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Let A be a locally convex separated unitary algebra over
the complex field. If T and S are fixed elements of % and S
is invertible, it is possible to define on % the linear operator

M(Y)=MT,SXY)=TYS!

for all Ye%. The purpose of this paper is to construct a
functional calculus with analytic functions for the operator
M(T, S), by means of T and S, in order to obtain “multipli-
cative variants” of some results of M. Rosenblum. In the last
section these results are applied to normal operators and
matrices.

In what follows U will be a locally convex algebra i.e., an algebra
which is a locally convex space and where the multiplication is sepa-
rately continuous. The topology on % is defined by a family of semi-
norms {P.}..; and the space is assumed to be quasi-complete, i.e., every
Cauchy net is convergent. It is also supposed that the mappings Y —
YZ (resp. Z-— YZ) are uniformly continuous when Z (resp. Y) belongs

to a bounded set.
Denoting B(?) the algebra of all continuous linear operators on

9, the topology on B(Y) is defined by the family of seminorms
{pa,B}aeJ,]gegy Where

Da,5(L) = sup p(L(Y)) ,

for each L € B(l), B being the family of all bounded sets of 2.

When T, Se? and S is invertible, it is shown that the spectrum
o(M) of the operator

M(Y) = TYS™

is contained in the set o(T). o¢(S™) (Proposition 2.4) hence, taking a
complex-valued function f, analytic in a neighbourhood of the set
o(T)-6(S™"), we can construct the operator f(M) in each point of ¥,
as well by means of the functional ecalculus of 7, S and they are
equal (Theorem 2.9). Since the logarithm of an element of 2 does
not always exist, this case is more general than Rosenblum’s results
(see [3] and Proposition 3.1).

All the statements of this paper can be applied to linear operators
on Banach spaces or on locally convex ones, with supplementary
properties.
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1. Preliminaries. It is useful to recall some of the concepts and
results contained in [1] and [4].

On a locally convex algebra it is possible to define the spectrum
a(T) and the resolvent o(T) of an element Te U (these sets are con-
sidered in the complex compactified plane C.. = CU{}) [4].

We recall that C.3xe o(T) if there is a neighbourhood V, of A
such that:

1° (uI — 1) 'e U for any pe V;NC (here I is the identity of 20).
2° the set {(uI — T)'; e V,NC} is bounded in L.

In the following we shall write for xI simply .

For each T e let us denote by F(T) the set of all analytic fune-
tions in a neighbourhood of o(T) = [e(T). Then, if I" is a contour
(throughout we mean by “contour” a finite system of curves, admis-
sible for the integral calculus) “surrounding” ¢(T), contained in the
domain of definition of f e F(T), we put, by definition

_L_S FOYO — T)'dn  if o(T) % oo
2myJr
f(T) = 1

F() + 5] FOO = T it o(T)2

where the integral exists since the space is quasi-complete [1], [4].
For such functions we have the “spectral mapping theorem”, namely

o(F(T)) = f(a(TH[4] .

Let us remark that if Le B®), f e $(L) and I" is a contour in the
domain of f “surrounding” o(L), then we may define the expression
FI)(Y), by using the natural extension of the formula given above
for the elements of 2. Since U is quasi-complete, the integrals do
also exist.

2. A functional calculus of the operator M. For two sets
A, B in the complex compactified plane with the property that if one
contains the point « then the other does not contain zero, we denote
by A-B the set {M;Ne A4, pe B}. Also, if 450, we denote by A~
the set {1/x; v e A). In the following we need the next geometrical
result:

LemMMA 2.1. Let K and F be two closed sets in Co, 0& K% co. If
N & K-F and V, is a closed neighbourhood of X\, disjoint from K-F,
then there is an open set G, K such that V,NG,-F = @. Moreover,
of Iy is a contour in G, which surrounds K and separates it from
zero, then I'; = NIt is a contour such that the set F is “outside” it,
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Jor each e Vi, 0 %= N =% oo,
Proof. If we put

G, = {pe 6 dist (1, K) < %} ,

on account of the compactness of F, K and V, in C., there is an index
n, such that V,nG,-F = . We take G,= G,. We can actually
suppose that G,20. Now, let I, be a contour in G, surrounding K
and separating it from zero. Then for e V, 0% A% « we have
= ry*cV,G*and V,-G:*NF = Q.

