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JOHN GRIFFIN AND KELLY MCKENNON

Let G be a locally compact group, p a number in [1, o[,
and L, the usual L,-space with respect to left Haar measure
on G. The space L: consists of those functions f in L such
that g+f is well-defined and in L, for each g in L,. Since
each function in L’ may be identified with a linear operator
on L, which, as it turns out, is bounded; the operator norm
may be super-imposed on L’ and, under this norm | |}, L},
is a normed algebra. The family of right multipliers (i.e.,
bounded linear operators which commute with left multiplica-
tion operators) on any normed algebra A will be written as
m,(4) and the family of left multipliers as m;(A). The family
of all bounded linear operators on L, which commute with left
translations will be written as Iit,.

It was shown in a previous issue of this journal that the
Banach algebra M, is linearly isomorphic to the normed algebra
m.(L%), whenever the group G is either Abelian or compact.
This fact is shown, in the present paper, to hold for general
locally compact G. The norm | || is defective in that, unless
p=1,(Ls, || %) is never complete.

An attempt will be made in the sequel to supply this
deficiency by the introduction of a second morm || ||, on L}
under which L} is always a Banach algebra. It will be seen
that, for p =2 (and of course for p=1), the Banach algebra
m,. (L}, I I5) is linearly isometric to It,.

Let G be a fixed, but arbitrary, locally compact topological
group with left Haar measure n.. Write C,, for the family of continuous,
complex-valued functions on G with compact support.

Let p be a fixed, but arbitrary, number in [1, <[ and write || ||,
for the norm on the Banach space L, = L,(G,»). The group L,
algebra L: is the set

{feLy,g«felL, forall gelL,}.

A function fe L, is said to be p-tempered and, as shown in [3], the
number

(1) A1 = sup{llg=fll:geCullgll, = 1

is finite. Conversely, if || £/, is finite for some f ¢ L,, then—as proved
in [3]—f is p-tempered and there exists precisely one operator W,
in %, such that

Wl = ILFIl, and Wilg) = g+f
365
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for all ge L,.
Let 4 be the modular function for G and let

Ly, ={fa"”: feL} (" =p/p—1)
which is linearly isometric to L, when it bears the norm || ||,,,. defined
by
(2) e = | [B1 a7
G

for each he L, ,. As in [1], 20.13 and [2], 32.45, we see that L, may
be viewed as a right Banach L, ,-module and

(3) Hg=hll, = [lRllusllglls

for all heL,, and ge L,. Consequently, for each feL,,, there
exists precisely one bounded linear operator W, on L, such that, for
all ge L,

(4) Wig) = g+f and [[Will = |[f |l -

It is clear that C, is a dense subset of L., and so, since {W,: f¢
Cy} is a subset of the Banach space I,, we have

(5) {Wf:feLl,p’}Cmp'
We define the space of p-well tempered functions to be
Lyt = {hef:he L, feLy,) -

The closure 2, of the set {W;: f e L¥'} in M, was studied in [3].
Its Banach algebra of left multipliers can be identified with I, ([3],
Th. 6) and it possesses a minimal left approximate identity {W; } such
that {h,} C C,xC, and

(6) 1irm (W, oTeW,(9) — T(@)ll; =0
for each g € L?* and T e IR, (see [3], proofs to Theorem 3 and Lemma 1).

LeMMA 1. Let Tem. (L, ]| |It) be such that T(g) = 0 for all g¢c
Lg. Then T = 0.

Proof. Assume that T = 0. Then there exists some % e L such
that T(h) += 0 and some g € C,, such that g=T(h) = 0. Let {h,} be the
net in Cy*Cy, which appears in (6). It follows from (6) that

0= liTm | Wi, o Wio W, (g) — Wi@)l5
= lim || gxh, xhxh, — g=hl]; .
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Note that g+h,xhxh, is in L®* for each ¥ and so

lgxTR) |5 = || T(g*h) 1[5
= lim || T(g+h,xhxhy) |, = 0 :

an absurdity. Thus, T = 0.

THEOREM 1. Define o |, — m, (L, || |I}) by letting w.(f) = T(f)
for each TeM, and f e L. Then w is a surjective, isometric, algebra
isomorphism.

Proof. Assume false. By [4], Theorem 1, there exists some T ¢
m, (L, || ||5) such that T == 0 and

T(V(f)) =0 for all Ve, and felLi.

Since A, possesses a left minimal approximate identity, it is clear
that the set {V(f): feL:, Vel,}N L is dense in (L¥', || ||). This
implies that

T(g) =0 for all gelL¥.

By Lemma 1, T'= 0: an absurdity.

For each fe L, let

(7) AN = 1A + 1 Flls -
We have used the symbol || || to represent the operator norm on ?,.
The map ® defined in Theorem 1 shows that || || also is the operator

norm on MM, when M, is regarded as a family of operators on (L:,
| 15). We may regard I, as a family of operators on the normed
space (L%, ||| |||5) and, in this case, we shall write ||| ||| for the operator
norm.

LEMMA 2. For each TeIR,, we have
N =1Tl.

