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The sums studied in this paper are defined as follows.
For any two arithmetical functions f and g, let

(1) Sse(m, k) = Zk) fdgk/d)

where the sum extends over the divisors of the greatest
common divisor (m, k) of the positive integers m and k. It
should be noted that m and k& do not enter symmetrically in
(1) unless ¢ is constant.

The sums S, ,(m, k) generalize the Dirichlet convolution
(2) (f=g)(k) = %f(d)g(k/d) ,

to which they reduce when (m, k) = k. Multiplicative properties and
finite Fourier expansions were obtained in [1]. A famous special case
is Ramanujan’s sum c¢,(m), the sum of the mth powers of the primi-
tive kth roots of unity, for which we have
(3) c(m) = >, exp @mimhfk) = > de(k/d) ,

R k d)(m, k)

mod
(h,k)=1

where /¢ is the Mobius function. The second sum in (3) is an example
of (1) with f(n) = n and g(n) = u(n) for all n. When (m, k) =1 we
have c¢,(m) = p(k), and when (m, k) = k we have c¢,(m) = @(m), Euler’s
totient.

In a study on cyclotomic polynomials, Holder [4] showed that
Ramanujan’s sum can also be expressed in closed form as follows:

4 c(m) = __Pm) m/(k, m)) .

(4) K(m) ik, m))#( [(k, m))

The number on the right is called the Von Sterneck function and is
denoted by @(m, k). Thus, (4) states that

¢ (m) = O(m, k) .

The function @(m, k) was encountered by Von Sterneck in 1902 [11] in
a study of restricted partitions with summands reduced to their least
residues module m. Its properties were also studied by Nicol and
Vandiver [7].

We derive further properties of the sums S; ,(m, k). Some of them
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generalize known properties of Ramanujan’s sum or Von Sterneck’s
function. Others, when specialized, give new properties of these num-
bers. The methods of this paper are simpler than those used by
earlier writers. In particular, roots of unity and restricted partitions
mod m play no role.

2. Properties of Dirichlet convolution. The Dirichlet convolu-
tion (2) provides a natural setting for the results of this paper. It
is well known that the operation * is commutative and associative and
has the identity element I, where

el

If g(1) = 0 we let g* denote the Dirichlet inverse of g, defined by the
equation g+g~' = I. In particular, g'(n) = 1 for all x.

The set of all functions g with ¢(1) = 0 forms an abelian group
under the operation . The subset of multiplicative functions is a
subgroup. [A function ¢ is called multiplicative if g(1) =1 and if
g(mn) = g(m)g(n) whenever (m, n) = 1.]

If a is any arithmetical function and if g(1) =% 0, the equation

S(n) = d% a(d)g(n/d)
holds if, and only if,
a(n) = MZn S(d)g~H(n/d) .

The special case with g = ¢ is the usual Mobius inversion formula.
By introducing the function

1 if din

(5) e =0 it dim,

we can rewrite the sum in (1) in two alternate forms:

(6) 8;,q(m, k) :d%: a,qof (d)g(k/d) ,
and
(7) S;,o(m, k) = gkl Ao f (A)g(k/d) .

For fixed k, Equation (6) expresses S;,(m, k) as a Dirichlet con-
volution,

(8) Sy.o(m, k) = (hyxe7)(m)

where
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hi(d) = ay,q.f (d)g(k/d) .

For fixed m, Equation (7) expresses S; ,(m, k) as another Dirichlet con-
volution,

(9) Sy,o(m, k) = (wnxg)(k) ,
where

Wa(d) = W,af (d)

3. Dirichlet convolutions involving Sy ,(m, k). This section
derives arithmetical identities in the form of divisor sums whose terms
contain the numbers S; ,(m, k).

NoTATION. The function a is defined by (5) and, unless other-
wise stated, the functions f and g are arbitrary. For any arithmeti-
cal function a, we denote the Dirichlet convolution ax£™* by a*. Thus,

a*(n) = %a(d) .

