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This is the last paper in this series2 and it contains the analysis
of the remaining case, that is, 2 6 ττ4 and e = 1. As it happens, earlier
work on this case was faulty, as I missed the group 2F4(2) and its
simple subgroup of index 2. This lacuna is filled here, and the only
change it necessitates in the earlier work is that the Main Theorem
needs to be altered by added 2JF4(2)' to the list of simple iV-groups.3

16. The case Ϊ 6 ^ f * » All results in this paper are proved on
the hypothesis that 2e ττ4 and e — 1. In this section, we also assume
that if £ is a S2-subgroup of ©, then %<z^£*. And we assume that
© is a minimal counterexample to the Main Theorem.

Set m - M(Z).

LEMMA 16.1. If § <1 ̂  and % is an elementary abelian 2-group,
then %$Λ*.

Proof. Suppose false, so that 3ft = M(U) for every solvable
subgroup of U of ® which contains g. In particular, C(F) g Έi for
all Fe%*, and also, of course N(%) £ 2ft. By Lemma 13.2, there is
a 2,3-subgroup !Q of @ satisfying (a) through (e) of Lemma 13.2.

Let %0 = % Π £, gi - % Π &, where & - O2(£). Since g e ̂ f *,
we have $0 c §. Since e = 1, £>3 is cyclic. Since JV(φ2) S 3ft, it follows
that ! ξ>2: ^ | = 2, whence | &: ^ 1 ^ 2 .

If So = Si> then since g o cg, ©i centralizes a subgroup S/g0 of
g/g0 of order 2. Hence, [§lf g ] g g 0 S φ^ and so <φ2, @> is a 2-sub-
group of iV(φi). Since Lemma 13.2(e) holds, we have © £ >̂2 Π g =
& - a , against | @/g01 - 2. Hence, | g0: g, | = 2.

Choose i^Ggo —Si Since F<£θ2{H), we may assume that JP
normalizes φ3. Set ^ = [ l̂f §8]. Thus, § 3 has no fixed points on

%r and so
£ = <[ft, F], [ft, F]^> ,

3 An historical note is in order. In January, 1963, I announced at the meeting of
the American Mathematical Society that with finitely many exceptions, the simple
TV-groups were L2(q) and Sz(q). Had I been content to leave the explicit determination
of the exceptions to someone else, I would have avoided the embarrassment of having
missed 2F4(2)'. Furthermore, several of the proofs would have been shortened considerably.
But part of the fun and a great deal of the work involve pinning down the exceptions.

2 The other papers are: Nonsolvable finite groups all of whose local subgroups are
solvable, I-V: Bull. Amer. Math. Soc, 1968, Vol. 74, no. 3, pp. 383-437, Pacific J. Math.,
Vol. 33, no. 2, 1970, pp. 451-536, Vol. 39, no. 2, 1971, pp. 483-534, Vol. 48, No. 2, 1973,
i p. 511-592, Vol. 50, no. 1, (1974), 215-297.

3 I have not taken the trouble to check Corollary 5 for the case ® = 2F4(2y.
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where H is a generator for φ 8 . Since [&, F] S g, it follows that [$, F]
is a normal elementary abelian subgroup of $ and so cl (Si) <£ 2,
ί f s [Λ, F ] n [Λ, F ] H . Since F centralizes $', so does # 8 . Since C ^ J g S K
for all F x G g*, and since Str s g, while £>3 g 3K, we conclude that

SB - [$, F ] x [$, F ] * is elementary abelian .

Also, CΛ(F) = [St,F]=%n St, Cβι(©8) Π Λ = 1. Suppose F1 e &. Then
F x = Z7F, where Ue C9l(Qs), Ve®. Since F1 = F?y and since F normal-
izes C^ίφβ) and Λ, it follows that 17= i[Γ, F = F*1 e C,(F) = [Λ, F ] g g .
Hence, 17= i^ F" 1 e g. Since ^ 3 g SR, we get 17= 1, and so [&, F] = g l β

Set SI = [B, F]H = §f, so that ffi = g t x a . Furthermore, since
£ 2 is a S2-subgroup of N(B), it follows that JVff(^) = %0. Let gγg 0

be a subgroup of g/g0 of order 2 which admits a . Thus, [St, g1] =
[a, W] a So, and g 1 g JV(Λ)f so that [SX, S1] g §,. Let g1 = %0 x <[/>,
and choose A in 21 such that [A, U] = F e § o — gx. Since A2 = 1, we
have [A, F] = 1, and so Ve Cdo(A). Since Ae%lf and since Cft(F) = %lf

we get F G ^ I This contradiction completes the proof.
Set 3 = fli(Λ2(2K)), and let ^ be the set of involutions J of 9K

such that C 3 ) 2 ( J ' ) G ^ ^ * . Since ϊ e ^ # * , we have

(16.1) *2i(^(£))* S ^

LEMMA 16.2. One of the following holds:
(a) 131-2.
( b ) CCSo) S SK /or ever]/ hyper plane So of $.

Proof. Suppose that (a) does not hold, so that 13 | ^ 4. Let
3* = Ω1(Z(X))9 and suppose that 3 0 is a hyper plane of 3 with C($o) g 3K.
By (16.1), we have 3o Π 3 = 1, and so <Z*> = 3 * is of order 2. Set
® — C(3) and let ®/K be a minimal normal subgroup of SK/(£. Since 3 is
2 reducible in SK, | SD/K | is odd. Since 13* | - 2 and 13 I > 2, we have
13)/<E I > 1. Set Bi = [3, ®], so that 1 c & < 2R, whence Z* e 3i Since
3i = L3i, ®], we have Z* e ® ;. By (16.1), we have Z*M $ 3 0 for all Min 2W.

