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A decomposition theorem for a measure preserving trans-
formation 7T on a o-finite and infinite measure space (2, % m)
is proved and ergodic theorems are considered.

1. Introduction. A measure preserving transformation T on

2, <&, m) is called of zero type, if

limm(TY"ANA) =0

N-—oo
for any measurable set A with m(A) < . The transformation T is
called of positive type, if

limsupm(T-YANA) >0

Neooo
for any measurable set A with m(4) > 0. Krengel and Sucheston
[4] showed that every measure preserving transformation can be decom-
posed into two measure preserving transformations, acting on disjoint
invariant measurable sets, such that one of them is of zero type and
the other is of positive type. However it seems that, in order to
apply this result to ergodic theory, more detailed considerations are
necessary. In this paper, we shall improve the result by introducing
new concept of positivity and then, applying the obtained result,
extend ergodic theorems of Brunel and Keane [1] to infinite measure
spaces.

2. The decomposition theorem. A measure preserving trans-
formation T will be called of weakly positive type, if T is of positive
type and satisfies

lim L S m(T*An4) =0

N—oo =

for any measurable set A with m(A) < . The transformation T will
be called of strongly positive type, if T satisfies

lim sup 1 NZ_1 m(T*ANA) >0
N #=o

N—oo

for any measurable set A with m(4) > 0.

THEOREM 1. If T is a measure preserving transformation on
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2, &, m), then 2 uniquely decomposes into three measurable sets 2,
Q. and 2,,, invariant under T, such that T restricted to 2, is of
zero type, T restricted to 2, is of weakly positive type, and T restricted
to Q.. 1s of stromgly positive type. Moreover, 2., is a union of
countably many measurable sets of finite measure which are invariant
under T.

Proof. Let 7 ={Ae#; T7'A = A and m(4) < «}. Since m
is o-finite, there exist countably many sets 4, in _# such that 2., =
U-. A, is the union of A Let Ec Q.. be any measurable set of
positive measure. Then m(E N A) > ¢ for some Ae.” and ¢ > 0.
Hence we have

lim sup% S m(T-HEN 4)n 4) >0,
=0

Nooo

from which it follows that

lim sum 1 Nif m(T*ENE)>0.
N-1 N k=0

Thus T restricted to 2., is of strongly positive type. On the other
hand, since @ — 2,. contains no invariant measurable set of finite
positive measure, it follows (cf. [2, pp. 40-41] and [3]) that

(1) limL S m(T+4n 4) =0
Now N &=0
for any measurable set A < 2 — 2., with m(4) < «. This together
with [4, Theorem 2.1] implies that 2 — 2., decomposes into two
measurable sets 2, and 2., invariant under T, such that T restricted
to 2, is of zero type and T restricted to 2, is of weakly positive
type. The uniqueness of such a triple of measurable sets is easily
checked, and hence we omit the details.

We note here that the part 2,, above is nothing less than the
seat of the maximal finite equivalent invariant measure. This follows
from [5, Theorem 8].

3. An application to ergodic theorems. The following defini-
tion is due to Brunel and Keane [1].

DEFINITION. A sequence £k, k., --- of strictly increasing nonnega-
tive integers is called uniform, if there exist

(i) a strictly L-stable (X, _#, v, ®);

(ii) a Ye . such that #@(Y) > 0 = p{0Y), where Y denotes
the boundary of Y;
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(iii) a point y € X such that k;=k,(y, ¥) for each ¢, where k;(y, )
is defined recursively as:

k(y, Y) =min{j = 0; ¢yeY},
k(y, Y) =min{j > k. (y, Y); PiyeY} E>1.

Brunel and Keane showed in [1] that if T is a measure preserving
transformation on a finite measure space then, for every uniform
sequence k,, k,, ---, the average

1 &
T SATH)

converges in the mean and almost everywhere. In this section we
shall extend this result to o-finite and infinite measure spaces.

THEOREM 2. Let T be a measure preserving transformation on a
o-finite and infinite measure space (2, <&, m). 1If fe L\(Q, &, m) and
if ki, ks, -++ ts @ uniform sequence, then

N .
(2) @) = lim < 3 AT w)
exists almost everywhere and f*e LYQ, <&, m).

