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Let T be a complex irreducible representation of a finite
group G of order n and let χ be the character afforded by T.
An algebraic number field K 3 Q(χ) is a splitting field for χ
if T can be written in K. The minimum of [K: Q(χ)]9 taken
over all splitting fields K of χ, is the Schur index mQ(χ) of
χ. In view of the famous theorem of R. Brauer that Q(e2πijn)
is a splitting field for χ, it is natural to ask whether there
exists a splitting field L with Q(e2πiln) DL D Q(χ) and [L: Q(χ)] =
mQ(χ). In this paper examples are constructed which show
that such a splitting field L does not always exist. Sufficient
conditions are also obtained which guarantee the existence of
a splitting field L as above.

Throughout this paper Q will denote the field of rational numbers.
If K is an algebraic number field and p is a prime of K, we denote
the completion of K at p by Kp. If A is a simple component of a
group algebra over Q, the center of A being K, and πx and 7Γ2 are
primes of K extending the rational prime p, then the indices of
A®KKH and A(g)κKπ2 are equal [2, Theorem 1]. We write l.i.pA
for this common value and refer to IΛ.PA as the p-local index of A.
If L D K and L is an abelian extension of Q, we refer to the rami-
fication degree of a prime π of K from ϋΓ to L as the g-ramifieation
degree where π extends the rational prime q. Clearly, this does not
depend on the choice of π. We use similar notation when referring
to residue class degrees.

Throughout this paper χ will denote an irreducible complex
character of a finite group G of order n. There is a unique con-
stituent j y of the group algebra of G over Q(χ) corresponding to
χ in the sense that the representation of G afforded by a minimal
left ideal of jzf is equivalent to mQ(χ)T, where T affords χ. If D
is the division algebra component of s*f we say that D (and Jzf) is
associated with χ. The index of D equals mQ(χ) and χ is realizable
in K if and only if K is a splitting field for D. We refer the reader
to [1] for the relevant theory of algebras assumed.

We denote a primitive mth root of unity by εm. Gal (L/K) denotes
the Galois group of L over K, and [L: K] the degree of L over K.
If A and B are two central simple iΓ-algebras we write A — B to
denote that A and B are similar in the Brauer group of K.

A special case of the following lemma is proved in [6, page
631]:
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LEMMA. Let F be the completion of an algebraic number field
at a finite prime and suppose the residue class field of F has q
elements. Let p be a prime, p \ q, and suppose pt \ q — 1, pt+1)fq — 1.
Let E be a cyclic extension of F of degree pe pf where p% e > 0, is
the ramification degree of E over F. Let (a) = Gal (E/F) and let
εpS G F. We have:

( 1 ) Let pι = 2 so εpS — — 1. Then the cyclic algebra (E, σ, — 1)
has index 2.

( 2 ) Suppose pt ^ 3 and s ^ v > 0. Then (E, σ, εpS) has index
pv if and only if t = e + s — v.

Proof. By Hensel's lemma, εpt e F, εpM $ F. Let [K: F] = pf, K
unramified over F. All p-power roots of unity in E are in K. If
pι >̂ 3, an easy induction shows that E contains a primitive p ί + / t h
root of unity but does not contain a primitive pt+f+1th root of unity.
If p* == 2 and / > 0, then E contains a primitive 22 + /th root of unity
but not a primitive 23 + /th root of unity. If p* — 2 and / = 0, then
E does not contain ε4. From the theory of cyclic algebras over local
fields, (E, σ, εp*) has index pv if and only if εp*-v is a norm from
E to F but εpS-v+i is not a norm. Suppose εpS~v is a norm from E to
F. Let N denote the norm map from E to F. Since εpS-v is a unit,
epS~v = N(j) where 7 is a unit of E. Let UEf UEι denote, respectively,
the units and the units (mod 1) of E. We have UEIUEI = E*f the
multiplicative group of the residue claas field of E. Since E and K
have the same residue class field, there is a root of unity δ in K
with 7 UEι = δ IT*i. Since iV(S) UFi = εp8-v ί/̂ i = ΛΓ(δ) t/^i, we may assume
that δ has p-power order. Let N' denote the norm from K to F.
Then N(δ) = iSΓ'(δp') since δ € ϋΓ. Since Gal (iΓ/F) is generated by the
Frobenius automorphism, we have N(δ) = δmpe where