Let D be a S2,-subgroup of ®, and let © = &G. Since [3 l y ®] = 3 l f

so also [O, 3i] - 3i Let 3° = 3o Π 3i Since Z * e &„ we get that 3°
is a hyperplane of &, and so ^ * ρ e 3 L - 3° for all Q e D. This violates
Lemma 5.38, and completes the proof.

LEMMA 16.3. One of the following holds:
(a) 131-2.
( b ) C(3o) = C(S) for every hyperplane 3o of &.
( c ) 3K A,αs α normal four-group 2B swcA ίAαί A ί̂SB) = Aut 2S.

Proof. Suppose 13 I > 2 and 3o is a hyperplane of 3 such that
C(3o) ^ C(3). By Lemma 16.2, C(30) - CΛ(30). Since 3o c 3 . we have
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C(3o) => C(S) = <£. Set e = C(30). Since £ stabilizes the chain 3 ID
3 0 ^ l , we see that (£/(£ is an elementary abelian 2-group. Choose
Te e - <£, and let S)/(E - O(2ft/£), g/e - F(S/<£). Since O2(SK/£) = 1,
and e = 1, S/® is a cyclic group and T does not centralize g/(E. Let
& = [δ, 3:] <£, so that &/© ^ 1. Since T inverts &/<£, and since &/K
acts faithfully on 3 , it follows that I&/S | = 3, while [3 , g j = SB is a
normal four-subgroup of 2K. The proof is complete.

LEMMA 16.4. 1 3 1 = 2 .

Proof. Suppose false. Define % as follows: if Lemma 16.3(b)
holds, take % = 3> and if Lemma 16.3(c) holds, but Lemma 16.3(b)
does not hold, let g be a normal four-subgroup of 2ft with A^(%) =

By Lemma 16.1, 3 < £ ^ * . Set
^ " = {$β I 3 S *β, Φ is a 2-subgroup of 9ft, 5β e .^f *}. Choose £ 0 in
with I %01 maximal. We assume without loss of generality that

£ 0 £ £. This normalization is admissible, since 3 <1 SK Let © be a
solvable subgroup of © which contains £ 0 and is not contained in 231,
with I @ I minimal. Since N%(Z0) e ^ ^ * , it follows that £ 0 is a S2-subgroup
of @. By minimality of | © |, we have @ = SQO, where O is a p-group
and p is an odd prime. Since C(3o) S 2K for every hyperplane 3o of
3 , it follows that 3 S C(O(@)), and so § = O2(@) ^ 1 . By maximality
of 2;0, it follows that £ 0 is a S2-subgroup of iV(φ). Since O(N($)) = 1
so also 0(8) = 1. Since e = 1, O is cyclic.

Let SS = F(ccl@(3); £ 0). Thus, S3 ̂  @, since JV«(SB) =) 3;. Choose G
in @ such that 3^ = ϊ S ^o, X € €>• Since O is a cyclic p-group,
X PI ^ = 3) is a hyperplane of X. On the other hand, N%($) — %^ and
so Z{%) S So, whence Z(2) S Z($), as Cβ(φ) = Z(φ). Set U =
Ω^Zφ))* = ΩX{Z{%)Y. Since D g 2W, it follows from (16.1) that O
does not centralize U, and so C@(U) — ξ>O0, where O 0 £ D(£X). Let
36 = 2) x <X>. Since X inverts φG/φ, we assume without loss of
generality that X inverts O. Thus, X does not centralize 11. In
particular, C(2)) z> C(ϊ), and so g is a four-group.

Let 2δ = y(ccl.(g); 3^). Since N%{%£) =) 3^, it follows that 3S ̂  ©,
and 2B S φ . Choose Gt in © such that §Gi = S g ^ , 8 g § . Set
Sx = S Π φ, so that I S: Sx I = 2.

Now S is a normal 4-group of W**- and ^^^1(8) = Aut (S), so every
involution of S is central in some S2-subgroup of 2Kβl. Hence, by
(16.1), C(L) S SKβi for all L e S*. In particular, U s C(LX) S Wl% and
so [U, S] S 2. Since D does not centralize U, and since £ = Sx x <Γ>,
where Γ inverts ^>Π/^, T does not centralize 11. Since [11, S] £ S,
we get that [IX, S] = ^ S Z(§), and so φ S 3Kffs | O | = 3. But now
we get that [£>, 8] = Z19 whence [φ, O] = ^ x is a 4-group, § = φx x
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<g2f £ 2 = C9(ίΩ). Furthermore, φ x <] @, and so 8X £ Z(Z0) whence £ o ϋ
9ft n 9ft*i. By maximality of £ 0, we conclude that 9ft = 9ft<% S = g.

Since ϊ o c ϊ , there is Ue N%(Z0) - £ 0 with l72eSo. Thus, ί7
normalizes C^o(%) = § x $2> and so Z7 normalizes />(Cs0©)) = D(!gi).
Since D £ N(D(QΛ)), and since <20, [7>e.^f*, it follows that § 2 is
elementary. Since £ 2 Π ̂  is normalized by <S0, U, O>^ we conclude
that φ 2 Π φ8

F = 1, and so | ^>21 = 2h, where fe ^ 2. In this case, £ 0

has precisely 2 elementary subgroups of order 2h+2, namely, φ and
C*0(%)f whence [/normalizes φ This is false, since Zo is a S2-subgroup
of iV($)- The proof is complete.

LEMMA 16.5. If Ue ^(5E), ί/^β^ C(C7) £ 3W /or αii ί/G U*.

Proof. By Lemma 16.4, 3 - ΩX{Z(%)) is of order 2, and 3 g
We assume by way of contradiction that C(£7) = & g£ 3K. Thus,
II = 3 x <[/>. Let @ be an element of ^ ^ ( © ) which contains ®
and let © Ξ> 9ΐ =) @, such that 6 is a maximal subgroup of 3ΐ.

It is crucial to show that

(16.2) I @: @ n 9K | = 3 .

