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It is well known that A(n), the number of up-down per-

mutations of {1,2, --., n} satisfies
Z A2 n)(z T =secz,
2n+1
Z A(Z’ﬂ + 1)-(2—1')'—" = tan z.

In the present paper generating functions are obtained for
the number of up-down permutations counting the number
of rises among the ‘‘peaks”.

1. If (a, a, ++-, a,) denotes an arbitrary up-down permutation,
then (b, b2, oo, ba)s where
b;:n'—'a.,;‘}"l (’531,2,"‘,7&),

is a down-up permutation and vice versa.
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FIGURE 1

Thus, for » > 1, there is a one-to-one correspondence between up-down
and down-up permutations so that it suffices to consider the former.

Let A(n, r) denote the number of up-down permutations of Z, =
{1, 2, +-+, n} with » rises on the top line.

Let C(n, r) denote the number of down-up permutations with
rises on the top line.

A rise is a pair of consecutive elements a, b with a < b. Also
we agree to count a conventional rise on the left. For example

132546, 426153

have 3 and 2 rises, respectively.
It will be instructive first to derive the generating functions for
A(2n + 1) and A(2n). We have A1) =1 and

L1  A@n+1) = 21<2k2 )A(zk F1)A@n -2k —1) (n>0).

Hence if we put
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o0 2n+1
Fi) = 3 A@n + )—2
(@) = X A@n + )(2n+1)!

it follows from (1.1) that
F'(zy =1 + F%z).
Since F(0) = 0, we get F(z) = tan z.
Next
2n — 1
(1.2) Al@n) = Z <2k )A(Zk + 1)A@n — 2k — 2),
where A(0) = 1. Hence if

6@ = 3 den I,

it follows from (1.2) that
G'(z) = F(rG(z) .

Since G(0) = 1, this gives G(z) = sec 2. Thus we have proved that
[1], [2, pp. 105-112]

1.3) SLAM)Z = secz + tanz.
n=0 N.

2. Turning next to A(2n + 1, r) we take
A1,0 =1, A4, rn =0 (r>0).
Corresponding to (1.1) we have the recurrence

”

2.1) A@n+1,7) = Z >, <2k * 1) ARk +1,894*@n—2k—1,r—3),

=050
where
A*@2n + 1,7y = A@n + 1, 7) (n>0)
but
A*1,00=0,4*1,1)=1.
Put
Aprii(®) = ; A@Cn + 1, ra7, Aj(x) =1

Afini () = Azpri() (n>0), Af(2) = = .

Then (2.1) gives
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a1 (2 + 1
2.2) Agii () = kZ:O ( on >Azk+1(x)A;;~2k—1(x) (n>0).
Hence if
n+1
(2.3) ARR) = Az, 2) = Z A2n+1(w)—(’§—+‘1_)' ,
it follows from (2.2) that
4G) = 5 M) o
_1 A ( 22kH1 i A ( ) 221
-+ Z 2k+1 w)m 2 Aot 1y m ’
so that
@.4) A'(z) =1+ AR)(AR) — (1 — %))
) =1— (1 — a)2A@R) + A%2) .
If we put
_1dU dA _ 1(aUy _ 1 &U
A= T wa) U a2
(2.4) becomes
U aUu
(2.5) 07 + 1 — z)z—— 7 +U=0.

It is clear that U is an even function of 2. We accordingly put

U= 5= V@) (@) = 1) .

Substituting in (2.5) we get
— (@) + 20(1 — 2)a,(2) + a,.(x) =0,
so that
(2.6) @i(@) = (1 + 20l — 2))a,(w) .
It follows at once from (2.6) that

M@=ﬁ0+%a—m.
Hence

@.7) 2( w§a+%a~@y2

el ’
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and

S0P TL @+ 26— o) 2
2.8) AR =" (@n + D!

(= )”H 1+ 2k1 — ) —— (2 @l

Ms

2
1l

The first few coefficients are given by
A(x) = 1, Ay(x) = 2z, Ay(w) = 8z + 827 A(x) = 48x + 1762 + 482° .

It follows by induction from

n—2 [ 241
Az () = k%( o )A2k+1(x)A2n—2k—l(x) + 2n(1 + )4, (%) (n>1)
that
2.9 2" Ay (—1——) = Apa(®)
X

This implies
(2.10) A@n +1,7r) = A@n +1,n —r +1) 1=r=<mn.

Also, using the fuller notation A(x, ), we have

(2.11) :c"%(%, x1'2z> =@ — 1)z + Az, o) .

3. Now we consider the case A(2n, r). We take
A0,0) =1, A0,7r) =0 (r>0).

Corresponding to (1.2) we have the recurrence

31 A@n+zn =35 @Z + 1)A(2k 41, 8)A%@n — 2k, 7 — 3)
n=0),
where
A*2n, r) = A@n, 7) (n>0),
but

A*(0,0) = 0, A*(0,1) = 1.

Now put
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Azn(x) - E A(27’L, r)xr, Ao(x) = 1 ’

Af () = Ag(x)(n > 0), Af(x) = @ .
Then (3.1) gives

n (20 + 1 .
(3'2) Azpio() = 2:"‘ (2k X 1)Azk+1(ﬂl)A2n—2k(m) (n=0) .
Hence if
. . oo zZn
(3.3) B(z) = B(x, 2) = n% Azn(w)———(%)! )
we have

B'(z) = A@}BkF) — 1 +2).
Replacing A(z) by U'/U, we get
(3.4) UB'"+ UB=Q1-2)U".
Since B(0) = 1, U(0) = 1, it follows from (3.4) that
UB=x+(1—-aU.

Therefore

(3.5) m@=1—x+%.

