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ON ABSOLUTE DE LA VALLEE POUSSIN SUMMABILITY
B. KwEg
Gronwall proved that (C,r)< (V — P) for r = 0, where
(C,r) and (V — P) denote Cesfro and de la Vallée Poussin

summability. It is proved in this paper that |C,»| S |V — P|
for r = 0.

1. Introduction. Let

_ < (nl)?
Ve BT i =0

If lim,...V, = s, we say that the series is summable (V — P) to s.
If
Vn - Vn—l

=z, <

The series X7 ,a, is said to be summable |V — P|.
Hyslop [2] proved that the (V — P) method is equivalent to the
(4, 2) method defined by

lim i a,e " =3
-0+ n=0
for all series >\, @, which satisfy the condition a, = 0(n°), where ¢
is any constant, and that the inclusion (4, 2) & (V — P) is false with-
out restriction.
Kuttner [3] has shown that (V — P) & (4, 2) without restriction.
Gronwall [1] proved that (C,r) & (V — P) for » = 0, where (C, 7)
denotes the Césaro summability of order r.
In this paper, we shall prove

THEOREM A. |C,»|S |V — P| for »r = 0.

2, Proof of Theorem A. Since it is well-known that |C, |
implies |C, 7’| for —1 < r < ¢, it is enough to consider the case r
an integer. Now, writing

Vn:’uo—[—qjl—!- "'+'Un,
we find that

Il

Vo = Qg

(1) _%_ ((n—=1Y) .
““%m—wm+wmk(zn‘
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Now write 7, = 7} for the (C, r) mean of the sequence {ka,}; thus the
assumption that 37, a, is summable |C, 7] is equivalent to

7l ¢
° n

M

(2)

S
i

If we take ((n — DD (n — E)(n + k)! as meaning 0 whenever k > n,
we deduce from (1) by » partial summations that, for n =1,

U = g‘f';{(n (ink;z(;)!ikk)!}& Z T)“ :

Now it is well-known that in order that the series-to-series trans-
formation

Mz

bn = anka’k

a
il

0

should be that 3., |b,| converges whenever o, la,| does so, it is
necessary and sufficient that

S, |

n=0

should be bounded. Thus it is enough to show that, for k =1,

Az{(n (ﬁnk;! (lgzikk)z}[ = 0G™™) -

=3

(3) >

n=k

It is easily seen by induction on # that

A;{ ((n — DYk } _ _A(m, B)((n — 1)
m—kln+ib) @m—-bBmn+k+r’

where A"(n, k) is defined inductively by

A, k) =k,

(4) {A”‘(n, B)=(n+k+r+ DA, k) — (n— kA (n, k+ 1) .

Write P;(k) for a polynomial in %k of degree not exceeding j, possibly
different at each occurrence (thus P,(k) denotes a constant). We
deduce from (4) by induction that

A%, ) = 3, Pyn(Ryns
A2s+1(,n, k) — ij sz(k)ns+1—j .

Hence, uniformly in the ranges stated
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O 1Sk <),

Ar(n, ) =
B =lox wr<k=zmn.

Next, for large » uniformly in k < »*® we have, by Stirling’s formula

(n})? — O(H(n, &
m Wi R Hm )
where
. _ k —n+k—1/2 _k‘ —n—k—1/2
Hn, k) = (1 ;) (1 + n) )
‘We have

log H(n, k) = —% + 0(7’22) .

Now since we supposing that & < #¥® we have
B\l
(5) exp {0<_n_)} — 0Q1)

so that

(n!)?

e O{exp<“%>} ‘

This will not apply if &k > »n¥®. Since we cannot then assert (5).
However, for fixed n, (r!)}/(n — k)!(n + k)! is a decreasing function of
k so that, for k& > ¥,

(n))? _ s
Bl - Cle (=)
Also, it is trivial that
(m = DY? _ (n))? o= .

m—0ln+k+2! (@n—hkln+ k!

Combining these results, we find that

O(??ﬁ(r%)/z) (1 < k < nuz) ,
J_(n — D% - ke _F 2 < gl
Ak{(% — k)l(n + k)!} O(nm eXp( n)) (n'* <k =¥,

O(n~* exp (—n~"?)) P <k<mn).
Thus the sum (8) is
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O{ o —l—exp (—%““’3’)} + O{ S Ej:exp(—%)} + O{Z —-1—}

k=a<kd/2 g k32 sn<k? e nek? p\ree
= O(I) + O(I,) + O(I,) ,
say. It is clear that

I, =0k,
L =0k

so we need consider only I,, Now for fixed k&
fr+t 2
£ (-8)

is increasing for y < ¥, and decreasing for y > ¥, where y, = y,(k) =
E/(r + 2). Hence

(6) I, < k”‘gkm 1 exp(—lcy—z-)dy + _lﬂexp (—E) .

r+2 42
W1y Yo Yo

The second term on the right of (6) is a constant multiple of k2.
The first does not exceed

k*“r——}—— exp <~—I§>dy .

o Tt

Putting y = k*/w, this becomes
k"'*lrw’e”"’dw =I(r+ Dk,
0

hence the result.
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