In any case, since E S @, we have @ g 2K, and so | @: © Π 2W | = d > 1.
Let S o = C s ( J 7 ) , so that \X:XQ\=2. Since ϊ £ JV(£0), we have
JV(S;0) £ aθΐ. Since ! ί e ^ , it follows that So is a S2-subgroup of @.

Since U centralizes every element of kl(tl; 2'), it follows that
φ = O2(@) ^ 1. Since @ = JV($), it follows that O(@) = 1. For each
odd prime p, let ©p be a S^-subgroup of @ per mutable with S£o, and
let @(p) = So-©,. Thus, O(@(p)) - 1 for all p. Since J(3:0) and Z(S£0)
are normal in Z, it follows that <N(J(ZQ)), N(Z(X0))} £ 2K. Hence,
8(^)gSTi for all p ^ 5, by Lemma 5.53. By Lemma 5.54, ^1(@(3)) £ SDZ.
This is (16.2).

Next, set ©0 = © Π 3K and suppose that @0 c 3K0 g SK, and that
3fto contains a S2-subgroup of 9ft. Let π — π(@0) and let SDΐ be a
^-subgroup of 3ft0 which contains @0. Let § = O2(Φί), ^ 0 = § Π @0

Since So £ @0 and £ 0 is of index 2 in a S2-subgroup of 5DI, it follows
that 11>: 4 i ̂  2.

We argue that 2ft0 — @0 contains a 2-element T which normalizes
@0 This is clear if | φ: @0 i = 2, since in this case, we may take
Te Q - $Q. Suppose |> - | 0 Let %β = F(§h/Q), so that §/|> is a
cyclic group of odd order, and Sΐ' £ § . Let ^ 0 be a Sy-subgroup of
@0 and let & be a £2,-subgroup of 3D? which contains $,. Since & is
a ^-group, it follows that subgroups of & are conjugate if and only
if they have the same order. This implies that iVi($o)l> contains a
£2-subgroup of 3ft, and since £ 0 S I>-Ni($o)> it follows that @0 is
normalized by a S2~subgroup of TO, so Γ exists.
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Case 1. %0 is not a S2-subgroup of 31.

Let 2^ be a S2-subgroup of 9ϊ which contains Zo. Since X S iV(£0)>
we have JV(S:0) S SK, and so SA S SK. Let 3K0 = Έl Π SI, so that
SKo 2 <^, @o>. Choose Te NmQ(&0) - @0, Γ a 2-element. We may assume
that Γ26@o Now © c 9 ϊ , and so 9Ϊ is not solvable. Since © is an
JV-group, so is 9ΐ, and so 1 is the only solvable normal subgroup of
9ϊ. In particular,

n @β = i ,

and so 9ΐ is represented faithfully as permutations of the cosets of
@ in Sft. Since © is a maximal subgroup of 9t, this permutation group
is primitive. Since @ Π @Γ = @0, @ has an orbit of size 3. By the
Main Theorem of Wong [Determination of a class of primitive permu-
tation groups, Math. Zeitschr. 99, 235-246 (1967)], 9ΐ is isomorphic
to one of the following groups:

A» Sδ, PGL(2, 7), PSL(2, 11), PSL(2, 13), PSL(2, q)
(q a prime = ± 1 (mod 16)), SL(3, 3), Aut(SL(3, 3)).

Since 2 € τr4, it follows that S^^^V^l) Φ 0 . However, a S2-subgroup
of each of the above groups has no elementary normal subgroup of
order 23.

Case 2. £ 0 is a S2-subgroup of 9ΐ.

In this case, since £ 0 is not a S2-subgroup of ©, we have ΪR c ©.
Since © is a minimal counterexample, 9ΐ contains a simple normal
subgroup 3ΐ0 such that C^(di0) = 1, and such that 9ΐ0 is one of the groups
listed in the (augmented) Main Theorem. Let 9^ = 3ΐo^o If % =
2F4(2)', then either % = 9l0 or 9tx =

 2F4(2). Both possibilities are excluded
since Ω^ZiX,)) = 11, while S2-subgroups of both *F4(2y and 2F4(2) have
cyclic centers.

Suppose 9ΐ0 ~ UZ(S) = PSU(3, 3)(= SU(3, 3)). Since GU(3, 3) -
SU(3, 3) x Z(GU(3, 3)) it follows that either % = ^(3) or ^ s *73(3)<S>,
where S is induced by a field automorphism. In either case, a
S2-subgroup of 9̂ ! contains no normal elementary subgroup of order
23, against £ 0 = C%{U).

If 3ϊo = Mnf then ^ ~ Mn = Aut (JM"U). This case is excluded since
^ ^ ^ ς ( S 0 ) ^ 0 .

If 9l0 = ^3(3), then 9^ is either isomorphic to L3(3) or to L3(3)<S>,
where S is the transpose inverse map. This case is also excluded, since
^^^n{%,)Φ 0 .

If % ~ AT, then M (£<>; 3) ^ 1, against 2eπ4.
If 9ΐ0 = Sz(q), then 3ΐ0 = 31^ since Aut (Sz(q))/I(Sz(q)) has odd order.

In this case, every 2-local subgroup of 9^ is 2-closed. This is false,
since £ 0 is a 52-subgroup of @ and @ g SJl, while iV(£0) £ SK-
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Suppose 9ΐ0 = L2(2n). Since @ is not 2-closed, £0 is non abelian.
Since 3^ is an iV-group, the only possibility is that % S Σδ. This
violates ^ ^ ^ ς ( £ 0 ) Φ 0 .

So % ~ L2(q) for some odd q. Let q = pa, p a prime. Then
Aut (L2(q))/I(L2(q)) is the direct product of a group of order 2 and a
cyclic group of order a. Thus, SySto is abelian, and is either cyclic
or of type (2, 2b).