The first few coefficients are

Ay(x) = Axx) = x, A(x) = 32 + 23°, A4(x) = 152 + 38a* + 8x°.

4, We turn now to C(@n, r). We take
C0,00=1,C0, =20 (r>0).
We have the recurrence

2n + 1

(4.1) am+zw=§g<%

)C(Zk, $)A*@n — 2k +1,r —s),
where A*(2k + 1, s) has the same meaning as in §2.
Thus, if
an(x) = Z C(zn: ,r)xr ’

we get
n (2n + 1
4.2) Coni2(®) = 2 (

. )cz,xx)A;;_W(w) .
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Put
(4.3) C(z) = C(z, 2) = Z Con(#)—— (2 ), .
Then it follows from (4.2) that
4.9) CR) = C@@)(AR) — (1 - 2)?),

so that

Ckr _ U 4 _
o - U 1—-oz.

Sinece C(0) = 1, this yields

1 ipi—ma
4.5 C(z) = ——e ==z |
(4.5) (®) 7

The first few coefficients are
Ci®) = 1, Cy(2) = =, Cy(x) = 22 + 327, Cy(x) = 8w + 38«® + 152°.

We shall now show that U = U(x, #) satisfies the functional equation

(4.6) Ul @)oo = UG, ),

or

S 1y (L) 2" S 1y (L — @)*=* _ qym
S Vra( s 5 - A = S praw i

This is equivalent to

~ 2n)! 1— o\ 71\
(4.7) 3 T ( _ ) a,,(_x_> = a,() .

The left hand side of (4.7) is equal to

Ealerw e >’°(<”))’°(2<1”ix>) m(+2(-3)
274

— (2,,:’;)' (1 ; m)‘” kio]c(vzz'n;k (206 9i 1))

1
(znr?! = )"(2%;)@ ), = 2%(1 — ”)(2(11—_x>> = a,(@) ,
2

n
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by Vandermonde’s theorem.
It evidently follows from (8.5), (4.5), and (4.6) that

(4.8) Conl@) = w"“An(%) (n > 0)

and therefore

4.9) C@n,r) = AC@Cn,n —r + 1) 1zr=mn.

5. Finally we consider C(2n + 1, 7). We now take
c1,1)=1,C01,r =0 (r+1).

We have the recurrence
% 2n

(5.1) C@ln+1,7r) = kz‘,z (Zk)C(2k)A*(2n — 2k, r —s).
=0 8

Thus, if
Conts(®) = 2 C2n + 1, r)a”,

it follows that

» (2m
6.2 o) = 5 (37 ) 450
Put

D(Z) = D(x; Z) 2027;-)—1( )(2 + 1)’ *

Then, by (5.2),
(5.3) D'(z)=CRR}B()—1+2).

It follows that
D — & —1[2(1—z)22
®= T
_ x
Uz, 2) U(z™, 2'%2)
= xC(x, 2)C(x™", x'%2) .

Therefore

(5.4) @M@=§GQWW%w%%wm

=0

It follows from (5.4) that
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8" C0 i (87) = Coia(®) 5
so that
(5.5) C2n+1,rn=CCn+1,n—7r+2) AZr=un-+1l).
The first few values of C,,,, + (x) are given by

Ci(w) = =z, CGy(z) = o + 2%, Cy(x) = 32 + 102® + 3a®, Ci(%)
= 15 + 121a* + 121a° + 15z*.

Note that C,,,.(x) is of degree n + 1.

6. A number of special values can be obtained. It follows first
from

n—2

Az ({IJ) = >

n
~ <2k n 1>A2k+1(x) + 20l + %)A4,,_ (%) (n > 1)

and
o] Agu(®) (k> 0)
that
Asn1(0) = 2n4;,.(0) .
This yields
(6.1) A@2n + 1,1) = 2rnd4(2n — 1,1) = 2™n!.

Next, it follows from

Aore® = @+ D40 + 5 (1774 A i®) + )
and
x| Ay(®) (k> 0)
that
£00) = @+ DALO) -
This gives
(6.2) A@n,1) = (21 — 1)@n — 3) -+ 3.1,

It follows from

=1 (20 4+ 1
Cons2() = Appin() + X (
k=1 2k

+ (2n + D2C,. (%)

)%wmwmm
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and
@ | Cy () (k>0
that
(@) = Alu(0) (> 0).
Hence
(6.3) C@2n + 2,1) = 2™n! .

Finally, from

n—1 (2
Czn+1(x) = Azn(x) + k§=11 (2:)Czk(w)A2'n——2k(x) + wCzn(x)

and
@[ Coun(®) (k20),
we get
Coni(0) = A2.(0) ,
so that
(6.4) Cen+1,1)=2n—1)2n —3)---3.1.

In view of (4.9),

Cc@n,r)=A@n,n —r + 1) a=r=smwn,
we have also
(6.5) An + 2, n + 1) = 2™n!,
(6.6) c@n,n)=2n —1)@2n - 8)---3.1.

7. We remark that the differential equation

(7.1) U'+(1—2zU + U=0
has the second solution W = UV, where
(7.2) V' = e—ll2(1—x)z2 U-—.

Thus, by (5.3), we have

D'(z) =xV'(2),
so that
(71.3) D) =zV(®).
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Since W is an odd function of z we may put

W) = =50_'.( 1)#b, () —=——— @n +1)' .

It follows from the differential equation that
bori(2) = (1 + 2n + 1)1 — 2))d,(2) ,
so that

(7.4) M@=§a+mmnm—@y

Finally we have

(- 11 a+@k+na—x»ﬁr:Tﬁ

8
i

7.5 D@ =

Z( - 1)"2 A + 2kl — @))-

(2 )!
We may, if we prefer, express both U and V as hypergeometrie
functions of the type ,F..
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