Pacific Journal of

Mathematics

COMPLETIONS OF BOOLEAN ALGEBRAS WITH PARTIALLY
ADDITIVE OPERATORS

YEN-YI WU




PACIFIC JOURNAL OF MATHEMATICS
Vol. 40, No. 3, 1972

COMPLETIONS OF BOOLEAN ALGEBRAS WITH
PARTIALLY ADDITIVE OPERATORS

YEN-YI WU

To generalize a result of Jonsson and Tarski on perfect
extensions of Boolean algebras with operators, L. Henkin
has introduced the notion of p-additive operation for p a
positive integer. Here we use this notion to extend the
analogous result of D. Monk which states that each equa-
tion without occurrences of the complementation sign has its
validity preserved when passing from a Boolean algebra with
operators to its completion.

We first point out very briefly the basic notions and results from
[1], [2], or [3] needed in the sequel. Then the theory of completions
of Boolean algebras with p;-additive operators, f;, is developed follow-
ing the pattern of [3].

1. A Boolean algebra B =B, +, o, —,0,1)> is a completion of
a Boolean algebra % =<4, +, o, —,0,1> if (i) A is a subalgebra
of B, (ii) for each subset X of A such that X% ,x exists in A,
X2 ;% exists in B and X% ;o = X% ., (ili) B is the least complete
Boolean algebra having U as a subalgebra. It is well known that
every Boolean algebra % has such a completion B and that for every
element = in B, £ = Y,5,c Y.

A denotes the set of all n-termed sequences x = (&, ++-, %,_>
of elements of A. We write, for xz,ye"4, 2 <y if x, <y, for each
1< n. Furthermore, if j <n and x, y€"A, v = ;y means that z, = y,
for all k<n and k+j. For p a positive integer and X & "4, 0, X
denotes {ye"A:y = 2° + -+ + 2** for some &°, ..., 27" ¢ X}.

An operation f on "4 to A is (i) monotonic if, given any %, y "4
such that z <y, we always have fx < fy, (ii) p-additive if, when-
ever X < "A has cardinal number < p + 1 and there is some j<mn
such that « = ,y for all z, ye X, we always have

F(EX) = Z{fz 2e0,X},

(iii) completely p-additive if, whenever X < "4, 3 X exists in "4 and
there is some j < n such that « = ;y for all », y € X, then ¥{fz: z€0,X}
exists and equals f(2X). @,) (or @, if no confusion occurs) denotes
the set of all p-additive operations on 2, @5(¥) that of all completely
p-additive operations on %, we write @, for {J,..?, and @, for |J,..D:.
It is clear from the definition that @ < @, for each positive integer
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p. The basic result that if fe®, then f is monotonic is proved in
[1] (Theorem 2.3).

Except when stated otherwise we assume hereafter that A and
B are Boolean algebras, B is a completion of ¥ and f is an n-ary
operation on . An operation g on "B to B is said to be an exten-
sion of f if for all xe™4 fo = gx. g | "A denotes the restriction of ¢
to "A. Given an operation f on 2, Monk has defined in [3] an n-ary
operation f* on B by

fre=2{fy:x=ye A}

for any x € B. It is obvious from this definition that f* is monotonic,
and that f* is an extension of f if f is monotonic.

2. First of all we modify an example in 2.6 of [1] so that it
will later be clear that our main theorem is indeed an extension of
Theorem 1.9 of [3]. Let A be the set of all finite or cofinite subsets
of *w. Define f on A by fx==x; 2 for all xe A (here x; « is the
relative product of the relation 2 with itself, so that for any 4, jc o,
we have {3, j) e fx if and only if there is some k such that {7, k>ew
and <{k,j>ex). f is then an operation on A since fx is finite when «
is finite and fx = 20 when z is cofinite. We claim that fe @ Let
X< A and UX exist in A. Then f(UX)2fy for each yeco,X
since f is obviously monotonic, so f(IUX) 2 U,csr/¥. But also if
(i, jyef(UX), then there is a kew such that <3, kyelUX and
{k,5>eUX, hence (i, kpex for some xe X and <k, j>ca’ for some
«' e X, and therefore {1, j> e (xUa'); (xUa’), hence {7, > € Uyco,xfY, 50
that f(UX) & U,e.,xfy. However, f is not in @, for let x = {0, 1)}
and y = {{1, 2>}; then fx = fy = ¢, but f(zUy) = {0, 2)}.