LEMMA 2.2. Let I' be a system of curves in the complex plane,
admissible for the integral calculus, V,C C. a closed set and F:V, X
I'— A G I'—> A two continuous functions. Then for any re V,NC
we can define on A the linear continuwous operator

E(Y) = | FO, 9 YG@:,
Jor each Y e,

Proof. By our assumption on the algebra 2, it is easy to see
that the product of two continuous functions is also a continuous
function (since if U is a neighbourhood of zero in ¥ and B is a bounded
set then there are two neighbourhoods of zero U, and U, such that
UBcU and BU,c U). Since the mapping &— F(», § YG(§) is con-
tinuous on I” for each Ae V,NC and the algebra is quasi-complete,
then the integral

|70, & Ya@Ea:

exists as an element of 2.

Obviously, it defines a linear operator on % denoted by R,(Y). To
see that R is a continuous operator on ¥, let us denote by B, the set
{F(\, &);ne V,, £eI'} and by B, the set {G(¢); £ e I'} which are bounded
in A, If U={Tec¥U;p(T) < ¢} then, by our hypothesis, there is a
neighbourhood U, of zero in U such that B,U,B,C 2r/|I"'|)U, where
|I"| is the length of I". Thus we have

PABAY)) = = |FO, 9YG(E)1]de| <
2 Jr
whenever Y e U, hence R, is continuous.
ProrosiTION 2.3. Let T, Sc U be such that S'eW. If N¢o(T).

o(S™ and V, s a closed mneighbourhood of N\, such that V,No(T).
o(S™) = @&, then there is an open set G,2 o(S™), G, 0 such that V,.
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L o(T).
0
Moreover, if I', is a contour in G, which surrounds o(S™') and
separates it from zero, then we have

(= MT, )X (Y) = 21| o emm e - s
2me Jry
for each YeA and ne V,NC.

Proof. By the spectral mapping theorem, o(S™") = o(S)~* does not
contain zero and it is a compact set in C, therefore we may apply
Lemma 2.1, by putting F = o(T) and K = 0(S™"). Let G, and I', be
as in this lemma. Then V,-I';* c V,-G;* does not intersect the set F' =
o(T), therefore \&'ep(T) for all xe V,NC and eI, and o(T) is
“outside” I'; = M7t (0 = A # ). By Lemma 2.2, the integral

1

exists, therefore we have for any ve V, (0 = N # o)

277:1,

0= ar, (| (3 - 1) ve - s )

:
- X <_ - 7)Y - S-l)—iiéf
_ EH -2y X'E _ ) Y -5 -+ 9% de
= 50 Y% Tl - T>"1-d—§
%S (& — Sy s =
since
=] Z=o,
1

——Sro YE - S de=Y

271

by the well-known functional calculus for an element of 2 with the
spectrum compact in C and

%S%(—? - T>—ldg§ = —2—71;1-5”,0_1 (m—T)dp=0,

since o(7T) is “outside” NI,
Analogously
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_I—Sr(,(l - T)_l(O» — M(T, )(Y) (¢ — s—l)—lﬂl_g5 -7,

21 &

therefore
_ ~yy= L { (X 1Yy - g%
O = M(T, 8)7(F) = o= (3= T) ¥ -5

If x =0 then 0¢a(T), hence T"'e A and

____ -1 — e— 1 — i_ - . —1 -—lg
(~M(T, )7(¥) = =T-¥S = o1| —T¥( - 572

and this finishes the proof.

PROPOSITION 2.4. With the same conditions as in the previous
proposition, we have

o(M(T, S)) co(T)-0(S7) .

Proof. We can suppose ¢(T)-0(S™") # C.. By the preceding pro-
position, if A, ¢ ¢(T)-0(S™) and V, is a closed neighbourhood of X, V;N
o(T). o(S™ = @, then for any A e V,N C the operator (\ — M(T, S))™*
exists and, by Lemma 2.2, it is a continuous operator. We have only
to prove that the set

{v — M(T, 8))™; ne V,NC}

is a bounded one in B().

For, let {p.}.c, the family of semi-norms on ¥ and {P, slecs zes
the family of semi-norms on B(Y) (see the introduction). Define B, =
{M=¢EDT)"'y e V,NC, e} and B, = {(¢ — S &e '} which are
bounded in A. Indeed, V,-I';*c o(T) and it is a compact set in C,
therefore by reasoning with a finite covering, we obtain the bounded-
ness of the family B,. A similar argument is valid for B,. If Be®
is arbitrary, then B,BB, is also a bounded set, therefore we have

Pas((v — M(T, S)™) = sup po((~ — M(T, 8))7(Y))

< sup | p(v — e YE — ST ||
27t yeB JIy
= Cla, B) < o,
where we kept the notations of the preceding proposition. Conse-
quently », € o(M(T, S)).

COROLLARY 1. If M = M(T, T) is an inner automorphism of the
algebra N then
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o(M)c o(T)-0(T™) .

