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Suppose that {_4;} is an increasing sequence of sub o-
lattices of a c-algebra .97 of subsets of a non-empty set 0.
Let _# be the sub o-lattice generated by U, _~:. Suppose
that L? is an associated Orlicz space of ¥‘measurable func-
tions, where @ satisfies the J.-condition, and let he L® It
is verified that the Radon-Nikodym derivative, fi, of . given
_#% is in L® and shown that the sequence {f;} converges to
S in L° where f is the Radon-Nikodym derivative of #

given _ 7.

1. Introduction. H. D. Brunk defined conditional expectation
given a o-lattice and established several of its properties in [1]. Sub-
sequently S. Johansen [5] described a Radon-Nikodym derivative
given a o-lattice and showed that the Radon-Nikodym derivative was
the conditional expectation in the appropriate case. Then H. D. Brunk
and S. Johansen [2] proved an almost everywhere martingale conver-
gence theorem for the Radon-Nikodym derivatives given an increasing
sequence of o-lattices. We shall establish norm convergence of these
derivatives in L, and in the Orlicz spaces L°, where @ satisfies the
4dy-condition. The theory of these Orlicz spaces can be found in [6],
so we shall assume and build upon the results therein. Thereby,
we can place fewer restrictions on @ and obtain L, -convergence as a
byproduct.

2. Notation. Let . be a o¢-algebra of subsets of a (non-
empty) set 2, and let ¢ be a non-negative (bounded) o-additive func-
tion defined on .

For our purposes the following information about @ will suffice:
@ is an even, convex function defined on the real numbers, R, with
®(0) =0 and &) # 0 for some x. Moreover, there exists K >0
with @(2z) < K@ (x) for all xe R. This latter property is called the
d,-condition; it implies

(1) 0@ +v) = o(2(LEL)) < Ko(21L) < (%) [0@) + 0@)] -

Then L° denotes the collection of (real valued) .9“measurable func-

tions h defined on £ with 3 O(h)dp < . Since @ is convex and not
2
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identically zero, L°C L,; L° is usually a proper subset of L, if lim,_..
O(@)/x = o. This latter property and lim,., @(x)/z = 0 are required
of an Orlicz space; but, these two properties are not necessary for
our estimates to be valid. Examples are @(z) = |z 7, 1 < p < co.

Let he L* and \ME) = Svhd/x, where Ec.o”. Let _ be a sub

o-lattice of .&7 and let f be the Radon-Nikodym derivative of \ with
respect to p. Thus, f is the _#“measurable function defined on @
(¢: the empty set, 2, and [f > a] belong to _#, for all aec R) satis-
fying

(2) MAN[FSB) Sbpu(AN[f=b]), where Ac M and be R,
and
(3) MLf>al N B = ap([f >al N BY),

where B = 2 — B, Be ./, and ac R.

Our first result is a preliminary step to an L° martingale convergence
theorem.

3, The derivative of an L’-function is an L°function. We
shall verify this assertion by establishing a sequence of estimates,
the first of which is

(4) S o(f)dp < g ohydp for all = 0.
[f>al al

[r>

To verify (4), choose 6>0 and a =a,<a, <a,<++- with @la,) =
D(a;_) + d. Let A, = [a, = f > a,_,] and notice that (3) implies

M@ =Z M >al) Z ae ([F>anl)
Thus, £ ({f >a.])— 0 and

ooCode=30 ocodp+ |  o(ap=5{ o .
[F>al Ap f 1 Ap

k=1 L 2% =l

Applying (3) again, X hdp = MAL) = a1 Ay), so
Ak

4, < -1_5 hdpe, where @, = t(A) >0 .
), JAay
Then, applying Jensen’s inequality,

Da,) = @ <aig | hipe) = - S o
Yk B oA

Next, notice that
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SA P(fdp = Pla (A = (P(an-) + 0) A = SA O(h)dp + op(Ay) .
k k

Thus S O s SU D()dpe + 54(2), for all 5>0, which implies
[f>e >a
(4).

By a similar argument, one obtains

(5) o(f)dp < Km] ohydy forall a < 0.

g[f;a]
Hence, splitting 2 into two pieces, [f >0] and [f < 0], and applying
(4) and (5), yields

(6) |,00dp < | o
thus verifying Theorem 1.

THEOREM 1. The Radon-Nikodym derivative of an L°-function
is an L°-function.

4. A Martingale convergence theorem. Suppose that {_Z.}r.
is an increasing sequence of o-lattices of subsets of 2, and _#Z is the
o-lattice generated by the lattice 7. = U, #:. Denote by .o the
o-algebra that is generated by _#; and by )\, and f, the restrictions of »
and ¢ to .%4. Let h, be an . -measurable function satisfying M(E) =

8 hdpy, where E e .o, and denote by f, the Radon-Nikodym deriva-
E
tive of N, with respect to g, on _#,.

THEOREM 2. The sequence {f,} converges to f in L°-norm:

(7) tim | o(7—fyde=0.

Proof. To begin, notice that applying (4) and (5) to f, yields

(8) S Dby = S o(fyde,  foralla=0,
[Fp>al [fy>al

and

(9) S O(h)dp = S o(fody,  foralla<o.
[Fp<al [fp=al

Since \, is the restriction of N to .%, a variation on the theme
which established (4) verifies

(10) SE o(hydy = L D(hydy , for all Ee .o
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To substantiate this latter assertion, suppose ¢ =0, 6>0, b>aq,
o) =Pa) + 6, Ee s, F=EN b= h,>al, and u(F)>0. Then

S hdpt = S hdp, since Fe .. Moreover,
F F

SF@mk)dp < OB u(F) = [B(a) + 0] p(F)

and

0= 0y | ) - o s )

Thus,
[ oap = | oty + ouF) .

Hence, appealing to the proof of (4) and to the sentence containing
(5), we claim (10). Consequently,

(1) |, oman=z| — o(ryde,
[fr>al [f>al
where a =0 and £k =1,2, .-,
and
12) |, omdpz|  o(fodu,
[fp<al [fsal

where e < 0and £=1,2, ---.

Moreover, ap([|fe|l>a]) = [M{([[fe]>a]) =[N (2), where a=0;
thus,

(13) lim sup, g

JIIS

O(fi)dp = 0.
|>2]

So we can truncate the functions and still approximate them uniformly
as follows. Whenever = is a positive integer and w is a (real valued)
function defined on 2, let u*(x) = u(x), where |u(x)| < n, and u™(zx) =
nu(x)/| u(x)| otherwise. Then, using (1) and setting M = max{(K/2),
(K*/4)},

|, oU—sadp = | 0QF=17) + (7= (F)) + (D =) de
< M(4, + B, + Gy,
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where
A, = S o(f)dp ,
[1f1>n]
B, = | o(f.—(F)) dp,
and
C, = S O(fdy -
[fp1>n]

From (4), (5) and (13), we obtain 4,— 0 and C,— 0. Moreover,
for each 6 >0,

B, £ 0Cn)p([1f"—(f)"] > 6]) + @(0)(€Q)
< O@Cn) [l f =Sl > 6] + PO)UQ) .

But, Brunk and Johansen have shown that lim, ;([|f — f.|>0d]) =0,
where 6 >0, so Theorem 2 is established.

Because of the approximation properties which are verified in
[4], the results of this paper extend immediately to analogous results
for the derivatives of additive set functions defined on algebras of
subsets of 2 given a sub lattice (cf. [3]). Results for vector valued
functions with respect to lattices which are related to the results:
[71, 18], [9], of J. J. Uhl, Jr. for vector valued functions with respect
to algebras should appear subsequently.
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