THEOREM 1. If fe @, then f+e @y(B).
Proof. Suppose fe @) and X & "B such that for some j<mn
we have ¢ = ,y for all v, ye X. We must show that
fFCX)=XY{f*z zc0,X}.
Since f* is monotonic we have, obviously,
(1) ffEX)=2{f*z z€0,X}.

Let ve"4 be such that v £ ¥X. Then v; £ (2X); = X, .x%; =
YiexDsisweaw. For each xe X and we A with w £ x;, we now define
an n-sequence v** ¢ "A by v¥ = v, if k+# j and ¥{* = v; - w, and note
that v*» < 2. Then we have v = {v"*: xe X and w < z,}, hence by
the complete p-additivity of f, we get
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fo=32{fy:yeo{vr:zeX and w < x,}}.
Let now yeo,{v*: v X and w < ;}. Then we have yc "4 and
Y= vwowo 4 oeee vxp—-lwp—l

for some 2, -+, 2" 'e X and w’, ---, w” '€ A, where for each i< p,
w' < 2t.  Therefore y < z° + .-+ + 2!, and hence

FU = Fry S FH@ + o+ 27) £ 3 {fraze0,X) .

Since this holds for each yeo,{v"*: xe X and w < x;}, we have
Sv < XY{f*2: ze0,X}, and since this inclusion holds for each ve"4
such that v £ Y X, we get

(2) S{fraze0,X} = 3 {fv: IX = verd) = fH(ZX) .

With (1) and (2) the proof is completed.
The assumption of Theorem 1 that f is completely p-additive can-

not be weakened to fe @,:

THEOREM 2. If fe@:(B) and f|"A is an operation on A then
f1rAeo,Q).

Proof. This is immediate from the definition of complete p-
additivity and the fact that the sum is preserved from 2 to .

LEMMA 8. If p vs any positive integer and x € "B, then

oflye"Aiy o} ={ye"dry = a}.
Proof. Obvious.

THEOREM 4. If fe @y(B) and f|"A is an operation on A, then
f=U1"4".

Proof. For any xze "B, we have

o = F (@ o0y Bast) = F(Zagzupealor 05 2oy izupgealn) -
Using repeatedly the fact that f is completely p-additive, we get
Jo = Zyoeap{yoeA:yoéxo)a sy Zyn_leap(y,n,_leA:yn_léxn=1)fy
and then, by Lemma 3,
ST = Zosugeny vty Doy izuygea¥ = Zozyemafy
= Jpzyema(f [ "A)y = (f | "4)
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as degired.

As in [3] it follows now that each completely p-additive operation
on U has exactly one extension which is a completely p-additive oper-
ation on B, and so there is a one-one correspondence between the set
of completely p-additive operations on ¥ and the set of the ones on
B which extend those on 2.

Also established as in [3] is:

THEOREM 5.
(i) ++t= +.
(ii) -+ =

(iii) If f = A x{a}, then f* = B x{a}.
(iv) If fx = x; for each xc"A (where i< m), then fTx =z, for
each x€"B.

If f is any m-ary operation and g, ---, ¢._, are n-ary operations
on A, one composes them to obtain the operation fg,, +--, 9n_i], i.e.,
the n-ary operation h such that hx = f(gw, -, g._.x) for every
xe"A.