For example, we have p* = pxp' = I, and (#")* = 0, where o(n) is
the sum of the divisors of =.

THEOREM 1. If n =1k =1 we have
(10) 3\ Sp.(d, B) = 3 F@gkfd)o(nfd) .

Proof. For fixed k, let S(m) = S;,(m, k). Then by (8 we have
S(m) = (k™) (m), so

1 87u(d, ) = 3 8(@) = (Sepe)(m)

= (™) () = (hex0)(n)
= 2 apuf(dglkld)o(njd) = >, f(d)glk/d)o(n/d)

which proves Theorem 1.

BExAMPLES. Theorem 1 has a number of interesting corollaries.
If (n, k) = » we obtain

% S;6(d, k) = % f(@g(k/d)o(n/d) .
If ¥ = n this gives
MZJ S;0(d, m) = d}Zﬂ f(dg(n/d)o(n/d) .

When g = ¢+ we can write this as
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(11) 2 8p.u(d, 1) = >, Ud)o(d) f(n]d) .

If f is completely multiplicative, that is, if f(ab) = f(a)f(b) for all
a, b, and if f(n) == 0, then f(n/d) = f(n)/f(d) and (11) gives us

38540, m) = Fm) 3 H(Do(@D/F (@)

=T (1-%8) = s (1- 25),

where the product is taken over all prime divisors of n. The special

case f(n) = n gives a formula of Nicol and Vandiver ([7], Theorem
VIII),

(12) S o(d, n):nn(l_?_).
din rin p
We also have the following more general result.

THEOREM 2. Let a*(n) = 3..a(d), where a(n) is any arithmetical
SJunction. Then for n =1,k =1 we have

(13) 2 8r0(d, Ka(njd) = 3, f(d)g(kld)a*(n/d) .

Proof. With the notation used in the proof of Theorem 1 we have
,“Zn S;,6(d, k)a(n/d) = (Sxa)(n) = (kxp*a)(n) = (kpxa™)(n)
= %‘. a,qf (d)g(k/d)a*(n/d) = f@dg(k/d)a*(n/d) ,

din,dlk

which proves Theorem 2.

ExampLES. When a = g then a* = 0 and Theorem 2 reduces to
Theorem 1. When a = ¢ then ¢* = I and the second sum in (13) is

3 F@eeida”m)d) = 3, Fdotkiddin] = a.f m)g(kin) .

Hence (13) becomes

fm)gk/n) if nlk,

3% 81,40, Dnid) = | £ k.

This can also be deduced by Mobius inversion of (6) for fixed k.
When %k = n, Equation (13) can be written as

2 810(d, maln/d) = 3, g(d)a™(@)f (n/d) .

If we take g = ¢ and assume that a is multiplicative and that f is
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completely multiplicative, with f(n) = 0, we obtain the following pro-
duct formula, a further generalization of (12):

dZ S, Ad, n)a(n/d) = f(n) ;[n <1 _ %) )

THEOREM 3. If n =1 m =1 we have

(14) 3.8 ,(m, d) = > f(d)g*(n/d) ,

dln dl(m,n)

where g*(n) = S, 9(d).

Proof. For fixed m, let Stk) = S;,(m, k). Then by (9) we have
S(k) = (w,=g)(k), so

S\ Spu(m, d) = 3 8(d) = (S+4) )

= (Wargrp) () = (Wyxg*)(n)
= Ay, f () g™ (n)d) = 2 f(dg*(n/d),

nydlm

which proves Theorem 3.

ExaMPLES. For the special case g = ¢ we have g* = I so (14)
becomes
f(n) if nim,

B ESumd = 5 s = aim = 7"
dTn dllm,m) 0 if nym.
When f(n) = n this gives a formula of Von Sterneck ([7], p. 825),

>, D(m, d) =

n if njm,
din

0 if nfm.
The type of argument used to prove Theorem 3 also gives the

following more geneneral reseult.

