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Let G be a locally compact group, p a number in [1, oo[,
and Lp the usual Lp-space with respect to left Haar measure
on G. The space Lp consists of those functions / in Lp such
that g*f is well-defined and in Lp for each g in Lp. Since
each function in Lp may be identified with a linear operator
on Lp which, as it turns out, is bounded; the operator norm
may be super-imposed on Lp and, under this norm || \\p, L%
is a normed algebra. The family of right multipliers (i.e.,
bounded linear operators which commute with left multiplica-
tion operators) on any normed algebra A will be written as
mr(A) and the family of left multipliers as tnι(A). The family
of all bounded linear operators on Lp which commute with left
translations will be written as Tlp.

It was shown in a previous issue of this journal that the
Banach algebra 5Jlp is linearly isomorphic to the normed algebra
mr(Lρ), whenever the group G is either Abelian or compact.
This fact is shown, in the present paper, to hold for general
locally compact G. The norm || \\ρ is defective in that, unless
p = 1, (Lp, || Up) is never complete.

An attempt will be made in the sequel to supply this
deficiency by the introduction of a second norm ||| \\\p on Lp

under which Lp is always a Banach algebra. It will be seen
that, for p = 2 (and of course for p — 1), the Banach algebra
mr(Z^, HI \\\p) is linearly isometric to %RP.

Let G be a fixed, but arbitrary, locally compact topological
group with left Haar measure λ. Write Coo for the family of continuous,
complex-valued functions on G with compact support.

Let p be a fixed, but arbitrary, number in [1, oo[ and write || 1̂
for the norm on the Banach space Lp = LP(G, λ). The group Lp-
algebra Lp is the set

{/ e Lp: g*f e Lp for all g e Lp} .

A function f e Lp is said to be p-tempered and, as shown in [3], the
number

(1) ll/ll^supdl^/llpiflreCoollflrllp^l}

is finite. Conversely, if | |/ | |p is finite for some / 6 Lp, then—as proved
in [3]—/ is ^-tempered and there exists precisely one operator Wf

in Wp such that

and Wf(g) = g*f
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for all g e Lp.
Let Δ be the modular function for G and let

LUP' = {fΔllp/: f e L J (p' = p/(p — 1))

which is linearly isometric to L1 when it bears the norm || \\upf defined

by

( 2 ) P I L P ' = ( \h\Δ~llP'dX
JG

for each he Lup,. As in [1], 20.13 and [2], 32.45, we see that Lp may
be viewed as a right Banach L1>23,-module and

(3) II^II^PIUII^IL

for all heLup, and geLp. Consequently, for each feLup,, there
exists precisely one bounded linear operator Wf on Lp such that, for
all geLp,

It is clear that Coo is a dense subset of Lup, and so, since {Wf: f e
Coo} is a subset of the Banach space fΰlp, we have

( 5 )

We define t h e space of p-well tempered functions to be

LT = {h*f:heLl,feLup,}.

The closure 2tp of the set {Wf: f e Lf} in 2K, was studied in [3].
Its Banach algebra of left multipliers can be identified with Wlp ([3],
Th. 6) and it possesses a minimal left approximate identity {Wh} such
t h a t {hr} c CQQ*CQ0 and

( 6 ) Km || Whγ o To Wkγ(g) - T(g) |β = 0

for each g e Lf and Te Wlp (see [3], proofs to Theorem 3 and Lemma 1).

LEMMA 1. Let T e m r ( Z 4 || \\ρ) be such that T(g) = 0 for all ge
Lf. Then T = 0.f

Proof. Assume that T Φ 0. Then there exists some h e Lρ such
that T(h) Φ 0 and some g e Coo such that g*T{h) Φ 0. Let {hr} be the
net in C00*CQ0 which appears in (6). It follows from (6) that

0 - lim \\Whγ o Wh o Wh(g) - Wh(g) \\p

= lim \\g*hγ*h*hr — g*h\\p .
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Note that g*hr*h*hr is in L"' for each 7 and so

an absurdity. Thus, T = 0.