THEOREM 6. If f is m-ary, fe @A) and gy +++, Gu Gre n-ary
monotonic operations on A, then

(flgoy =+ 5 Gus)™ = fHlo8, oo, gmi] -

Proof. Assume that the conditions of the theorem hold. If

x € "B, we then have, as in the proof of Theorem 1.8 of [3],
f+[g;y Tty g;;—l ]x g (f[g(» ct gm~1])+x .
Also
f+[g;y M) g:r—a—llx = f+(2x_2_y°eﬂa goyoy *t Za:_z_ym—leA gm—-lym—l) .
By Theorem 1 we have f* ¢ @:(B) and using repeatedly this fact, we
get
f+ [g;, . .)g'r;—l]x = Zuoeap{goyo:x;yce”my . "Z’um_leup{gm_lym"lza:gym‘—le"A}f+u .

Now if we™A is such that for each k<m, u, € 0,{gy*: 2=y" € "4},
then u, = 3;.,0:4"° where for each i<p, y"' €4 and y* <wx. If
z =y k<m and ¢ <p} then ze"A and 2= 2. For £k <m we have
9:2 = g,y"* for all 1< p, hence g,z = 3,.,0:¥"° = u, by monotonicity
of g« Thus

Fru S 792, 200, Gni®) S Z{(002, <+, Gni?): © 2 2€ A}
= (f[gm tety gm—l])+x .
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Since this inclusion holds for each w with u, € g,{g.¥": = y* e A} for
each k<m, we have f*[g/, -+, 9512 < (Fl9s, ***, Gm-i]*®, and this
completes our proof.

In Theorem 6 the condition that f e @: cannot be replaced by
f €@, as the example following Theorem 1.7 of [3] shows.

THEOREM 7. Let fy, «++, € Q50 and let T(fy, +++, fiy) =
O(fo, *=+, [r) be an equation which holds for all xe"A. Then the
corresponding equation T(fs, +++, fiz) = P(fs", ++ -, fiz) holds for all
xe"B.

The proof of Theorem 7 is similar to that of 3.8 of [1] except we
use Theorems 5 and 6 here.

We adopt terminology slightly different from that in [1] and say
that a system W =<4, +, -, —, 0,1, f>;.; is a Boolean algebra with
partielly additive operators if (A, +, -, —, 0,1> is a Boolean algebra
and f;e @, for each ie I, that % is completely partially additive if
f;e @, for each 7€ I, and that ¥ is complete if A is completely par-
tially additive and BLl (the Boolean part of 20) is complete. We
may now extend the notion of completion to Boolean algebras with
partially additive operators and call a system

B = <By +y * —yOy ly gi>iel

a completion of a Boolean algebra with partially additive operators
A =<4, +, -, —,0,1, f>;.; in case BLB is completion of BIY and
for each i1¢ 1, g, = fi". Theorem 2 then yields:

THEOREM 8. If U 4s a Boolean algebra with partially additive
operators which 1s completely partially additive, then there is a com-
pletion of A which is complete.

If we associate an equational logic L, with a class to which a
given Boolean algebra with partially additive operators 20 belongs,
and call a term ¢ of L, positive if the complementation sign does
not occur in g, and an equation v = p positive, if both = and p are
positive, then we immediately obtain the following extensions of other
of Monk’s theorems:

THEOREM 9. If B is a completion of a completely partially ad-
ditive Boolean algebra U, then a positive equation T = p holds in U
of and only if it holds im B.

THEOREM 10. With ¥ and B as in Theorem 9, if I' is a con-
Junction or disjunction of formulas of the form o = 0 or o %= 0 where
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o s positive, and if T and P are positive, then I' — t = p holds in U
of and only if it holds in B.

Finally, Theorem 1.12 of [3] can also be extended to

THEOREM 11. Let U, B, & be Boolean algebras with partially ad-
ditive operators, U completely partially additive, B a completion of
W, A a subalgebra of &, & complete and BLI a regular subalgebra
of BLE (i.e., a subalgebra for which the sum is preserved from 2l to
§). Then there is an isomorphism [ from B into € such that
Id | Ac f(where Id is the identity map).

Proof. As in the proof of Theorem 1.12 of [3], if we define
fb= 22... a0 for any be B, then f is a complete Boolean isomorphism
into, and Id | AZf. To show that f preserves non-Boolean operations,
we may then use Theorem 2.8 of [1] and our Lemma 3.
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