Suppose (1) holds so pι = 2, εpS = — 1 . (E, σ, —1) has index 1 or
2 and we have index 1 if and only if — 1 is a norm from E. By the
argument above, if — 1 is a norm, then — 1 UFι = δm2e UFi where δ is
a 2-power root of unity, e > 0, and m = (q2f — ϊ)/(q — 1). One verifies
easily that δm2e — 1, a contradiction.

Now suppose (2) holds. Assuming εp8-v is a norm from i? we
obtain, as above, that N(δ) is a power of a primitive p*~eth root of
unity. Thus t — e ^> s — v so £ ̂  s + β — v. Conversely, if ί = s +
e — v, then i? contains a primitive p s + e + / ~ v th root of unity ζ. An
easy calculation using the Frobenius automorphism shows that N(ζu) ~
εpS~v for some u. Let J ^ = (E, σ, εp8) so J ^ p v ~ (E, σf εp*~υ). If
t =s + e - v, then we have shown that sf*v - F. If S/pV~ι - ί7,
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then we would have t ^ s + e — v + 1 which is not the case. Thus
t = s + e - v implies Stf has index p\ Conversely, if sf has index
p\ then t 7> s + e — v. If t ^> s + e — v + l w e would have SsfpV~l ~
F. Thus t = s + e — v, proving the lemma.

We can now construct an example (actually one for each prime
p) of an irreducible character χ of a finite group G of order n such
that mQ(χ) = p but no subfield L of Q(eΛ) with [L: ζ>(χ)] = p is a
splitting field for χ.

EXAMPLE. Let p be an arbitrary prime. Let r be prime,
r = 1 (mod p2), r ^ 1 (mod p3). Let q be a prime, g = 1 (mod r), g =Ξ
l(modj>4)> and g Ξ£ l(modp 5 ) . Let F be the subfield of Q(εq) with
ίQ(eff): ^ ] = P4 and let £/ be the subfield of Q(er) with [Q(er): E] = p\
Let <<τ> - Gal (Q(ep3qr)JF(εpsr)) and <τ> = Gal (Q(eΛ r)/ί?(eΛ)). Let iΓ
be the fixed field of <σr>. Then iί(ε,) = Q(εpzgr) and [ίΓ(ε,): JBΓ] = p\
Since g is totally ramified from EF(εpz) to F(εpzq) and splits completely
from EF(εP3) to E(εpsr), we see that g is totally ramified from EF(εpή
to JΓ. Thus the ramification degree of q from K to if(εg) is p2 and
the residue class degree is 1.

Let G = <w, α?, 2/, 2J | wq = α;r = 2;p3 = 1, /̂p4 = z, z central, (w, x) = 1,
ί/"1^^ = ^ α , y^xy = %h) where oτ(εq) = (εq)

a and στ(er) = (εr)\ The
cyclic algebra J ^ — (Qfev), ί7τ> ε?>3) ^s a homomorphic image of the
group algebra of G over Q and so there exists a complex irreducible
representation T of G with character χ such that the enveloping
algebra of Γ is J / and Q(χ) = K. The index of Ssf equals mQ(χ).