THEOREM 1. Zte/me α> | Wlp -> mr(Z4 || \\ρ) δy letting ωτ{f) =
/or eαcfc T e 3KP α^ώ / e L*, TΛen ω is a surjective, isometric, algebra
isomorphism.

Proof. Assume false. By [4], Theorem 1, there exists some Te
mr(Lp, !| H5,) such that TΦ 0 and

T(V(f)) = 0 for all Ve%9 and feL*9.

Since %p possesses a left minimal approximate identity, it is clear
that the set {V(f): f e LPf Ve%} Π Lf is dense in (Lf, \\ \\p). This
implies that

T(g) = 0 for all g e Lf .

By Lemma 1, T = 0: an absurdity.

For each feUp, let

(7) HI/HI; = ιι/ιι;+ H/II, •
We have used the symbol || || to represent the operator norm on Έlp.
The map ω defined in Theorem 1 shows that || || also is the operator
norm on Έip when %Jlp is regarded as a family of operators on (Lpf

|| 111). We may regard $Jlp as a family of operators on the normed
space (Lρ, \\\ \\\ρ) and, in this case, we shall write ||| ||| for the operator
norm.

L E M M A 2. For each T e Wlp, we have

\\\T\\\^\\T\\.

Proof. For g e Lp, we have

t
p

THEOREM 2. The algebra (Lp, \\\ \\\p) is a Banach algebra. The set

Lf is a closed two-sided ideal in (Lp, \\\ \\\ρ).
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Proof. From Lemma 2, we have

; ^ nielli.in/111^ ^ IIΪΓ,

for all / and g in Lρ. Hence (Lρ, \\\ ||β) is a normed algebra.
Let {fn} be a Cauchy sequence in (L*Pf | | | |||p). There exists a

function feLp and a bounded linear operator W on JLP such that

\im\\fn - f\\ = 0 = \im\\Wu - W\\ .
n n

For all ge Cm such t h a t \\g\\ £Ξ 1, we have

\\g*f\\, = lim \\g*f%\\v ^ Π E \\fn\\U\g\l ^ I S HI/JH', .

This implies via (1) that / is in L*p For all h e Cm, we have

W{h) = lim TΓ/.(A) = lim A*/. - h*f = Wf(h) ,
n n

all the limits being taken in Lp. Since Coo is dense in Lp, this yields
that W — Wf. We have shown that

Thus, (14 HI my is complete.
Evidently (Lp, | | | |||5,) is a right 1/^,-module and so by [2], 32.22,

Lt

p^Lupf is a closed linear subspace. But this is just Lw

p.
That Lf is a left ideal of Lρ is clear. Let g and A be in Lf

and 14 respectively. Choose the net {hr} so that (6) holds. We
have

0 - lim II Wh o T7,o T7 (0) - TFA(flr) \\l

— l im \\g*hr*h*hr — h*h\\ρ .

From Lemma 2 of [3] we see that the nets {Whr\ and {Wh*hj} converge
to the identity operator and to Wh, respectively, in the strong operator
topology (as operaters on Lp). Consequently,

lim \\g*hr*h*hr — g*h\\p

r
^ lim \\g*hr*h*hr — g*h*hr\\p + lim \\g*h*hr — g*h\L

r r
^ ί ϊ m \\g*hr - g\\ \\h*hr\\p + Πϊn \\g*h*hr - g*h\\pr r

^ Έm\\Whf(g) - glUWhWl + l im | | T F W _ - Wh(g)\\p = 0 .
ΐ ϊ

Thus, we have proved
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lim \\\g*hr*h*hr — βr*Λ|||i = 0
r

and so, since each g*hr*h*hr is in the closed set Lf, it follows that
g*h is there as well. This shows that Lf is a right ideal.

COROLLARY 1. The subspace Lf of Lp is Wlp-ίnvariant.