PROPOSITION 2.5. Let T, S be in A with S e A, and M = M(T, S).
If ¢eo0M)-0(S) and V, is a closed neighbourhood of N\, such that
Vo a(M)-o(S) = ¢, then there is an open set G, D ad(S), G,»0 such
that Vi, Gyt C o(M).

Movreover, of I'y is a contour in G, which surrounds o(S) and
separates it from zero, we have

0= D, 0= (e - 9)7a) =
for all YeA and ve V,NC.

Proof. We apply Lemma 2.1 with F =o(M) and K = d(S).
Therefore, if I', is a contour as in the quoted lemma, then the integral

1 -1 -1
| 0= ()6 - 5y

exists as an element of U for each e V,NC.
From the relation

MAV=EM)™MY) - T — EM)™'S' = Y
we obtain

T(n — M)~ = —é—(m — EM)(Y) — Y)S,
therefore we can write, for xe V,NC, » = 0,

(= D (= eD(Y)E - 9)ae
2w Jry

~ 2_7:5 O — EM)~(Y)(& — S)~de
T J Iy

1 1 -1 —1
- %S Lo — ey (1) — Y)Y (=1 + 26 — S))de

1 e
—%S X — EM)(Y)dE —

arins
2w iry &

1 e
+§E§FOY(E—S) de=Y

since
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1 -

— — de =T

s ) — 57
and

1 A -1 — —.__];_. — -1 =
o 20— e (W =~ o~ M(in = 0

because o(M) is “outside” N7,
If » =0, a direct argument proves the validity of the given
formula.

PROPOSITION 2.6. With the same conditions as in the previous
proposition, if o(T) > co then o(M) 3 co.

Proof. Let us suppose that o(M)» . Then there is a closed
neighbourhood of <, let us say V., where we have

(7\’ _ EM)—x( Y) Z:O & JanY)

for all £e I, where the series is uniformly convergent in L.
Hence we have

| - (e - s

275
= 521) MZO“{”LY)@ S)-'ds
-3 NYS Z}WS & — S)7dg
=5

thus the last series is uniformly convergent in a neighbourhood of
and defines, for Y = I, the inverse » — T.
Moreover, the set {A — 7)™ A e V.} is bounded in 2 since the set

(L S (O — EM)(I)E — S)~'d& ne Ve }

2t

is bounded in 9 (see the proof of Proposition 2.4), thus <o e o(7).
ProposITION 2.7. Let T, Se 2 be such that S™ € A and M = M(T, S).

Suppose M invertible on UA. If Neo(T)-ac(M)™ and V, is a closed

neighbourhood of N, such that V,No(T)-c(M)™ = @ then there is an
open set G,Do(M)™", G,20 such that V,-G;* < o(T). Moreover, if I,
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18 a contour in G, which surrounds o(M)™, we have
_ -1 TR AV
(3], 0 = smmEM — D= E )0 — ) =
for all Ye¥N and ne V,NC.
Proof. If 1/6c p(M) then from the relation

(- 2)(ar- 3 -

we obtain

(M — %>—1(Y)S - §<T<M — }E_)"(Y) - Ys) .

As in the proof of Proposition 2.5, we may apply Lemma 2.1 with

F=o0(T) and K = o(M)™* and if I', surrounds o(M)™, we have for A
in a neighbourhood V;, of A\, 0 X\ = oo,

Arty > msfo(M— g,

since
FU NP AU 1 SR
27ri§r0<§ T> 52) ZM.S”O_IO; T)~'dy = 0
(because o(T) is “outside” MI7;') and
L (r- 1Y% - L PN
E&SF<M 5> ()% 2m§ (7 = M)~(Y)dy =

as I';! surrounds o(M).
If 0¢0(T)-0(M)™" then T'e? and the formula is immediate.

LEMMA 2.8. Let F and K be two closed sets, 0¢ K# oo and GD
K.F an open set. Then there is an open set G,? 0, G, D K such that
G>G, F. Moreover, if I'C G is a contour surrounding K-F then
we can take a contour I', in G, surrounding K and separating it from
zero such that &-F is “inside” I" for all €e T,

Proof. The set (G is compact in C., therefore we can apply
Lemma 2.1 for any )\, c€(G and, taking a finite covering of (G, we
obtain the set G,. If I" is a contour surrounding K-F, we can choose
G, such that G,. F is “inside” I", hence there is a contour I, in G,
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which surrounds K and separates it from zero such that I";-F is “in-
side” I'.

