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Heilbronn proved that for any ¢ > 0 there exists a num-
ber C(¢) such that for any real numbers § and N > 1 there
is an integer 7 such that

1<n<N and |[|n¥]] < C(e) N-Uzte

where ||a|| denotes the difference between a and the
nearest integer, taken positively. The method depends on
Weyl’s estimates for trigonometric sums. The result was
generalized by Davenport who obtained analogous results for
polynomials which have no constant term.

The object here is to obtain a result for simultaneous
approximations to quadratic polynomials fi,--- fz having no
constant term:

For any ¢ > 0 there is a number C = C (e, R) such that
for any N > 1 there is an integer n such that

1<n<N and ||fi(n)|| < CN~UsR +e
fori=1,---, R,

where g(1) =3 and g(R) =4g(R—1) + 4R + 2 for R > 2.

1. Introduction. In 1948 Heilbronn [4] proved the result stated
above on the distribution of the sequence %0 (mod 1). This was
generalized to polynomials which have no constant term by Davenport

[2].

THEOREM. Let ¢ > 0 and let R be a positive integer. Then there
is a number C = C (e, R) such that for any quadratic polynomials
fi, v+, fr having mo constant term, and for any N > 1, there is an
integer n such that

(1) 1<n<N and |fin)]| < CN-UYsr1+
fO’I‘ 7::.—_1, ...,R,
where

(2) g1) =3 and g(R)=49g(R—1) +4R+ 2 for R =2,

the result being uniform in fi, <<, fx.

It can be readily verified by induction that an explicit formula
for g(R) is

(3) 18g(R) = 29 - 4% — 24R — 20, for R=2.
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2. Preliminaries to the proof. The case R = 1 was proved by
Davenport [2]. The theorem will be proved by induction on R, so we
suppose the theorem is true for R — 1. ¢ denotes a small positive
number and 7(¢) denotes a multiple of ¢ depending only on R, note
that »(¢) differs in its various occurrences. We may suppose that
N > N,(¢, R). F < G means that |F'| < CG where C depends at most
on ¢ and R. e(z) = exp(2miz).

LemmA 1 (Vinogradov). Let 4 satisfy 0 < 4 <1/2 and let a be
a positive integer. Then there exists a fumnction (2), periodic with
period 1, which satisfies

(4) ¥() =0 Jor ||z|| > 4
and

VD = 3 a.e(ma)
where the a, are real numbers, ¢y, = 4, A = A,y m=1,2, «++  and
(5) la.| < A min(4, m™*"47%, m=0,

where A depends only on a.

Proof. This is a particular case of Lemma 12 of Chapter 1 of
Vinogradov [5].

LEmMMA 2 (Weyl). Let A and P be real numbers, P> 1. Let
a=aq+ 8 where (a,9) =1, ¢>1and || < q* Then

(6) S e(an® + am) 1 & PHg—P + (P + qlogq) .

ASASA+P
Proof. See, for example, Lemma 1 of Davenport [1].
Let
(7) fin) = 0.0° + om0, i1=1 - R.
We choose a positive number 6 so that there is no integer n with
(8) 1<n<N and [[fim||<N™, i=1 .-+ R.

We may suppose that 6 < 1/g(R). Wetake 4 = N%and a¢ = [2¢7] + 1
in Lemma 1. Then

s £

py

n=1 g=1

y(fi(n)) = 0

I

S0
N7F 4 ¥ a, «o O, T(m) =0
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where 2* denotes a summation over — co <M, <o, sos, — 0o <Mp< 00,
m = (ml, "')mR) #O,

(9) T(m) = 3, e(m. O + m.¢n) ,
(10) m.6 = ﬁ, mf; and m.¢ = é MiP;

Summing over terms in the region |m,| > N’ we have

im0 Uy T(m) | K N3, N mie™*
<< Nl-—a,e

by Lemma 1, and similarly for other regions [m,;| > N°*. Thus

1« N5 3 gy vov Gy T(m)|

11
K N7 2| T(m)|

where 3’ denotes a summation over max | m;| < N°*, m+0. Taking
the square of this inequality and applying Cauchy’s inequality we
have

(12) 1 L N—2+R6+R5S
where
13) S=23|T{m)l.

We now proceed to estimate S. Let @ = N4, T = N® where A
and B will be chosen later. By Dirichlet’s theorem on Diophantine
approximation, see Theorem 185 of Hardy and Wright [3], for each
m there exist integers a, b, ¢ and ¢ such that

(149) m.0=ag+awith (g,9) =1, 1<¢<Q, qla|<Q*
i< T

(15) m.é=0bt" + B with b,t) =1, 1< , LIBIS T,

3. The induction step. For any m in the sum for S we have
(16) max | m;| < N,

Since m # 0 and |T(—m)| = | T(m)| we may suppose that m, > 0.
We take

1 0 = 2g9(R — 1)6 + 4g(R — Ve ,

(18) A=—2—+(2g(R——1)+1)5+(4g(R—1)+3)s,

and
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1
(19) B=_+2.

Applying the case R — 1 of the theorem to the polynomials
(20) fif(m) = mp@°t*0n® + qtom, i =1, -+« , R — 1,
we see that there is an integer z such that
(21) I<e<N°  and  [[ff(@) || € N7oloemmeey
t1=1 -, R—1.

Suppose that ¢ < N'*~2~*, Taking y = mpqtx we have 1<y < N
and for v =1,---, R—1

I f) || = || m%*T°0:2" + mpqtg ||
< Imel |l fF@ < N7,

by (16), (17), and (21). Also

(22)

| fe@) || = || m2G°t°0,%° + Mpqtgzw ||
< || mp@®*t*e®m. 0| + || 20 mi(mpq*t* 02" + qtg:®) ||
+ || 2% migtg:m + mpqtern ||

®3) < |magtt| [ gm. 6] + 3 | mel (| £ @
+ | oq| || tm. ¢
< N,

by (14) — (21), where the summations are over ¢ =1, --., B — 1.
This contradicts the assumption that there were no integer solu-
tions of (8). Therefore q > N'*7o77%,

4. Completion of the proof of the theorem. From (6) we have
(24) | T(m) [P < ¢ 'N*™* + ¢N* 4+ N,
For N't-s=i—% < q < N we have
(25) | T(m) | < q N g Nt

Summing over O(NZ?“*?) such m we have a contribution S, to S
where

(26) Sl L N U EIR=D +R Do +rle) |
For N< ¢< M = N* we have
@7 | T(m) F € gN*® & N @ E-D+Dr(e) |

Summing over O(N%“*+%) such m we have a contribution S, to S where
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(28) SZ <L N+ CoR-D+RHDI+rle)
Therefore, from (12), we have
(29) 1 € N-U2+@oER—DHIR+D 47l |

Hence
—e< —%Jr @g(B — 1) + 2R + 1)3 + ()

s0
(30) 0> 1/g(R) — r(e)

and the theorem is proved.
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