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There are proved theorems of the following type. Let
0<r<1and g(t) ~ 3'=_ b, sin nt and suppose S g |t —ulrdt
0
=< A for all v > 0. Then Y2 [b,|n ! < oo,

1. Sz.-Nagy [7] (cf. [1]) has proved the following

THEOREM 1. Let 0 < r <1 and g(t) ~ >.5..b, sinnt. Ifg| and
18 bounded below, then

(1) t7g(t) € L0, 71) — i:; 1B, |/ < oo .
The same holds for even functions.

In this theorem, the assumption g | cannot be replaced by g = 0,
that is,

THEOREM 2. ([1]), [4]) Let 0 < r < 1, then there is an odd function
g ~ i b, sinnt
such that

(i) g=0 on (0, 7,

(ii) t7g(t) e L(0, 7),
but

(i) 257 [bu /T = ol

The same holds for even fumnctions.

Sunouchi [6], Edmonds [3] and Boas [2] (cf. [1]) proved that

THEOREM 3. Let 0<r<1l and b,|0. Then the function g¢
defined by g(t) = S\, b, sinnt, satisfies the relation (1). The same
holds for even fumctions.

The monotonicity of (b,) in this theorem cannot be replaced by
positivity, that is,

THEOREM 4. ([1], [4]) Let 0 <r <1, then there isan odd function
g(t) ~ i b, sin nt
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such that
(i) b,=0 (or b,—0 and >,14b,| < oo},
(i) 2. 10/t < oo,

but
(iil) ¢7g(t) ¢ L(0, w).

The same holds for even functions.

We shall prove the following theorems.
THEOREM 5. Let 0 < r <1 and g(t) ~ >5., b, sinnt, then

(2) Sﬁu—g(lt)—lrdtgAfor all u>0— 3 (b, |0~ < oo .
0 — U n=1

The same holds for even fumnctions.

THEOREM 6. Let 0 < r < 1 and g(t) ~ ib sinnt. Then
(3) S db,| < o0 — t7g®) e L(O, 7) -
The same holds for even functions.

By Theorem 4, the converse implication of (2) does not hold. We
have proved that [5], for 0 < » < 1,

bl < oo — 3l gyt .

The left side of (2) is satisfied when
(i) ¢ on (0,d) and bounded on (4, ) and ¢"g(t) € L(0, &), or
(ii) there is an odd function g, such that

9@ | = A g.(¢) on (0, 7)

and g, satisfies the condition in (i), or

(iii) there is a finite set of points (x,, %, +--, &,) on (0, 7) such that
the odd function ¢ becomes monotonically infinite on one side or both
side of each x; and is bounded outside of each neighbourhood of w;
and

9@/t — ;" L(0, ) =12+, mn).

(i) shows that Theorem 5 contains the S — > part of Theorem 1

as a particular case. (ii) and (iii) are generalizations of (i).
If b, ] 0, the right side of (1) is equivalent to the left side of (3),

and then the 3 — | part of Theorem 3 is a particular case of Theorem 6.
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2. Proof of Theorem 5. We consider the function
(3) h(t) = >, (— 1)* sin nt/n'"",
n=2

then

kO = 0O = 2 | gt + wdu ~ 5 CD, cosnt .

If ke Lip 1, then its Fourier series converges absolutely by Bernstein’s
theorem, which gives the conclusion of the theorem. Therefore it is
sufficient to prove that

(4) |k(t+v) — k@] < Av for small v >0 and 0 <t <.

Now,

E(t + v) — k(2)

Il

Ao 3o

S:g(u)(h(t 4+ % + v) — h(t + w))du
(5)

S:g(u — D + v) — hw)du

where, by (3),

_ < {sin2nu _ sin (2n + Du
h(u) - WZ:IL K (2n)1—-r (2,n + 1)1_7- )

(6) -
:Z< L _ 1 _)sinZnu
=\En)  @n o+ 1)
1 — & sin2nuw S COS 2nu
+ (1 — cosu) 3, @n 1 D) smug‘l__—-__(zn i
= P(u) + Q) — R(u) .
We write
1 1
= — f 0
PO = G T G Y
and
p(/n‘) = p’n(n = 1; 2, "') ’
then