THEOREM 2.9. Let T, Se ¥ be such that SeN. If a(T)-a(S™") =+
C.. and f is an analytic function, defined in an open set containing

o(T)-0(S™"), then there is a contour I'y surrounding o(S™) and sepa-
rating it from zero such that f(¢T) s defined for each e I, and

FOUT, YY) = = FEDYE — St
for all YeU (where the left side is defined as in the Introduction).
Proof. We apply Lemma 2.5 with F' = ¢(T) and K = ¢(S™"). Let
I and I, be as in this lemma. Suppose that ¢(M)> . Then, by
Proposition 2.4, we must have ¢(7)> . Hence, by Proposition 2.3,
we can write
F(M(T, S)(Y)) = f(e=)Y + 1/275735 FA)N — M(T, S))7(Y)dx
= S(=)Y + 1f2mi] FO0) (o= O = 6D ¥ — $) s i
By interchanging the order of integration, we obtain
| r(ss § (n ~ ET)7Y(E - 57)7dE )i
= i. — -1 _ —1\~1
= o= (D) = Flen Y6 — sy
)
=] SEDYE = 877 — f(e)Y
27r
since, by Lemma 2.5, o(¢T) = &o(T) is “inside” I" for all e I,
In this manner we obtain

ST, S)(Y) = —S FED)Y(E — S7)7dé .

If 0(T)3  we have (M) 3 - and a similar calculus leads to the same
formula. No other case is possible because of Proposition 2.6, and this
finishes our proof.

3. Some applications of the functional calculus. First of all,
we shall show that, in a certain sense, the commutator of two elements
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[3] can be found again as a function of the operator M.

ProprosITION 3.1. Let T, S be in A, with compact spectra in C
and with S7te . If none of the sets o(T), o(S) and o(T)-0(S~*) sepa-
rates the complex plane, we have the relation

(log M(T, S))(Y) = (log T)Y — Y(log S) ,
for all Ye9l.

Proof. By our assumption, log T, log S and log M(T, S) exist and,
from Theorem 2.9, it follows that

(log M(T, 8))(Y) = ——175& log (ET) Y( — S~)~d

= o= G0z Y(e — §)7de + 51| (log DY — 57)ds
= Y(log S + (log T = (log TVY — Y(log S) .

Let now E(-) and F(-) two selfadjoint spectral measures on a
Hilbert space, defined on Borel sets of the complex plane. Then the
mappings

Ce)(Y) = E(0)Y
Flo)(Y) = YF(0))

are two commuting spectral measures, Y being an arbitrary linear
bounded operator; therefore the mapping

(€ X )0, x 0)(Y) = E(0) YF(0))

induces a spectral measure on the space of the operators and it is
possible to integrate with respect to it (see [2] for details).

PRrROPOSITION 3.2. Suppose that U is the algebra of all linear
operators on a Hilbert space and T, S e (S~ e A) two normal operators.

If E, F are the spectral measures of T and S respectively, then for
any function f, analytic in a meighbourhood of o(T)-0(S™), we have

FOIT, )(Y) = || FOvraB, YdE, |
Jor all Ye?l.

Proof. Using the same notations as in Theorem 2.9, we have

FOUT, YY) = o= FEDYE — 57
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| reny(|e - pyrar,)as
= (—~§ FETE — p)dg) YaF,
T
| (SAENAB)E — ) dE ) YdF,

< S FENE — —l)"d5>dE'; YdF,

Il
k’)k."ﬁk—-——wml\')
o

S FOUDAE, YdF, .

PROPOSITION 3.3. Assume that the Hilbert space in the previous
proposition is finite dimensional and that

? 2
T = jz;l )\:jEj, S = kZ:1 #ka

(where {E;} and {F,} are now finite orthogonal resolutions of the iden-
tity). If f is an analytic funciion in an open set containing the set
gy ooy Nodefegy e, 157} then we have

FORT, )(Y) = 3, 3, £tV B YF,
for all Ye.

The proof follows easily from the preceding proposition.

PROPOSITION 3.4. Suppose that U, T and S are as in Proposition
8.3. Then a necessary and sufficient condition that the equation TY =
Z8S have a solution Y e is that », = 0 implies E,.Z = 0.

Proof. Let Y be a solution of the equation TY = Z8, hence

TYS = 3 S M B, YF, = Z

j=1 k=1
From this relation we obtain easily
E.TYS™'F, = \u'E . YF, = E.ZF, ,

thus M E,YF, = ¢ E.ZF,.

If »,=0, since g, +0 for all s, we have E,ZF, =0, hence
S B ZF, = KE,.Z = 0.

Conversely, if A, = 0 implies K,Z = 0, let us consider the matrix

Y=73 kzﬂfEZFk.

2570
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We have

TYS = ZZLME, s Hg 7R, z Ut F,

Y

—ZEz 2 F.=17,

=1

consequently Y is a solution of the equation.
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