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Suppose f is a real valued function of bounded variation
on [0,1]. Then for each nonnegative integer 7, the Stieltjes
1

integral | j*df exists, where for each number z, j(x) =2. A

necessary [;md sufficient condition is given for f in order that
the moment sequence for f, {C,}n-0, is square summable. A
second result establishes that the set of all such square sum-
mable moment sequences is dense in [2.

LEMMA 1. If p s a number, 1/2 < p < 1, and for each nonnega-
tive integer n,a, =1 — (n + 1)7? then

1. lima» =20,

n—roo

2. D a¥ exists

n=0

and

3. i 1 — a,)? exists .
n=0

Proof. To establish 1,

lima? = lim (1 — n™?)"

NnN— n—roco

=exp[lim n In[1 — n~7]}.

n—co

Sinee 12 < p <1,

lim#zn In[l —n7*] = —plimn/[n® —1] = — o

n—soo

and hence the result.
To establish 2, it will be sufficient to show that for sufficiently
large n

ar < (1 +mn)*

i.e., that [1 — w7 ?]"' < n "
Let n» =k and g = p™' — 1 (note that g > 0); we have then to
show that

[[1 - k-—l]k]ky <k'—Fk.
Recall that

201
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[1 _ k——l]k <e¢t
and hence that
(L — k] < e
Now if k is large we have
e—ka é k—l . k—z

and the result is established.
The third part follows immediately from the definition of a,.

THEOREM 1. If f is a real valued function of bounded variation

1

on [0,1] and, for each momnegative integer m, gj”df = C, ewists, then
0

8

Cr < e
0

I

n

if and only if
oo 1 2
S[rw - raira - an] < =
where the sequence {a,};—,1s as given in Lemma 1.
Proof. Let us first establish the necessity of the condition.
Suppose 3.7, C; < co.
If n is a positive integer
1
C, = | gdr
0

a

[yers{rw
= axf(a) — | "pagr + | gy .
Let v, = SO fdj*/az, then
C. = azlf(@) — 7. + FQ) — fla)az — S Fdj .

Let 6, = g Fdj*/(1 — a2), then

Cn = aZ[f(an) - ’Y%] + f(l) - f(an)az - (1 - aZ)an

and
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= (a3[0, — 7] + [F Q) = d.])* .

Since the sequence {[0, — 7,]}z-. is bounded it follows from Lemma
1 that

oo

Svarfo, — V< oo

Hence, since 3=, C? < <, we have that

SFW) = 8 < e
i.e.,
by

. s - ap|'<

and therefore the condition is necessary.
Now let us establish the sufficiency, i.e., suppose that

oo
n=1

- | rdivja - e

exists.
Now C, = [f(l) —~ g;fdj”] — S:nfdj” for m=10,1,2, -+- .
As befor

S(], rar)

n=

exists and hence we have only to consider

S (rw - S fdj">2
=5 (r0 - | rar]fin-an)a - e
=3 ([rw - | rair]fn - @)
=5 (P = | rain - @l + £t - ai1)

Recall the assumption that
S (ro = | rarm - )

exists and hence we need only consider
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 (F(Daz/l1 — ar])?

HMS ||M8

 (fQYar/l — ai)

which also exists. Hence it follows that 3.7, C? exists.
As an immediate consequence of this result we have the following
results, which are stated here without proof.

PrOPOSITION 1. If there isa d,0 < d <1, such that f1) — f(z) <
l—2zif 621 then S0, C2 < oo,

ProposiTioNn 2. If there is a 6,0 < 6 <1, such that f has a
continuous derivative on [0,1] then >3, C2 < <.

PROPOSITION 3. If there is a mumber 6,0 <o <1, a number
a > 1/2 and a number B > 0 such that

1fAQ) — @) < B|1 — x|* for x in [3,1]
then Z:::o C: < oo,
Consider the following example. Let f=1— (1 — 5" on [0, 1],
then C, = S jrdf = 2ng (1 — /™ if n =1, and hence C,,, = 2(n +
0 0

1) S:ﬁa — 4" It then follows that (2n + 3)Cy., = (21 + 2)C, and this

yields the following for » =1,2, ..., C,., = CII:=1(2t + 4)((2t + 5)].
By the use of Stirlings formula we have that CZ,, = 61/ 7 (n + 3/2)7'?
and hence >3, C; does not exist.