By the lemma we see that J^f has (/-local index p. Since
K(εq) = Q(ep8ffr), r is unramified from i ί to Q(εP3qr) and so the r-local
index of j ^ is 1. Since the 2-local index is at most 2 [7, Satz 11]
and at infinite primes Szf can only have index 1 or 2, we conclude
that mQ(χ) = p. | G \ = 2>7gr and Gal (Q(6p7qr)/K) ~ Cp* x C^. Since
g = 1 (mod p4) we see that q splits completely in the unique extension
J of JBΓ, Jc(3(fi,v), Gal(J/JK") - Cp x Cp. It follows, therefore, that
q splits completely in every subfield of Q{εpiqr) of degree p over Z"
and so T is not realizable in any subfield L of the \G |th roots of unity
with [L: Q(χ)] = p.

We next prove that under certain conditions there always exists
a subfield L of the order of |G | th roots of unity which is a splitting
field for χ and where [L: Q(χ)] = mQ(χ).

THEOREM. Let χ be a complex irreducible character of a finite
group G of exponent n with mQ(X) *> 3. Assume either (a) or (b)
below hold:

( a ) Q(χ) = Q(εm) for some m.
(b) n = paqb where p and q are primes, p < q.



430 BURTON FEIN

Then there exists a subfield L of Q(en) with [L: Q(χ)] = mQ(χ) and such
that L is a splitting field for χ.

Proof By a standard reduction using the Brauer-Witt theorem

[8, § 2], we may assume that mQ(χ) is a prime power. Since if (b)

holds, mQ(χ) is a power of p by [7, Satz 10], we will assume that

wρ(χ) = PC.

Let K be the subfield of Q(εn) such that Kz>Q(χ)f pJf[K:Q(χ)]f

and [Q(εn): if] is a power of p. Let D be the Q(χ)-central division
algebra associated with χ. By the Brauer-Witt theorem [8, § 2],
D (x) ρ{Z)iίΓ is similar to a crossed product (K(ψ)/K, β) where f i s a
linear character of a subgroup of G, β is a factor set whose values
are roots of unity, and where Gal (K(ψ)/K) is isomorphic to a factor
group of a Sylow ^-subgroup of G,

Q(χ) contains a primitive mρ(χ)th root of unity [3, Theorem 1],
Since mQ(χ) :> 3, Q(χ) and K are both totally imaginary. Thus the
nonzero invariants of D are at finite primes.

Suppose (a) holds, so Q(χ) = Q(εm). We may assume m is not
twice an odd number. We have mQ(χ) \m. If r is a prime divisor
of m, r Φ p, then since, for some df [Q(εn): K] — pd, r is unramified
from K to K(ψ). This implies that the r-local index of D equals 1.
Now let qlf , qt be the rational primes at which D has nontrivial
local index. Let the g,-local index of D be pH. Then ct ^ c for all
i and ct = c for some i since D has index p\ Suppose qt is odd.
By [7, Satz 10] pc- \ qt - 1 and so Q(εq) has a subfield E, with [J5,:
Q] = pc\ Since g< | m, [EiQ(χ): Q(χ)] = pc* and g4 is totally ramified
from Q(χ) to ^ Q ( χ ) . Let L t - EtQ(χ). By [3, Theorem 1], εpH e Q(χ)
and so L* = Q(χ)(α^) where α£c <eQ(χ). If all of the g, are odd, let
α — axa2' «ί. If qx = 2, say, let a — T/ —lα 2 at. We note that q1

can equal 2 only if pCl = 2 and τ / ^ ϊ e Q ( χ ) [7, Satz 11]. If this
happens, then 41 w by [4], Thus αeQ(ε n ). Since αp CeQ(χ),
[Q(χ)(α): Q(χ)] ^ p c . Since g', is ramified of degree pCi from Q(χ) to
Q(Z)(α), [Q(Z)(α): Q(X)] = Pc and Q(χ)(α) splits D. Thus Q(χ)(α) is our
desired field.

Assume (b) holds. K(ψ) is an abelian extension of K generated
by roots of unity. Since (K(ψ)/K, β) has index pc > 1, (K(ψ)/K, β)
has g-local index pc and so q is ramified from K to K(ψ). This implies
that K(ψ)i)K(εg) = K(eqι). Since mQ(χ) = pc ^ 3, if p = 2 we see
that T/ — l e i Γ . In view of [7, Satz 12] this implies that q is the
only prime of Q with the g-local index of (K(ψ)/K, β) different from 1.