Pu) = f] P, sin 2nu

= r p(w) sin 2uw dw + r p(w) sin 2uw dj(w)
12 /2

1

where
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jw) = —w+[w]+i ii sin 2rmw
2 m=1 m

and then
P + v) — P(u) = {g:;p(w) sin 2(u + vyw dw — S:Zp(w) sin 2uw dw}
+ {:2p(w) sin 2(u + v)w dj(w) — S;p(w) sin 2uw dj(w)}
=8 +8S,.
We shall first show that S, = 0(v/u").

1 = / @ . 1(=/2\ ..
5 1 0) va( TR v)> sin « do 5 up<2u sin « dx

S (2 © Y 1p(2))sinzg
2 Juko u+vp(2(u+v)) up(zu S & 4w

— —l—guﬂp(i) sin x dx
2u Ju 2u

- %S:—lv{( (w 41— V)" B 7;1_>
1

1 } .
7 — — d
() <(u +o@+u+ v ue+ u)l"> Sin @ e
Lsu“( 1 1 ) sin z dx
zur « m1—1' (x + u)1—~r
1 1 1 g"" 1 1 .
== — d
2<(u oy u> w( 7 @ u)l—r> S
1 Sw ( 1 — 1 > sin x dx
2 + v)" JurN(@ + W) (xtu+ )
_1 SHv( 1 _ 1 )sinxdx
2ur % xl—-'r ({U + u)l—r
= O(v/w") ,
since

S:+v< xll—r - (@ _*_lu)l_r) sin @ dw

= - cosu)r sine g, r sin u-cos& ;.

Qu-+v x1—~r 2u+tv xl.—'r

1—r

2u+v o1

s x

+ S da
utv L

and similarly for the integral of the second term of the right side
of (7). The estimation of S, is a little more complicated. By integra-
tion by parts,
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S, = Slp(w) sin 2(u + v)w dj(w) — S;p(w) sin 2uw dj(w)
= — S:Zp’(w) sin 2(u + v)w j(w) dw
— 2(u + v)S;p(w) cos 2(u + v)w j(w) dw
-+ S;p'(w) sin 2uw j(w) dw
+ 2u S;p(w) cos 2uw J(w) dw ,
and using the Fourier expansion of j(w), we get

S, = — ii i{r p'(w)(sin 2w + v)w-sin 2rmw
T m=1M, 1/2
— sin 2uw-sin 2rmw)dw
— 2 r p(w)((u + v) cos 2(% + v)w-sin 2rmw
1z
— % €08 2uw sin 2rmw)dw}

{21 — nT. + 2T} .

1
T

1
m=1M

In order to get S, = O(v), it is sufficient to prove that T, and 7T, are
of order O(v/m). Now, for m = 3, we have

I= S:z<(2u})2" T w j 1)2~r>

{(cos 2(mmw — u — V)w — cos 2(mm — U)w)
— (cos 2(mxw + u + vV)w — cos (M + w)w)}dw

I

T+mw—u—v ) mr—u—wv

__S“’ ((mn‘—u)z"'__< MET — U )2"\ cos ¥ dx}
mr—u X r+ mT —u

/) mw — u
_ _1_{5‘” ((mn + u + v)“’"_< mr + U+ v >2"’\ COST 4
2 Unztuto x st+mat+ut+v/ Jmmx -+ u+ v

_ g“‘ <<m7r + u)z“’ _ ( MT + U )2“T> cosT 4. }
matu X x4+ mwT 4+ u mrT + U
_ l{r ((mn —u— V)" (mm—w)"
2 mr—u N, xz—r xz——r

(mmr — u — v)t~r (mmw — u)"
@+ mr—u—v)"  (x+ mr— )"

) cosxdx + O(v/m)}
— %{similar terms}

= O(v/m)
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T, = SO: p(w){(w + v)(sin2(mrm + u + v)w + sin 2(mr — U — V)w)
— w(sin 2(mz + w)w + sin 2(mw — w)w)} dw

=gl ol ()

_( mrw +u +v )‘"f\ sine 4.
T+ mT 4+ u+v Jmr +u + v

oo 1—7r Ir :
_“S ((mn-}—u) _( mr + u )‘ ) sin @ dx}
mr+u x r -+ mw 4+ u mmw + U

+ % {similar terms}

= O(v/m).