The following lemma is stated without proof.

LEMMA 2. If t is a positive integer and m is a mnonnegative
integer less than t, then

5 (t >mt(— D = (— 1)t!
m=0 \ M,

t (t )m”(—— Hm=0.
m=0 \ M,

DEFINITION 1. Suppose {C,}a-, is a real number sequence and =
is a positive integer. Let #,(0) = 0, #,(1) = C, and if « is in (0, 1) N
[k/n, (k + 1)/n) where £k =0,1,2, -+, n — 1 let

and
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Efm\e-tin — ¢ )
%(w)=2< )Z( ; )(~1)’ it -

t=o \ t/ i=0

THEOREM 2. The set of all square summable moment sequences is
dense in %

Proof. Let, for each nonnegative integer ¢, ¢, = {J;.}2, where d,;
is the Kronecker 6. Associated with each such sequence ¢,, there is
a function sequence {®,.}7-, as given in Definition 1. For each non-

negative integer ¢ and each positive integer & there is a number
1

sequence C,,, = {C,..:}o-0 associated, where C, ., = Sj"d@,m.
0
A straight forward computation yields

t IC k—m
Coe = (- 1>f—m<m/k>"( )( )
m=0 m t — m
~ (- 1>t(l“ ) ( t)(— 1) (k)"
t m

and therefore

3, Gl = i(f)[ g(m(— l)m(m/k)”]z .

This, using Lemma 2, becomes

50 (;)<— 1 (n /|
=S (& () vrmmrone ]

t
t /) Lm=o \m

S (e £

+25 ( t )mf(m/k>”<~ Y (f)it(i/k)%(— ]
m=0 \ M t=m+i\l
k\* —of < AY 20,2/ 12 _ pan?
- <t>lc [ﬂg(m)m Bk — m?)
w2 (P v 5 () e - mi
m=0 \ M i=m+1\ 9
AN k\*
— Z < )mZt( )k-Zth/(kz _ mz)
m=0 \'M t

w28 1 Jm 07 3 (oo Jieioe —m
m t

i=m+i\ 7
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if &>t
Note that

3 —2t 1.2 k ’ 2 2) — —2
lim & k(t)/(k m?) = (8))

k—oo

and that

k—oo

: —2t 7,2 k\? 2 ) — -2
lim & k(t)/(lc mi) = (th~" .

Then it follows that

llmi Cfb,k,z = Zt‘; ( ¢ zmm(t!)—2
k—oco n=0 m=0 \ M,
t—1 ¢ t
P ( ! )mt(— S ( .)z“(— 1yi(tl)
m=0 \ M, i=m-+1\ 9,
t t 2
-er[E(, ]

Hence, if ¢ is a nonnegative integer

lim||Cy. |l = 1. (|| -] is I* norm)
J—oo

Let us now show that

lim fle, — .. |/ = 0.

Suppose t is a nonnegative integer and k is a positive integer
greater than ¢.

> (0u = Coi)®

Ms

(Bn,t - Cn,k,t)z

S
Il
-

= <5t,t - Ct,k,t)z + > C':kt

n=t+1

= (1 - Ct,k,t)2 + 3: an,k,t .

n=t+1

Now

(= Condt=(1- (’: )k*‘ mi:o(;)m‘(- e

and
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t t 2
1ma—cmyzﬁ~mwz<)wenmﬂ
ko0 m=0\ M,
since

k—oo

. [k
1 -t = —1

and hence by Lemma 2

lim (1 — C,..)° = 0

koo

Combining this with the fact that
2:13 Cf,k,t =1

yields, lim,...|/e; — &,,.|| = 0 for each nonnegative integer t.

Since {¢,:t=10,1,2, --+} is a complete orthonormal set for [* and
each point can be approximated by a square summable moment se-
quence, it follows that the set of all square summable moment sequences
is dense in I* and hence the theorem is established.
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