Proof. Let T be in ϊ£flp and feLf. It follows from Lemmas 1
and 2 of [3] that there exists a net {fa} in Lf such that

lim || T(f) - Wfa{f) 11 = 0 = lim || Γ(/) - Wfa{f) II,.

But this just means

lim || T{f) - f*fa\\l = 0 = lim ]| T(f) - f*fa\\,
a a

and so

But, by Theorem 2, each /*/„ is in Lf and so T(f) is as well.

COROLLARY 2. The Banach algebra $Jlp is linearly isometric to

Proof. It is known that ?ΰt9 is linearly isometric to mιi^ίP9 \\ | |).
Each element of mr(Lf, \\ \\p) clearly may be identified with an element
of mr(Stp, || | |). Thus, to prove this corollary, it will suffice to show
that each element of m^Stp, || ||) can be identified with an element of
mr{Lf, || ||i). But this follows from Corollary 1.

LEMMA 3. Let Temr{Up, \\\ \\\p) be such that T(g) = 0 for all ge
Lf. Then T = 0.

Proof. Repeat the proof for Lemma 1, noticing that, as in the
proof to Theorem 2,

lim \\\g*hr*h*hr — flr*Λ|||i = 0 .
r

It follows form Lemma 2 that the natural restriction mapping
of 3ftp into mr(Lρ, \\\ |||i) is a norm non-increasing algebra isomorphism.
There arise natural questions:

( i ) when is the mapping onto?
(ii) when is the mapping a homeomorphism?
(iii) when is the mapping an isometry?
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Question (iii) clearly implies (ii).

PROPOSITION 1. The restriction mapping of Έlp into mr(Lρ, \\\ \\\%)

is surjective if and only if it is a homeomorphism.

Proof. Let Ψ denote the restriction mapping. If Ψ is onto, the
open mapping theorem implies that it is a homeomorphism.

Now suppose that Ψ is a homeomorphism. Let T be an element
of mr(Lρ, HI \\\p). In view of Lemma 3, T is completely determined
by its restriction to Lp\ Thus, T may be identified with a multiplier
on {Ψ(Wf): fe Lf], and so with a multiplier on its closure Ψ($lp) in
Ψ{^Jlp) as well. It follows that T may be identified with a multiplier
on 2tp, which, in view of [3], Theorem 6, may be identified with some
VeWlp. It follows that Ψ(V) = T. Hence, Ψ is surjective.

Whenp = 1, then j^ = Lf = L.and || ||, - || ||J = 1/2 ||| |||*. When
p = 2, we have the following:

THEOREM 3. The algebra mr(L\, \\\ | | |0 is linearly isometric and
isomorphic with 2K2.

Proof. In view of the fact that SK2 is a C*-algebra, it follows
from [5], 4.8.4 that | | Γ | | 2 ^ | | |T* | | | ||| Γ| | | for all TeSK2. But Lemma
2 implies

| | | Γ * | | | ^ | | Γ * | | = | |Γ | | and ||| Γ|| | ^ | | Γ | |

for Te HJΪ2 and so ||| Γ| | | = || T\\. Thus, Ψ is an isometry and Theorem
3 now follows from Proposition 1.

REFERENCES

1. Edwin Hewitt and Kenneth A. Ross, Abstract Harmonic Analysis, Vol. I. Berlin,
Springer- Verlag, 1963.
2. , Abstract Harmonic Analysis, Vol. II. Berlin, Springer-Verlag, 1963.
3. Kelly McKennon, Multipliers of type (p, p), To be published in Pacific J. Math.
4. , Multipliers of type (p, p) and multipliers of the group Lp-algebras, Pacific
J. Math., 45 (1973), 297-302.
5. Charles Rickert, General Theory of Banach Algebras, Princeton, N. J., Van Nostrand
Company, Inc., 1960.

Received July 24, 1972.