Let £° = £ 0 Π %. Thus, 2:° is a dihedral group. First, suppose
I X° I ̂  16. In this case, ^ < g = ^ ( £ ° ) - 0 , and so it is straightforward
to verify that ^ ί f ^ / ς ( £ 0 ) = 0 , the desired contradiction. Hence
12° I ̂  8. If I 2° I = 4, then a = 0, and so ft = 0, and £0 is non abelian
of order 8, against £^^^Ϋl{%0) Φ 0 . Hence, |£° | = 8.

Since | Z° \ = 8, it follows that a is either odd or twice an odd
number. Since £ 0 contains an element of ^ ^ ^ ( S ) , it follows that
H(S0: 2') = {1}. Thus, if Zo is the central involution of £°, then C»oCZo)
is core free, that is, if ε = q (mod 4), then (q — ε) is a power of 2.
Since | £° | = 8, we get q - ε = 8, whence q = 7 or 9. If g = 7, we
get ^ ^ ^ / / ς ( 2 0 ) = 0 . So g = 9, and the only possibility is that 3^ = Σ6.
In this case, we see that ^> ~ Z2 x ΣA. Thus, So has precisely 2
elementary subgroups of order 8, one of which is an element of
S^^^i^(X). Hence, X normalizes both of these elementary subgroups,
and so Z normalizes O2(β). This is false, since @ = iV(O2(@)), and £ §£ @.
The proof is complete.

LEMMA 16.6. If % is a non cyclic normal elementary abelian
2-subgroup of UJl, then C(g0) £ 2K /or ei βr?/ hyper plane %Q of $$.

Proof. Since % is non cyclic and Z(Z) is cyclic, $ contains an
element U of %f(X). Since go ΓΊ U ̂  1, this lemma is a consequence
of Lemma 16.5.

By Theorems 13.5, 13.6, 13.7, 9K contains a non cyclic normal ele-
mentary abelian 2-subgroup, so we can choose % such that

(a) %<\m.
(b) § is an elementary abelian 2-group.
( c ) %/S is a chief factor of SK.

LEMMA 16.7. Suppose T is an involution of 2ft. TΛew one of the
following holds:

( a ) [%, Γ ] S S .
( b ) S/3 ώ α /rβe F2(T}-module.

Proof. Suppose [g, Γ] g 3- Set g - g/3, and let © -
SK - SK/(E, Γ - (£Γ. Thus Γ ^ l , and O2(SK) - 1. Let § =
Thus, § is a cyclic group of odd order and C^(§) = %. Hence, T
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inverts a subgroup 3̂ of § of prime order. Since 3̂ char §, we have
$β <d 2ft, and since 2ft acts faithfully and irreducibly on g, we have
Cg(φ) = 1. The lemma follows.

LEMMA 16.8. Suppose X = <X> x (Y) is a four-group contained
in % and 3 ξg ϊ . Suppose @ is a S2-subgroup of Cm(X). Then there
is S in & such that [Y, S] generates 3

Proof. Let (E = C(g), S>/<£ - Ot(2ft/<£). Since g is not 2-reducible
in 2ft, we get that Cff(3)) = 3, [g, £>] = 3, and so 3)/<E is isomorphic to
the stability group of the chain g z ) 3 z ) l . Let @x be a S2-subgroup
of C%(X) and let @2 be a S2-subgroup of C^X) which contains @lβ

Since [©, X] = 3, @i is of index 2 in a S2-subgroup of ®. Also β f = @
for some Me Cm(X), and so @ contains @f. Since S) < SW, @f is of
index 2 in a S2-subgroup of ®, and so <X, 3 ) = C9(&f). So we can
choose S in ©f — C(F), whence [F, S] generates 3> as required.

LEMMA 16.9. 1/ \%\ ^ 24, ί^e^ C(F) £ 2K /or αϊ

Proo/. Since | g | £ 24 and g/3 is a chief factor of ikf, while F~FZ
for all JP in % - 3 (where 3 = <Z», it follows that M is transitive
on % — 3> so this lemma is a consequence of Lemma 16.5.

LEMMA 16.10. Suppose d is a hyperplane of % and T is an
involution of M with C%{T) — Of. Then one of the following holds:

( a ) β,Γ] = 3.
(b) I S I - 2 3 .

Proof. This lemma is a consequence of Lemma 16.7.

With these results at our disposal, we turn to the final configu-
ration of this section. By Lemma 16.1, %$%Λ*. Let

j r ~ = {© I % S 8 s SW, @ e ^ ^ * , @ is a 2-group} .

Choose £ 0 in ̂  with | Zo | maximal. Since g <J Ŝ > we assume without
loss of generality that £ 0 s S. Thus, if ^ is any 2-subgroup of ©
which contains £ 0 properly, then 3^ £ 2ft, and ^ 6 ^ " * . Let

&>= {© I So £ @, © S ©, @ g 2ft, @ solvable} ,

and choose 6 in S^ of minimal order. Thus © = 2:0̂ β where ^ is a
p-group for some odd prime p. Since C(%0) S Sft for all hyper planes
g 0 of §, it follows that O(@) S 2ft. Hence, § centralizes O(@), and
so O2(@) = $ Φ 1. By maximality of %0, it follows that Zo is a
S2-subgroup of JV(φ), and so O(@) = 1. Since β = 1, ^ is cyclic. By
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Lemma 5.53, p = 3.
Set SS = A(R,(@)), so that 3 ^ 3 3 . Since φ g S K , we have

[93, ψ] = ?Boφ 1. Set 2B = F(ccl@@); So) Since iV*(3B) D £ 0, we have
2B <| ©, and so 2δ g $. Choose G in © such that ϊ = S f f S 2 0 , ϊ g § .
Let Xx = X Π φ, so that Xx is a hyper plane of X. Choose Felί — Xx.
Since F inverts some S3-subgroup of @, we assume without loss of
generality that F inverts 5β. Now 33O is a free F2(F}-moά\i\e, and
S3o £ C(X:) £ SftG. Also, *B0 < So - £<F>, and so [93O, F] £ Z(S0). We
argue that C([930, i*

7]) £ WG. This is clear if 3* S [2?0, 2Π, and if
3* g [SSo, 1Π> then Lemmas 16.10 and 16.9 imply that C(V) £ 3K* for
all Ve X*. So in any case, C([93O, 2Π) £ 9Kσ. In particular, £ 0 £ %lG.
By a previous remark, this forces Sft = 3Kff, X = g. So § <l &o Since
î 7 inverts 5β and ϋ'iψ) £ SK, we have 15β | = 3.