Proof. For ge L., we have

Tl = 1T 1% + 11 T(9) [l
= UTlNglls + I T1-lgll, = I TH-1glll5 -

THEOREM 2. The algebra (L, ||| ||I5) ©s @ Banach algebra. The set
L* is a closed two-sided ideal in (L, ||| ||%)-
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Proof. From Lemma 2, we have

=g llle = WD = WA = UWL -G
= llglls- 1A = Wallle- WAl

for all f and ¢ in L!. Hence (L%, ||| |||5) is a normed algebra.
Let {f.} be a Cauchy sequence in (L%, ||| ||[.)- There exists a
function fe L, and a bounded linear operator W on L, such that

m || f, — fll = 0=1lm{iW, — Wii.

For all ge C, such that ||g|| <1, we have

lg=fllp = lim || g« fu |, < T (| £ 511 gll, < Tim [[[£alll} -
This implies via (1) that f is in L, For all he C,, we have
W(h) = lim W, (k) = lim hxf, = hxf = W(h) ,

all the limits being taken in L,. Since C, is dense in L,, this yields
that W= W,. We have shown that

tim £, = Fll, = 0.

Thus, (L%, ||| |l|%) is complete.

Evidently (L, ||| |]I5) is a right L, ,-module and so by [2], 32.22,
L*L, , is a closed linear subspace. But this is just L*.

That L' is a left ideal of Lf is clear. Let g and % be in L%
and L respectively. Choose the net {h,} so that (6) holds. We
have

0= 117{11 H Whro Wh° Whr(g) - Wh(g) H;
= lim || g+h,xhxh, — hxh|’ .

From Lemma 2 of [3] we see that the nets {Whr} and {W,.,} converge
to the identity operator and to W,, respectively, in the strong operator
topology (as operaters on L,). Consequently,

lim || gxh,xhxh, — ghl|,
:
< lim || gxh,xhxh, — gxhsh, ||, + Hm || gxh+h, — g=h]|,
7 7
< l‘i:xﬁ lg*h: — gl || hsh, [} -+ I?n \lgxhsh, — ghl],

= 11? Wi (9) — glls 1[R[l + l—i;H—IIIer - W@, =0.

Thus, we have proved
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lim ||| gxhyxhxh, — g=h||l; = 0

and so, since each gxh,xhxh, is in the closed set L¥, it follows that
gxh is there as well. This shows that L}* is a right ideal.

COROLLARY 1. The subspace L% of L, is M -imvariant.

Proof. Let T be in M, and fe L*. It follows from Lemmas 1
and 2 of [3] that there exists a net {f,} in L** such that

lim || 7(F) = Wy, (£)]] = 0 = Lim | 7(f) = Wy, ()l -
But this just means
lim || T() = fofally = 0 = lm || T(F) = frfell,
and so
lim || () = frfellly = 0.
But, by Theorem 2, each fxf, is in L and so T(f) is as well.

COROLLARY 2. The Banach algebra M, is linearly isometric to
m (Lg% || 115)-

Proof. It is known that I, is linearly isometric to uy,(,, || [|)-
Each element of m, (LY, || |[;) clearly may be identified with an element
of m, (2, || ). Thus, to prove this corollary, it will suffice to show
that each element of m, (20, || |[) can be identified with an element of
m, (L, || 1|5). But this follows from Corollary 1.

LEMMA 3. Let Tem, (LS, ||| |||5) be such that T(g) = 0 forall ge
L*., Then T = 0.

Proof. Repeat the proof for Lemma 1, noticing that, as in the
proof to Theorem 2,

lim [[| g+hyxhxh; — g=hl]l; = 0 .
T

It follows form Lemma 2 that the natural restriction mapping
of M, into m,(L:, ||| |||5) is a norm non-increasing algebra isomorphism.
There arise natural questions:

(i) when is the mapping onto?

(ii) when is the mapping a homeomorphism?

(iii) when is the mapping an isometry?
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Question (iii) clearly implies (ii).

PROPOSITION 1. The restriction mapping of M, into m, (L, ||| |I5)
is surjective if and only if it is a homeomorphism.

Proof. Let ¥ denote the restriction mapping. If ¥ is onto, the
open mapping theorem implies that it is a homeomorphism.

Now suppose that ¥ is a homeomorphism. Let T be an element
of m.(L:, ||| l|lt). In view of Lemma 38, T is completely determined
by its restriction to L®*. Thus, T may be identified with a multiplier
on {¥T(W;): fe L}, and so with a multiplier on its closure 7'(2,) in
TN, as well. It follows that T may be identified with a multiplier
on ,, which, in view of [3], Theorem 6, may be identified with some
VeM, It follows that ¥ (V) = T. Hence, ¥ is surjective.

When p =1, then L), = L% = L,and || ||, = ||i=1/2]] ||\ When
» = 2, we have the following:

THEOREM 3. The algebra m, (L, ||| 1|15 ts linearly isometric and
isomorphic with IN,.

Proof. In view of the fact that I, is a C*-algebra, it follows
from [5], 4.8.4 that ||T|? < ||| T T||| for all Te IM,. But Lemma
2 implies

TN =Tl =IT]l and [[|T]] =T

for TeM, and so |||T||| = ||T]|- Thus, ¥ is an isometry and Theorem
3 now follows from Proposition 1.
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