WASHINGTON STATE UNIVERSITY



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

RICHARD ARENS (Managing Editor) J. DUGUNDJI*

University of California Department of Mathematics
Los Angeles, California 90024 University of Southern California

Los Angeles, California 90007

R. A. BEAUMONT D. GILBARG AND J. MILGRAM

University of Washington Stanford University
Seattle, Washington 98105 Stanford, California 94305

ASSOCIATE EDITORS

E.F. BECKENBACH B.H. NEUMANN F. WOLF K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY
UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO
MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH
UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY
NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON
OREGON STATE UNIVERSITY * * *
UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two must
be capable of being used separately as a synopsis of the entire paper. Items of the bibliography
should not be cited there unless absolutely necessary, in which case they must be identified by
author and Journal, rather than by item number. Manuscripts, in duplicate if possible, may be
sent to any one of the four editors. Please classify according to the scheme of Math. Rev. Index
to Vol. 39. All other communications to the editors should be addressed to the managing editor,
or Elaine Barth, University of California, Los Angeles, California, 90024.

50 reprints are provided free for each article; additional copies may be obtained at cost in
multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $48.00 a year (6 Vols., 12 issues). Special rate: $24.00 a year to individual
members of supporting institutions.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 270,

3-chome Totsuka-cho, Shinjuku-ku, Tokyo 160, Japan.

* C. R. DePrima California Institute of Technology, Pasadena, CA 91109, will replace
J. Dugundji until August 1974.

Copyright © 1973 by
Pacific Journal of Mathematics

All Rights Reserved



Pacific Journal of Mathematics
Vol. 49, No. 2 June, 1973

Wm. R. Allaway, On finding the distribution function for an orthogonal polynomial
set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305

Eric Amar, Sur un théorème de Mooney relatif aux fonctions analytiques bornées . . . . 311
Robert Morgan Brooks, Analytic structure in the spectrum of a natural system . . . . . . 315
Bahattin Cengiz, On extremely regular function spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335
Kwang-nan Chow and Moses Glasner, Atoms on the Royden boundary . . . . . . . . . . . . . 339
Paul Frazier Duvall, Jr. and Jim Maxwell, Tame Z2-actions on En . . . . . . . . . . . . . . . . . 349
Allen Roy Freedman, On the additivity theorem for n-dimensional asymptotic

density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 357
John Griffin and Kelly Denis McKennon, Multipliers and the group L p-algebras . . . . 365
Charles Lemuel Hagopian, Characterizations of λ connected plane continua . . . . . . . . 371
Jon Craig Helton, Bounds for products of interval functions . . . . . . . . . . . . . . . . . . . . . . . 377
Ikuko Kayashima, On relations between Nörlund and Riesz means . . . . . . . . . . . . . . . . . 391
Everett Lee Lady, Slender rings and modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397
Shozo Matsuura, On the Lu Qi-Keng conjecture and the Bergman representative

domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
Stephen H. McCleary, The lattice-ordered group of automorphisms of an α-set . . . . . . 417
Stephen H. McCleary, o − 2-transitive ordered permutation groups . . . . . . . . . . . . . . . . 425
Stephen H. McCleary, o-primitive ordered permutation groups. II . . . . . . . . . . . . . . . . . 431
Richard Rochberg, Almost isometries of Banach spaces and moduli of planar

domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 445
R. F. Rossa, Radical properties involving one-sided ideals . . . . . . . . . . . . . . . . . . . . . . . . . 467
Robert A. Rubin, On exact localization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 473
S. Sribala, On 6-inverse semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483
H. M. (Hari Mohan) Srivastava, On the Konhauser sets of biorthogonal polynomials

suggested by the Laguerre polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 489
Stuart A. Steinberg, Rings of quotients of rings without nilpotent elements . . . . . . . . . . 493
Daniel Mullane Sunday, The self-equivalences of an H-space . . . . . . . . . . . . . . . . . . . . . 507
W. J. Thron and Richard Hawks Warren, On the lattice of proximities of Čech
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