Let εpVe K{ψ), εpV+i$ K(ψ). We note that K(ψ) = Q(epυqb) since
b)- K] is a power of p. Let <σ> = Gal (Q(εpvgb)/Q(εpv)), <τ> =
(epV)/Q(M)) T h e n < σ V > = Gal (Q{epvqh)fK) for some i and j .

Let ί7! and F2 be, respectively, the fixed fields of <σ*> and <ry>. Let
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pe and pι be, respectively, the order, of <<r> and (τj). Let Lx and
L2 be, respectively, the subfields of index pe and pι in Q(eqb) and
Q(epv). Then Fι = Lfav) and F2 = L2(εqb) and Ή n 2^ = LλL2. Since
gr is totally ramified from LXL2 to F 2 and is unramified from L ^ to
Flf q is totally ramified from LXL2 to if. Thus e > t and g has
ramification degree pe~ι from i£ to K(ψ).

Suppose [K(εpv): K] = p\ Then (oV)p e fixes K(εpV). Since σ fixes
ε^, τjpS fixes ep* and so τjpS = 1. Thus s ^ ί. But # is unramified
from K to K(εpv) and so the ramification degree of q from if to K{ψ)
is at most pe~ s. Thus e — s ^ e — t so s = t. This shows that g is
totally ramified from K(epV) to K(ψ). Since g is unramified from if(^)
to K(εpaqb) = Q(εpaqb), we see that K(εpa) is the maximal extension of
K inside Q(v?6) %m which q is unramified.

Q(εpaqb) is not a cyclic extension of K by [5]. Thus Gal (Q(εpaqb)/K)
is the direct product of two cyclic groups. Let M1 and M2 be subfields
of Q(εpaqb) such that Mtf) M2~ K, Q(εpaqb) = MγMκ and Mι and M2 are
cyclic extensions of K. Since £Γ(εpα) is cyclic over K, q must be totally
ramified in either M1 or M2. Suppose q is totally ramified in Mt.
By [5], since Q(εpaqb) is cyclic over Ml9 Mλ is a splitting field for χ.
Thus Mx splits (K(ψ)/K, β) and so [il^: if] ^ p c . The subfield L of
Λfx with [L: Q(χ)] = 2>c is the desired splitting field for χ. This com-
pletes the proof of the theorem.

REFERENCES

1. A. A. Albert, Structure of algebras, Amer. Math. Soc. Colloq. Publ., 24, Providence,
R. I., 1939.
2. M. Benard, The Schur subgroup, I, J. Algebra, 22 (1972), 374-377.
3. M. Benard and M. Schacher, The Schur subgroup II, J. Algebra, 22 (1972), 378-385.
4. B. Fein and T. Yamada, The Schur index and the order and exponent of a finite
group, J. Algebra, 28 (1974), 496-498.
5. D. Goldschmidt and I. M. Isaacs, to appear, in J. Algebra.
6. M. Schacher, Cyclotomic splitting field, Proc. Amer. Math. Soc, 25 (1970), 630-633.
7. E. Witt, Die algebraische Struktur des Grupperringes einer endlicher Gruppe
uber einem Zahlkbrper, J. Reine Angew, Math., 190 (1952), 231-245.
8. T. Yamada, Characterization of the simple components of the group algebras over
the p-adic number field, J. Math. Soc. Japan, 2 3 (1971), 295-310.