Let φ x = [φ, 5β], $2 = Cβ(5β), and let P be a generator for 5β.
Let © = [§!, F ] . Thus, © is a normal elementary subgroup of φ l f

and <@f @p> = φ x , the equality holding since QJΌfa) is a free F2(F)-
module.

Since & = @p ®, we have c l ^ ) ^ 2, 1Q[ £ © Π @p. Since F cen-
tralizes §;, so does Sβ, and so 3 & Φί We argue that

I & I ^ 2 .

In any case φί <| ©, so if Q[ Φ 1, we can choose l e φί Π Z(@)*.
Suppose I φ[ I ̂  4, and <X, F> is a four-group contained in φί By
maximality of 3:0, it follows that £ 0 is a S2-subgroup of C(X). By
Lemma 16.8, [Yf S] is a generator of 3 for some Se Xo. This is false,
since 3 S &u while §[ <\ @. So | φί | ^ 2.

Case 1. § ! is a four-group.

Here we get φ = & x £ 2 . Choose Γ e iV^So) - ^o with T2 e ϊ 0 . Then
€>2 ΓΊ £2

Γ = 1, since <φ, So, T> £ iV(̂ >3 Π ̂ 2

r ) , and <S0, Γ> e Λ€*. Since
5£0/§2 is a dihedral group of order 8, we conclude that £>2 is isomorphic
to a subgroup of a dihedral group of order 8. First, suppose that £>2

is elementary abelian. Since φ ^ 7(5EO)> we conclude that F centralizes
§ 2 Thus, CΪ0(S) and ^ are the only elementary subgroups of £ 0 of
index 2. Since T normalizes C%0(%), we get TeN(lg), which is false.
Next, suppose >̂2 is cyclic of order 4. If £>2 £ C(§), then Xo = $2 x
<Φi, ^>> so that Z)(§2)

 c ^ar Zo. This is false, since $2 Π φί — l If
[£2, -F7] ̂  1, we get that Z)(φ2) £ g . In this case, since | § | = 23,
Lemma 16.9 implies that C(D(%2)) £ SK, against 5β £ C(D{$j). So § 2

is a dihedral of order 8. Hence, | g I ̂  24, and so by Lemma 16.9,
g Π ̂ 2 = 1. In particular, % centralizes £>2, and Zo = ^2 x <^i, ^ ) =
D8 x D8. Since C^ (JF7) = φ 2 x ([§l9 F]} x <F>, we get that T normal-
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izes Czo(F)' = $'2. This contradiction shows that this case does not
arise.

Case 2. Q[ = 1.

Since Sβ acts faithfully on φ, and since Case 1 does not hold, we
have I & I = 22w, where w ^ 2. Also CH(F) = [&, ί7] - & n 8 is of
order 2Wm A standard argument now shows that

a - («, n &) x (& n

Since w ^ 2, there is if in & such that [F, H] £ Q. Since &
Lemma 16.10 implies that | % \ = 23. Hence, w = 2. It follows readily
that J(£o) S φ, and so J(X0) < @, against iV(/(£0)) S SW.

3. Q[ Φ 1.

Let 2) = Zifei). Since Sβ has no fixed points on ίgjίglt it follows
that g = 8 1 x φί, where % = [3, Sβ]. Hence, & = ?)i x 35, where 33
is extra special. Since 3 centralizes φίf we conclude that

3a. ξ>! is extra special.

Since QJD(Qi) is a free ^(^-module, it follows that ^ ί l ^
contains a four-group St with φί = <X> c 2C. Since Xo is a S2-subgroup
of C(X), Lemma 16.8 implies that 3 g φx = S3. This is false, and so
this case does not occur.

Case 3b. ^ is not extra special.

Here we can find a subgroup 2)1 of 2) of order 23 such that
$[aW <]&. Since $ = φ ^ , we get f g Z(§), and so R91, Sβ] =
ψ < @, 2)* a four-group. Choose Γ* e 2)* - Cr(F). Thus, Cδ(F*) = &
is a hyperplane of ί7. If [F*, i*7] is not a generator for 3, then
Lemma 16.10 implies that \% \ = 23. Since <[F*, F]> x φί £ &, we get
that §! = <[F*, F]> x § ' . This is false, since QJ§[ is a free F2(F}~
module, and since [Qlf F] g § x . So [F*, î 7] is a generator for 3

Let %2 = g Π φx, and suppose that | S31 = 22n+1. Then n^2, and
so I % I > 23. Furthermore, & Π § 2 = $ί and if JTe & and [ίZ, ί7] g φί,
then [if, -F] = 1. This is so since [§lf F] covers C^,^(F)f and [§i> F | g g,
so that [&, î 7, î 7] = 1. Now suppose ^ 6 ^ . Then Fλ = Z7F, ?7G £2,

Since ί7 normalizes both φi and § 2, we get UV = UF*VF,
-- VF V-1 e&Π &. Thus, t7^. ?7 - F F F"1 = 1, and so

= § n φ i , whence Z7eg. So once again we have §,. =
Γi φΊ) x (SΠ ^ 2 ) . Since S Π § 2 centralizes 3̂ and g f l f e we con-
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elude that g Π £ 2 centralizes φ l β

Let ID I = 21+2r. If r ^ 2, there is We 2) such that [W,F]t £.
By Lemma 16.10, we get \%\ = 23. This is false, as we have seen.
So r = 1.