When m =1 or 2, we get easily

T = A" Ldw < 40, | T, < 4o.

/2

Thus we have proved T, + T, = O(v/m) for all m, and then S, = O(v).
Collecting the above estimates, we get

(8)  [lo—011P@+v) - Pw) dux 0| (o —0|udus dv.

Now, by (6),
Qu + v) — Q) = (1 — cos (u + v))gsiéj_%:f_)
o 5, _Sin2nu_
( coSs u)g,l @n + 1)
= (cos u — cos (u + ”))g%i%(%;:@
- S sin2n(u +v) _ & _sin2nu_
+ ( cos u)(nz:;l @n + 1) =20 + 1)‘—')
=U+ 1 —cosu)V
where

U < v + )| gz](m)ﬁn@u + )| < Avw,

D, being the nth conjugate Dirichlet kernel, and
V= {‘” sin 2(u + Yw g, g"“ sin 2uw dw}

vz (2w + 1)*" e m
" sin 2w + YW g g”__si_n%_wd-
G T v~ | o)

=V, + V.
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It is sufficient to prove that (1 — cosu)V = 0(v). Proceeding as
for S, and S,, we get

V. = 1 S"" sin _dy — 1 S‘” sin xl_
2 + v)" Jurs (x + w4+ V)T 2umJu(e 4 w)"
= O(v/u)
and
V.= O() .
Therefore
Qu + v) — Q) = O(v) ,
and

(9) o= 0110w + o) — Q)| du = Av | lgw)| du < Av .
Finally we shall estimate R(w + v) — R(u). By the definition (6),

R(u) = sinu i cos 2nu

=1 (20 + DT
. = cos 2uw - ©  eos2uw ;-
= sinu ————dw+s1nug —— 27" di(w
51/2(27,0 + (2w + 1) J(w)

and

R(u + v) — R(u) = (sin (4 + v) — sin u) Sm cos 2uw dm

122w + 1)
. = cos 2(u + v)w — cos 2uw
+ sin(u + v S dw
( ) 1z (zw + 1)1-—-7‘

oo [ g

— sinu Sw Mdj(w)}
12 COS 2uw
=W, + W.+ W,
where
LAY | e ey
w1 e( 4+ )" u"
WL = sin (w + v) S"“ cos & gy — SIn (@ + v) S“ cosz
( + v)" Juro(x + u + V)" ur w( 4 u)"
= ’sin(u+v) SW < 1 — 1 )cosxdx
w+ v JereN@z+u+v) (4w

oo

COS ¥

/1 1
( “*”(x + u)l——r

w (u + v)”

>sin(u+v)g
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_ sin (u 4+ v) S”“ cos & ,
ur « (x + u)l——r

/2
< A(w + v)l—rgu+v(:v—+_)_2__rd + Av(uu:_trv)

+Au+v§+vda¢
A u

< Av + Avj/ur + Av

S cos
u+v(x —]— u)l-—-r

and W, = O(v) by an estimation similar to that used for S,. Therefore
(10) Sﬂlg(u—t)l |[Rw + v) — R(u)| du < Av .

Combining (8), (9) and (10), we get the required result (4). Thus we
have completed the proof of Theorem 5.

3. Proof of Theorem 6. We write s = [n/t] and

S:m g(t)|dt < S:t‘ di

+ S:t‘ S bosinntldt= U+ V
where
U< S—tl—f ; . S £ 1S mb, |dt
RERFE P LI Pt
§A§1 ni:lmB | < Az[b i
<A f; "1 db,| < oo
and

n=s+1

S 7| — by D@ + S 4b,D,(t)|dt
A

ImI+AZ

IA

8 ﬁMs

ZMbi

—r

SAS WM, < e

Thus we have proved ¢ "¢g(f) € L under the assumption

S 07| 4b, | < oo
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