Proof. Let 9, 2. and 2., be as in Theorem 1. Since 2,. is a
union of countably many invariant measurable sets of finite measure,
it follows from [1] that (2) exists almost everywhere on 2,,. The
almost everywhere convergence of (2) on 2, U 2, can be shown as follows.
Here it may and will be assumed without loss of generality that f = 0
and 2 =9,U 2.. The Birkhoff individual ergodic theorem then implies
that

0(@) = lim L 3 f(T'w)

exists almost everywhere, g€ L'(2, &2, m), and ¢ is invariant under
T. Since 2 = 2,U 2. by assumption, it follows that g = 0 almost
everywhere. This together with fact, established by Brunel and
and Keane [1], that uniform sequences have positive density implies
that Cesaro averages of f(T*w) converge almost everywhere to zero.
The proof is complete.

REMARK. It follows easily from Theorem 2 that if 1 < p <
and f e L*(Q, <%, m), then

.1 & o
fHw) = lim = 3, f(T o)
N-°°N'i=1
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exists almost everywhere and f* ¢ L*(2, <&, m).
The proof of the following theorem is similar to the one given
by Krengel and Sucheston [4].

THEOREM 3. Let T be a measure preserving transformation on

a o-finite and infinite measure space (2, G2, m). If k,k,;, «+- is a
uniform sequence, 1 < p < oo, and f € L2, 22, m), then

L & v — 5] =
Nooe I N izt llp
Proof. Since f* = 0 almost everywhere on 2, U 2., it suffices to

show, under the assumption 2 = Q, U 2,, that

(3) leimHNZf(T"“) ~0.

But clearly it suffices to show (8) for f =1, with m(4) < «~. Since

w2l s g

for p > q¢ > 1, it may and will assume without loss of generality that
p<2. Set 6 =p—1, and define

{aN,,,-:Nl- if kefksl<i<N),

ay, = 0 otherwise.

Then
HJL\; §1A<Tk* N, = (g__lo ay klA(T"w)> dm(w)
= ,;, Gy kST . <Z ay,:1,(T" co)) dm(w) .

Let ¢ > 0 be given. It follows from (1) that there exists a subset S
of the nonnegative integers having density zero such that

limm(T*ANA) =0,

ke

provided k¢ S. Choose a positive integer =, such that |i — j| > n,
and {4 — 7| ¢S imply

(4) m(T—AN T-A) <e.

Let D(k, n,) denote the set of nonnegative integers 7 such that |i—%k|=
7, Since 0 < 6 < 1, we have



ON A DECOMPOSITION OF TRANSFORMATIONS IN INFINITE MEASURE SPACES 737

ST A<Z oL a(T* a))) dm(w)

=\ (3 anid(Tio))dm)

i€ D (k,mg)

. 3
(3 anidiTiw) dme)
T F4 ’Llezfulc »n0)

H (5 e rie)an)

zeD(k %0)
li—kle S
= I(N, k) + II(N, k) + III(N, k) .
Since |ay,;| £ 1/N, we can choose an N, such that N > N, implies

2n, + 1Y°
< 2 L= .
IN, b < ST_“( 5 Yam <

On the other hand if we define for any given &, > 0 a measurable set
G(N, k; &) by

G(N, k; ) :{ S ay il (Tiw) > el},

i¢D(k, 71,0
li—k| ¢

then

II(N, %) gST_kA(s;’ + Lguny)dm
< em(A) + m(T*A N G(N, k; ¢,)
< &im(A) + —z— :

1

since em(T*A N G(N, k; ) < ¢ by (4). Hence it is sufficient to show
that

lim S ay  JJII(N, k) = 0 .

N—ooo k=0

Clearly,

oo oo 5
S ay JIIN, B) <3 aN,,,S ) ( 5 aw) dm
k=0 k=0 k4

li—kle S

= go a'N,k(o;g azv,k+a)am(A)
+ <ZS aN,kN_aym(A) .

agkN

An argument similar to [3] can be applied to infer that

hmZ Ay, k(Z Ay, k+a) =0.

N-ooo k=0
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On the other hand, since

lim % = (7)<
by [1], we have

lim< > aN,kN_,,)

N—oo ae S

asky
— i (v e S; a < ka} ] _
- Hﬂ( Ey > =0.
This completes the proof.
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