Choose .He (g Π £0 P - ©ί, where P is a generator for 5β. Then
[&, iί] S φ , and [& Π &, iϊ] - φ . Since £ί ^ 3, we conclude that
H<£ Cm(%l3). By Lemma 16.7, %/Q is a free i7

2<H>-module. Since
& is a hyper plane of g and CBi(H) is a hyper plane of &, we have
I %: Cd(H) I = 22. Hence, | g | - 25. Since g/S is a chief factor of 2B,
we get that 5 | | ^(g/3) |. If 3.5 divides Am(%/g), then 3K is transitive
on § = 3f and so C(X) s 3K for all Xe&. This is false, since
C(φί) g 2R. So a S2,-subgroup of AΛ($/3) is of order 5, and ii«(g/3)
is isomorphic to a subgroup of a Frobenius group of order 20. In
particular, Am(?$/S) contains no four-group.

On the other hand, n ^ 2, and | S3 Π § | = 23. Let § be a comple-
ment to φί in 33 Π g, so that § p is a four-group normalizing % and
acting faithfully on %/&. This contradiction shows that

the aim of this section.

17. Some properties of ^f(X)\ From now on, X denotes a
>S2-subgroup of (S. For each solvable subgroup 6 of ©, ̂ (β) is the
set of elements of ^/ίS^iβ) which contain @. Thus, | ^ f (£) | ^ 2.

Set

If S is a solvable subgroup of ©, denote by/(S) the number of integers
i such that

0 ^ i ^ 2 , 3* < 8

As it turns out, /(S) is an important invariant.

HYPOTHESIS 17.1. There are SK, 9ίe^^(S:), 9K ̂  31 such that

Lemmas 17.1 through 17.11 are proved under Hypothesis 17.1.

LEMMA 17.1. Let p be the largest prime in

U
3ee ΛH

Then p^7.
4 I am indebted to I. M. Isaacs for making available to me some notes which he

took, based on lectures of mine given several years ago.
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Proof. Suppose false. Let ® be a £2,-subgroup of 2K Π 9ΐ. Then
® Φ 1 since 2ft Π 9ΐ 3 £ . Let SX, ®2 be S2,-subgroups of SK, 91 respec-
tively, such that 5) £ ®i ΓΊ S)2

Since £> ̂  5, and © l f ®2 are Z-groups, they are both cyclic and so
© = <£ l f ®2> S C(S)), so that @ is solvable. Since M = ££>,, and
31 = £®2, it follows that £© - 8 is a group. Now

n SKL = n src* a ®,
L e a i ? e e

and so 8 has a non identity solvable normal subgroup. As © is an
JV-group, 8 itself is solvable, and so 3ft = 8, 91 = 8. The proof is
complete.

LEMMA 17.2. ^C(£) has a unique element of order divisible by
p (where p is as in Lemma 17.1).

Proof. Choose H e ^(%) with p\ \ X |, and let Xp be a Sp-subgroup
of X. Let @ be a S2>-subgroup of 3c containing ΊLP, so that @ is a
^-group and Tίp <J @. Let 8 = £-3£p. By Lemma 5.53, /(£) ^ 2.

Suppose 3E* e ̂ t{%) and p | 136*1. Let 36* be a Sp-subgroup of ΐ * ,
let 6* be a £2,-subgroup of K* which contains ϊ * , and set 8* = S 36*.
Since /(8*) ^ 2, there is ie{0, 1, 2} such that ,& <|<8, 8*>. Set
$ — <8, 8*>. Since $ is solvable and p is the largest prime in π($b),
while a S2,-subgroup of & is a Z-group, it follows that 2 ^ = S ^β*,
where $ = Ω^ϊp), φ* - J2i(*J). Thus, there is T in X such that ψ = fβ*.
Hence, g = <©Γ, ©*> £ iV(^*), and so g is solvable. Since 1 = S@,
so also 1 = 2 ©Γ, and so 3ΐ = S g is a solvable group. Hence, X = 3ΐ,
36* = 9ΐ. The proof is complete.

Next, let

©o Φ ©!, ©o n @x ID s } .

We may assume that notation is chosen so that

max {q} ̂  max {q} ,

for all (Θo, ©0 e &*.
Let © be a S2,-subgroup of Wl Π 9i and let @, g be S2,-subgroups

of SK, 91 respectively with S g g f l g .

LEMMA 17.3. 1/ 1 c ®x < ®, then either 3^ ̂  ® or ®x <<! § .

Proo/. If S, < <e, g>, then <@, §> is solvable, and 8 =
is also solvable, whence 2K — 8, 3i = 8. The proof is complete.

Let & be the unique element of ^ ^ ( £ ) such that p | |X|.
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LEMMA 17.4. Either ©' Φ 1 or %' Φ 1.

Proof. This lemma is an immediate consequence of Lemma 17.3.

Choose notation so that ©' Φ 1.

LEMMA 17.5. 3ft = X.

Proof. Let r, s be primes such that a <Sr,s-subgroup of @ is non
abelian, with r > s. Let B be a S{a,r,βΓsubgroup of 3ft, S D £ , and
choose a Sylow system £, iΓr, Bs for B. Then $ r = (BrB8)', since $ r

and &s are cyclic. Also, r = 1 (mod s), and so r ^ 7. If 11/93 is a chief
factor of & of order r, then ίE' centralizes tt/23. Since ί£s does not
centralize Br9 it follows that ®s g $', and so £ $ r < $, so that £ < 2:^8.
Hence, /(Xβ,) = 3 and sof(Z®r®8) ^ 2. By Lemma 17.2, we conclude
that B S ϊ .