Received October 15, 1973. This work was done under the sponsorships of NSF Grant
GP-29068. AMS classification: 20C15

OREGON STATE UNIVERSITY





PACIFIC JOURNAL OF MATHEMATICS

EDITORS

RICHARD ARENS (Managing Editor) J. DUGUNDJI*

University of California Department of Mathematics
Los Angeles, California 90024 University of Southern California

Los Angeles, California 90007

R. A. BEAUMONT D. GILBARG AND J. MILGRAM

University of Washington Stanford University
Seattle, Washington 98105 Stanford, California 94305

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WOLF K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY
UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO
MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH
UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY
NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON
OREGON STATE UNIVERSITY * * *
UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two must
be capable of being used separately as a synopsis of the entire paper. Items of the bibliography
should not be cited there unless absolutely necessary, in which case they must be identified by
author and Journal, rather than by item number. Manuscripts, in duplicate if possible, may be
sent to any one of the four editors. Please classify according to the scheme of Math. Rev. Index
to Vol. 39. All other communications to the editors should be addressed to the managing editor,
or Elaine Barth, University of California, Los Angeles, California, 90024.

100 reprints are provided free for each article, only if page charges have been substantially
paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific of Journal Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $72.00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual
members of supporting institutions.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 270,

3-chome Totsuka-cho, Shinjuku-ku, Tokyo 160, Japan.

* C. R. DePrima California Institute of Technology, Pasadena, CA 91109, will replace
J. Dugundji until August 1974.

Copyright © 1973 by Pacific Journal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics
Vol. 51, No. 2 December, 1974

Robert F. V. Anderson, Laplace transform methods in multivariate spectral
theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

William George Bade, Two properties of the Sorgenfrey plane . . . . . . . . . . . . . . . . . . . . 349
John Robert Baxter and Rafael Van Severen Chacon, Functionals on continuous

functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355
Phillip Wayne Bean, Helly and Radon-type theorems in interval convexity

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363
James Robert Boone, On k-quotient mappings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 369
Ronald P. Brown, Extended prime spots and quadratic forms . . . . . . . . . . . . . . . . . . . . . 379
William Hugh Cornish, Crawley’s completion of a conditionally upper continuous

lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397
Robert S. Cunningham, On finite left localizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
Robert Jay Daverman, Approximating polyhedra in codimension one spheres

embedded in sn by tame polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 417
Burton I. Fein, Minimal splitting fields for group representations . . . . . . . . . . . . . . . . . . 427
Peter Fletcher and Robert Allen McCoy, Conditions under which a connected

representable space is locally connected . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 433
Jonathan Samuel Golan, Topologies on the torsion-theoretic spectrum of a

noncommutative ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 439
Manfred Gordon and Edward Martin Wilkinson, Determinants of Petrie

matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 451
Alfred Peter Hallstrom, A counterexample to a conjecture on an integral condition

for determining peak points (counterexample concerning peak points) . . . . . . . . . 455
E. R. Heal and Michael Windham, Finitely generated F-algebras with applications

to Stein manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 459
Denton Elwood Hewgill, On the eigenvalues of a second order elliptic operator in

an unbounded domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 467
Charles Royal Johnson, The Hadamard product of A and A∗ . . . . . . . . . . . . . . . . . . . . . 477
Darrell Conley Kent and Gary Douglas Richardson, Regular completions of Cauchy

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483
Alan Greenwell Law and Ann L. McKerracher, Sharpened polynomial

approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491
Bruce Stephen Lund, Subalgebras of finite codimension in the algebra of analytic

functions on a Riemann surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 495
Robert Wilmer Miller, TTF classes and quasi-generators . . . . . . . . . . . . . . . . . . . . . . . . . 499
Roberta Mura and Akbar H. Rhemtulla, Solvable groups in which every maximal

partial order is isolated . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 509
Isaac Namioka, Separate continuity and joint continuity . . . . . . . . . . . . . . . . . . . . . . . . . . 515
Edgar Andrews Rutter, A characterization of QF − 3 rings . . . . . . . . . . . . . . . . . . . . . . . 533
Alan Saleski, Entropy of self-homeomorphisms of statistical pseudo-metric

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537
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