THEOREM 4. For any arithmetical function a, let B = gxa. Then
Sfor m =1, n =1 we have

(16) % Sy (m, d)a(n/d) = d%‘,mf(d)B(n/d) .
If g(1) = 0 and a = ¢, then B = I and (16) reduces to

3 S).(m, D (0jd) = e, f(n) = g(n) S

din if ?’L/}”m .

When ¢g = ¢ this is the same as formula (15).
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ExampLES. When g = ¢ and a(n) = n, then B = pxa = @ and (16)
implies

S Sy (m %) = S Fdmd) -

din dl{(m,n)

When f(n) = n this gives the following identity for Von Sterneck’s
function,

dzmd@(m, n/d) :d“;,n) dp(n/d) .

4, Partial sums involving the functions S;,(m, k). The theo-
rems of this section deal with sums whose terms include the numbers
S, ,(m, k) where one of m or %k is fixed and the other ranges over
consecutive integers. First we introduce some notation.

As in the previous section we denote by a* the divisor sum

a*(n) = 3 a(d) ,
din
where a is any arithmetical function. For real # = 1 we also write

a’(w) = 3. a(n) ,

n=zx

and we put a™x) = 0 if # < 1. We shall make use of the following
lemma.

LEMMA. For any two arithmetical functions a and b we have

2, (@xd)(n) = X a(m)b”(z/n) .

nEx

Proof. We have
n%p (axb)(n) = g; % a(d)b(n/d) .

If din we can write n = qd and we obtain

2 S a(ddn/d) = 3, a(d) 2, b9) = 3, a(d)b’(x/d) .

nszx din

THEOREM 5. For k=1, n =1, and any arithmetical function o
we have

") 3 Spulm, B (nim) = 5 F(@)g(kfd) (@) (n/m) .

dik,

Proof. We use the lemma, then Equation (8), and then the lemma
once more to get
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;?i_;LSf,g(my k)aA(n/m):gill(hk*y“‘*a)(m) = mzi'l (hyxa™)(m)
:;Lhk(m)(a*)/\(n/m) zglakymf(m)g(k/m)(a*)/\(n/m) ,

which proves (17).
If we take ¢ = I, then a™x) =1 for all =1 and

EXAMPLES.
a*(n) = 1 for all n, so (a*)"(x) = [¢], and Theorem 5 becomes

3 Spalm, ) = 5 F@g(lid)n/d] -

(13)
If k|n, say n = gk, then every divisor d of £ is < n and (18)

takes the form
& _ f@ (k

S Snsm ) = qe 5L (L),
For the special case f(n) = n this gives us

Sy..(m, k) = gkg*(k) .

qk

me=1

In particular, when g = ¢ we obtain the following formula of Von

Sterneck ([7], p. 825):
k o(m, B) kS ) q it k=1
m = =
R =k 0 if k>1.

1

=

3
[

For m =1, n =1 and any arithmetical function a

THEOREM 6.

we have
kézl S;.o(m, k)a™(n/k) :dqm,zd'énf(d)(g*a)/\(n/d) .

(19)
Proof. This time we use the lemma in conjunction with (9) to

obtain
S8 0m, B (nfk) = 3 (wargsa)() = 3 w0, 06) () (n/k)

= 12) i f (B)(gxa)(nfk) = 3 f(k)(g=a)(n]k) .

This proves Theorem 6.
If a = g we have gxa = I and I"(x) = 1 for all v =

EXAMPLES.
1, so Theorem 6 gives us the formula
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(20) 3 Sp.um, (@) (k) = 5 £(d) -

In particular, if g = ¢ then (g79)"(x) = [2] and (20) becomes
S[2]sum b = 5 @
=Lk dim,d<n

When f(n) = »n this gives a theorem of Nicol ([6], p. 965),

k=1

[—%]@(m, k) = dm%"gnd = o(m, m) .