Let © be a S2,-subgroup of ϊ , @ a ^ r ^ s . Then S r < @, and so
<βf e> S JV(ftr), whence 8 = £<@, ©> is solvable, and so 8 - X, 8 - 9ft.
The proof is complete.

Note that we now know that § ' = 1, since SH ^ 3ft.

LEMMA 17.6. © is a Frobenius group with complement S) α^d
kernel @'.

Proof. Suppose 1 c ®0 S ®- Since ® is cyclic and is per mutable
with £, so is ®0. Hence, iVe(®o) is also permutable with Z, and so
2<iVe(®0), S> is a solvable group, whence £<iVg(®0), S> = 31. Thus,
3ft n 31 - £® a 2: iVe(S0) a Sft n 3i, and so © - JVe(©0). The proof is
complete.

From Lemma 17.6, we conclude the 2) Π 3ft' = 1, and so ® has a
normal complement in 3ft, namely, £•(£'. Hence, £ <]

LEMMA 17.7. //* 1 c ®0 S ®> ίAβ^ C«(®o) contains no four-group.

Proof. Suppose false. We may assume that ®0 is of prime order
r, and that SΏ is a four-group in Cs(S)o) Thus, Sv-subgroups of © are
cyclic and ®0 S V̂(®o)'

Choose XeiV(®0); then Ϊ , 3 : Z G M * ( ® 0 ; 2 ) . Since C»(S)o) Φ 1 and
C2x(®0) ^ 1, it follows that % = ZXG for some C in C(®0). Hence N(%)
covers iV(®o)/C(S)o), and in particular, ®0 £ iV(S)'. Then N(Z)/X is non
cyclic. Hence, N(X) S 3ft, since otherwise (3ft, 30̂ ) e ̂  for some
Sftx 6 ̂ T(S ) such that JV(£) S SKx. This violates g' - 1. So N(%) S 3ft,
whence 3)0 £ iV(ϊ)f £ 3ft'. This is false, since 3) has a normal comple-
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ment in 9ft, and 3/ = 1. The proof is complete.

LEMMA 17.8. | 3) | = r is a prime.

Proof. @ is faithfully represented on « = O2(SK)/D(O2(aK)). Hence,
23 contains a free F2S)-submodule SS0 If 1351 is not a prime, then
I Cβo(3)o) I ̂  23 for each subgroup S)o of D of prime order. Hence
O2(3W) Π C(SD0) has a section which is not generated by two elements,
and so 02{

(SR) Γ) C(S)0) has more than one involution, so contains a four-
group, against Lemma 17.7. The proof is complete.

Let ϊ p be the unique subgroup of (g of order p and let 8 = SSJ ϊp.
Thus, 8 is a subgroup of 20ΐ = X, and S XP is a Frobenius group with
kernel χp.

LEMMA 17.9. One of the following holds:
( a ) £<8.
(b) 8 &αs a unique central involution.

Proof. Let φ = O2(S). Suppose (a) does not hold. Then ^ c ϊ .
Let δ - 8/£. Now O2,2,(S) ΓΊ ©£„ =* 1, and so X, S O2,2,(S). Since
Oa(S) = 1, it follows that F(S) = φ ϊ p / φ = 36P. Thus, S is a Frobenius
group with kernel S p and complements of order 2α r, where α ̂  1.
Since Cz(£>) contains no four-group, this implies that 36̂  centralizes
every characteristic abelian subgroup of %. Let Qt = [φ, XJ, S3 = QJDi^).
Then since C£(®) contains no four-group, and since α Ξ> 1, it follows
that I S31 = 22r, and (^(3)) is a four-group. Since φ t is special and
CΦl(®) contains no four-group, it follows that Cβι(S)) is a quaternion
group of order 8. Since S3 is a chief factor of 8, we have [ξ>, φ j g Q[,
and so [φ, § x , φ j = 1. Hence, φί S Z(§), and so C^(S)) = <Z>, where
Z is a central involution of 8. Since C2(®) contains no four-group,
Z is unique.

LEMMA 17.10. £ < 8.

Proo/. Suppose false. Now 5ft = £g, g cyclic, g o S . Let
a = Zίϊ)"1 be the normal closure of Z{%) in 91. Since Z(2) £ Z(O,(9l)),
31 is abelian. Also ^ e Z(£) £ 31, where Z is the unique central invo-
lution of 8. Since p \ \ Cm(Z) |, we have C(Z) £ SK. But O2(3 )̂ Π C(3))
contains no four-group and so iΠs the only involution in (7,(2)). Since
g normalizes 2C and centralizes S), we get g £ C(Z) £ 2R, % £ 271.
The proof is complete.

Since £ < 8, we have /(££,) = 3. Hence, JVίS*) £ SK, i = 0,1, 2,
by Lemma 17.2.

LEMMA 17.11. r > 3 cmd I 3fc: 31 Π STί I = 3.
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Proof. The assertion |3i:3iίΊ2K| = 3 i s a consequence of Lemmas
5.53 and 5.54, together with JV(&) £ 2W, i = 0, 1, 2. If r = 3, then §
is a cyclic group of order 32, and © = ^ ( S ) . Since £ <| 32S, we get
2 < 3i, so 3£ £ iV(£) £ 2ft, which is false. The proof is complete.

Since 3i = £ g, and | g : 3) | = 3, we have g = S) x St, where
I a I = 3, I 2) I = r > 3. Let Sx = SSI, £2 - 0,(80. Since Sx g 2«, while
N(X) £ Sft, we have X 5O 8 l f and so 2J22 ~ £ 8 .

Let ft - O2(3i), 3 - Z(ft). Then 3 3 Z(S), and since /(£) - 3, 21
does not centralize Z(2). Hence, SB = [Ω^S), 21] ^ lι and SB admits S .

