theorems. WeZ prove -Theorem I for nonnegative
Yeh-Wiener measurable functionals first. In this case by Lemma 9
we have under the transformation T in (1.1),

(7.1 |, F@doz DE)| FITFexp(~0()drf .

and upon applying Lemma 9’ on tne right-hand side of (7.1), we obtain
under the transformation

T g(a, 9) — F@,9) = 9@, 9) + | K@, 9, 5, 0g(s, Odsat

[, FITA exp (—0())dys
(7.2) i
> | D(K) IL,,F<TO T'g) exp {—®(T"'g)}-exp {— @*(9)}drg -
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Hence if we show that
(7.3) O(Tg) + @*(g) = 0 for a.a. g in C,,
then it will follow from (7.1) and (7.2) that

|, F@)dsg = | DU FITF] exp{~0(/))dyf
= Fayda,

and hence the theorem will follow for the case. Observe now that if
T(f) = g and so T '(g) = f, then

| K@, y, 5, 0f (s, dsdt = 96, 9) — £, 9) »
(7.4)
[ K@, .5, 0906, Odsdt = £@,9) ~ 9(s,0)

and from (3.10) and (3.11), we see that the left-hand side of the first
equation in (7.4) is absolutely continuous, and

2

0yox

[ K v, 5, 05, tydsat

is continuous. Therefore (6*/0yox)[g(x, v) — F(, ¥)] is also continuous.
Therefore by the corollary to Theorem 4 in [3], we see that

[, 5clo@ v = £, D1d*la@, ») - £ V)

(7.5)

= Slz{aj;x[g(x, y) — f(a, y)]}zdxdy .

Hence from (2.8), (7.4), and (7.5) it follows that
O(Tg) = O(f)

- S { aZ;xlg@c, Y) — fl, y)]}zd:cdy

+ 251235;:)0['(7@’ y) — f@, Pld*f(, v)

(7.6) _ S {55;__%[9(% y) — f(z, y)]}zdxdy

72

’0\2

+ zg lo(x, y) — f(z, ¥)d*f (@, )

20Yox

- zglz{agf;x[m 9 — £, 91} dady
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and from (6.16) and (7.4)

?*(g) =§ {ayam[f(” y) — 9(x, y)]}zdxdy
(7.7)

t 5 ayax[f (@, y) — 9(x, Yld*g(, v) .

Therefore (7.3) follows from (7.6) and (7.7). Hence the theorem holds
for any nonnegative Yeh-Wiener measurable functionals. For arbitrary
real Yeh-Wiener measurable functionals the theorem will also hold by
considering the positive part and the negative part separately. For
complex functionals we get the same result once we consider real part
and imaginary part separately. This completes the proof of Theorem I.

To prove Theorem II we consider the following two transforma-
tions

I: f(x,y) — 9(x, y) = F@,9) + ful®,9),
L: f(z, y) — iz, y) = f(x, ) + 812K(w, Y, 8, t)f (s, t)dsdt .
The theorem now follows by the use of Cameron-Martin translation
theorem (see [11] or more precisely Theorem 1.4 in [4] on L, and then
our Theorem I for L,.
REMARK. As mentioned in the introduction our theorems in one-
dimensional version have slightly different forms from the ones given

in [1], the difference being in the expressions of @(f) and ¥ (f). The
@(f) in [1] is given by

o() = |[ 5. K@, 9 @)as @
(7.8) s 1
+ 2[5 K@ 9r@dsJir@ + [ Jwalren
and ours is in the form
(7.9)  O(f) = S[d S K(z, ) f(s)ds] do + 28[ wSK(x 5) f(s)ds]d* @) .
However by the assumptions given on K(z, s) in [1], we have that

21K, )76 = £ Klw, 9/ 0)is + | Ko, 57 ()35

= (Kle, 2) — Ko, D17@) + | 3K, 9)7@)ds
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= J@f @) + | 2 K, 7 (s)ds -
But assuming absolute continuity of J(x) with J'(z)e L?, it follows
from Theorem 5 in [3] that

| @@ @af @ - —;—S:ﬂmd[ﬂxn for a.a. feC, .
Also as mentioned earlier

(Lo ) N 1 11 X o

[ 5K 7 @ds o) = ||| 2 K, 97 @0s |ar@
for almost all f in C,,. Thus (7.8) and (7.9) represent essentially the
same thing.
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