Here o(m, n) is the sum of the divisors of m which are < n.
If we take a = I, then ¢g+a = g and Theorem 6 becomes

@) 3 8pum ) = 5, Fd)grnid) -

In particular, if f(n) = » and ¢ = ¢t we obtain the following formula
for the sum of the mth powers of all the primitive kth roots of unity
for £=1,2, -+, n:

S elm) = 5, dpufd) .

m,dEn

When n = m this becomes
(22) 2, ou(m) = d]Zm de”(m/d)
The right-hand member of (22) has the form (fxu*)(m) where f(n) =

n. Since f7(n) = ny(n), inversion of (22) gives us the following for-
mula for the partial sums of the Mobius function:

23 3 ) = m 3, EOUD 53 0,(0)

THEOREM 7. For k=1, n = 1 and any completely multiplicative
Sfunction a we hove

S am)Sym, &) = 3, a(@)f@g(k/d)arnd) .

k,d<n
Proof. We use formula (8) to obtain
Sia(m)Sy,(m, k) = 3 a(m) 3, h(d) = 3 a(dh(d) 3 ala)

= S e@h@a nfd) = S, ad)f@Dek/d)a’(n/d) .
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This proves Theorem 7.

ExamprLes. If a(n) = n then a”(x) = [#](J#] + 1)/2 and Theorem
7 gives us

(24) S w8y, (m, ) = df (@) gkid)[n/dl([n/d] + 1) .

m=1 2 dlk,dEn

If k|n, say n = ¢k, then [n/d] = qk/d if d|k and (24) becomes

S mS,(m, k) = % ¢ S, -f;ﬂgu-c/d) - Sk 3 F@Dglk/d) -

m=1

When ¢ = ¢ and f(n) = n we obtain the formula

Log+1 it k=1,
wk
S md(m, k) = -;—qzlcfl(k) + —é—qk@(k) -

m=1

—;—-qkfp(k) £ oE>1.

When ¢ = 1 this gives Theorem III of Nicol and Vandiner ([7], p.
830).
In Theorem 5 of [1] it was shown that for R(s) > 1 we have

(25) 3 BB (o) 5 r@gtid)
where {(s) = >, n™°. Theorem 7 leads to another proof of this for-

mula and also gives an estimate for the growth of the partial sums
of the series on the left. Taking a(m) = m™*, and putting ¢ = R(s),
we have (see [2], p. 618)

(26) ) =S L = T L) + 0@ .
nZa M’ 1-—s

This formula is valid for all complex s# 1 with o > 0. Using this
in Theorem 7 and taking n = ¢k, we obtain the formula

) S, Bl B - LX) rdjatkida
27 " e

+06) 2 f(d)g(k/d)d™ + O(g7k™ 2 [ f(d)g(k/d)]) -

If 0 > 1, the terms on the right which contain ¢ approach 0 as ¢— o
and we obtain (25).
For the special case f(d) = d, g = p¢, we have

% f(dgk/d)d™" = %},c wkid)y =0 if kE>1.
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In this case the first term on the right of (27) vanishes if £ > 1 and
the third term approaches 0 as ¢ — >~ when ¢ > 0. This gives a
celebrated formula of Ramanujan ([9], p. 199)

58 o) 5 a )

valid for & > 1 and all complex s == 1 with ¢ > 0.
For s =1 we have, instead of (26), the estimate

ar@) = 3 1_ logx-l—C’-}—O(—:l—) )
s M x
where C is Euler’s constant. Using this in Theorem 7 with »n = ¢k
we obtain the formula
an Sf g(m k)

m=1

= (C + logk + log q) 3, f(d)d™g(k/d)
— 2/ (@d7g(k/d) log d + O(q™k™ 3, | F(@D)g(k/d)]) -

This shows that the series >u_, S/ ,(m, k)/m converges if and only if
the coefficient of log ¢ vanishes, that is, if and only if

(28) dZm f(d)d™g(k/d) =0,
in which case we obtain

$ Sf,g(;n, k) _ _ > f@d7g(k/d) log d..

m=1

When f(d) =d and g = g, Equation (28) is satisfied for £ > 1 and we
obtain another formula of Ramanujan ([9], p. 199),

52— S pkd) log d = — A(H)

m=1

where & > 1 and A(k) is Mangoldt’s function.

THEOREM 8. For m =1, n =1 and any completely multiplica-
tive function a we have

S a(0Sy.m, 1) = 3, a(d)f @d)(ag)"(n/d) ,

dlm,dsn
where (ag)™(r) = Di<, a(d)g(d).

Proof. We use formula (9) to obtain
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S alk)S, (m, ) = 3, a(k) 3y wn(@o(k/d) = 3 a(dyw.(d) 3 a@9(o)

= é‘la(d)am,df(d)(ag)/\(n/d) :ds 3 a(d)f(d)(ag)/\(n/d) .

m,dEn

ExampLES. In Theorem 5 of [1] it was shown that

29) 55t B ) 5 s
for each s for which the Dirichlet series G(s) = 3>, g(r)r— is con-

vergent. We ban derive this also from Theorem 8 and obtain a for-
mula for the partial sums of the series on the left.
Taking a(n) = n~° we have

(09)"(®) = 3,907~ = Gls) — 3, gl

if the series for G(s) converges. Using this in Theorem 8 and taking
n = gm we find

$ Snam B) _ g S @ = 5@ S g

k=1 ks >qm

Letting ¢ — oo we obtain (29).
In the special case with f(d) =d, g = ¢, we have

Il

Gis) =S 40 — 1 tor R > 1.
RN

This series also converges for s = 1 and G(1) = 0. Also,
GHZM fdyds = g;‘_.ncll“s = 0,_,(m) .
In this case (29) gives another formula of Ramanujan ([9], p. 185)

2 cum) _ o, (m)
& o)

valid for R(s) > 1 and also for s = 1.

5. An extension of Smith's determinant. For any arithmetical
funetion f, let

£ = 2@
and let 4 = [f*(m, k)] be the » X » matrix whose m, k entry is the

value of f* at the greatest common divisor (m, k) of m and k. H. J. S.
Smith [10] proved the determinant formula
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(30) det A= fL)f@) -+ f(n) .

Dickson ([3], pp. 122-129) reports on several papers by Catalan, Cesaro,
Gegenbauer, Mansion, and others, devoted to proofs and extensions of
(30). D. H. Lehmer [5] also generalized (30) to higher-dimensional
determinants.

A simple proof of (30), suggested by Pélya and Szego (see [8],
p. 330), is based on the observation that 4 = BC!, where B and C
are lower triangular n X n matrices with det B = f(1)f(2) +-- f(n)
and det C = 1. This section extends this proof to provide the following
new generalization of (30).

THEOREM 9. Let A be the n X n wmatrix whose m, k entry 1is
Sro(m, k). Then we have

31) det A = f()f(2) -+ f(m)g)" .

Proof. We express the n X n matrix 4 as a product, A =
B(f)C(g)’, where B(f) and C(g) are lower triangular # X n matrices
given by

B(f) = [@nf(m)],  C(9) = [@nrg(m[K)] .
Then m, k entry of B(f)C(g)’ is equal to

32 o OVt 0] =Sy S0k = S,00m, )

so A = B(f)C(g)’, as asserted. Since det B(f) = f(1)--- f(n) and
det C(g) = g(1)*, we obtain (31).

ExAMpPLE. When f(n) = n and g = y, we obtain the following
formula for the determinant of the n X n matrix whose m, k entry
is the Ramanujan sum c,(m):

det [e,(m)] = n! .
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