Let d = max {ra(S3) | S3 £ X, 33' = 1}. Since J(X) <| £„ there is
SB £ S, SB' = 1, m(33) = d, such that S3 g S2. Let S32 = S3 n S*, so that
I S3: S32 i = 2. Let (E - S3 Π ft. Thus, S3/<£ acts faithfully on gft/ft, and
SB/® does not centralize SISΪ/ίΐ. Since 2B contains a four-group, it
follows that [SB, 3>] = 83̂  * 1, and SS, < 3i. Since m(»/(£) ^ 2, and
since m«(E, SK^) = m(K) + mίSEBi/SSB! ΠK), it follows that aSx Π (£ is of
index at most 4 in SBlβ Since §3®i is a Frobenius group with kernel
SBi, it follows that | ^ | = 24, r = 5. But this forces m(S3/&) = 2, and
so S3/K has an involution which inverts ftg/ft. This is false, since the
elements of GL(4, 2) of order 15 are not real. So we have shown that
^ = 0 , that is

(17.1) w n 5R = a: if SK,

HYPOTHESIS 17.2. S c N{%).

Suppose Hypothesis 17.2 is satisfied. Let Wl = M(N(%))> and
choose 3ie ^T(S), % ^ SK. By (17.1), Lemmas 5.53 and 5.54, we have

|9ϊ | = 3 |a ; | .
Since Xd N(X), 31 has an orbit of size 3 on the cosets of 31 in (S.

By the Main Theorem of Wong already used, we conclude that 3i is
not a maximal subgroup of ©.

Let 31 c 3 ΐ c ©, with 31 a maximal subgroup of Sft. Since © is a
minimal counterexample, 9ΐ satisfies the conclusion of the (augmented)
Main Theorem of this paper. Let 3ΪO be the simple normal subgroup
of 31, and let 9^ - %X.

It is straightforward to verify that if £* is a S2-subgroup of 2JP4(2)

or of its simple subgroup of index 2, then Aut(ί£*) is a 2-group.
Since Aut (X) is not a 2-group, we have 3ΐ0 0 2F4(2)'. Similarly, we
see that 3ΐ0 is none of Z73(3), L3(3), A7, Mn. Since 31 is not 2-closed,
3ΐo 0 Sz(q), and since Aut (X) is not a 2-group, while £^^^Vl{%) Φ 0 ,
3ΪO is not isomorphic to L2(q) for any odd q. Since 31 is not 2-closed,
3ΐ0 is not isomorphic to L2(2n) for any n. This contradiction shows
that

(17.2) X =
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18* An exceptional case*

HYPOTHESIS 18.1. | 2K1 = 3 | X | for all m e ̂ T(S).

All the results in this section are proved under Hypothesis 18.1.

LEMMA 18.1. If % is a 2-local subgroup of ©, then | X \r — 1 or 3.

Proof. This lemma is an easy consequence of Lemmas 5.53, 5.54,
and Hypothesis 18.1.

HYPOTHESIS 18.2. There is Wl = S5βe ^T(2) such that 3̂ = C«(
is of order 3.

Lemmas 18.2 through 18.5 are proved under Hypothesis 18.2.

Set % = O2(SK), so that m/% ~ Σ3.

LEMMA 18.2. £>φ e Λ

Proof. If § φ s ©, and © is a solvable subgroup of ©, then by
Lemma 18.1, together with 30ΐ = JV(φ), we conclude that ξ> = O2(@),
whence © £Ξ SΓc. The proof is complete.

Set 3 -

LEMMA 18.3. | 3 | ^ 24.

Proof. If false, then since ,3S$ is a Frobenius group, we have
| 3 | ^ 26. If 2) is of index at most 4 in 3, and if φ = <P>, then
2) n 2)P ̂  If and 2) n 2)p admits 5β. Hence, C(2)) s C(?) Π ?)p) S M S Π DP),
and since ^ ^ s iV(2) Π 2)p), we conclude that C(2)) S SK.

Set

So - Z{%\ % = 7(ccU8); £), St2 - <F(ccle(30; ϊ ) I I 3 : Si I = 2> .

We argue that if 3£e^^(S), and 6r is a permutation of {0, 1, 2}, then
3 E £ ( ϊ n iV(2U>))(* Π iV(SXσ(1))). Namely, if 2) is a subgroup of 3 of
index at most 4, then C(2)) = ̂  = C(3). The desired factorizations
are straightforward consequences of these equalities. But then
JV(2to) JV(Sli) is the only member of ^/f(Z). This contradiction com-
pletes the proof.

LEMMA 18.4. 13 | = 4.

Proof. Suppose false, so that 13 I = 24. If 2) is of index 2 in 3>
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then C(2)) S C(2) Π W) £ N(ty Π W), and since φ $ S N(® Π ψ), we
conclude that C(2)) - φ . Set 51 - F(ccl@(3); £) . Since C(2)) - C(3)
for every subgroup 2) of index 2 in 3> it follows that 21S §, whence

a < TO - $φ.
Choose £ e ^T(£), £ ^ TO, and let Λ = O2(X), so that X/ft = 2V

Since TO - iV(Si), there is G in © such that gG g S , 3 G g ft. Set
3* - 3G, SΓ = ft Π 3*. Thus, 3* is of index 2 in 3*. Let X - SO,
where <Q> = jQ is of order 3. We see that TO Π 3 * ρ = 3? ρ is of order
8. If 8?Q S φ, we get 3 £ C(3?ρ) = C(3*ρ), and so 3* ρ S C(3) = φ,
which is false. So 3 ? ρ g £ , and 3? ρ ΓΊ $ = 32*

ρ, where 32*
ρ has index

4 in 3 * ρ Set £ = C(3ίρ). We argue that TO^ Π © contains a full
S2-subgroup of ®. In fact, if U is any non identity subgroup of 3
then since § a C(U), | £ : £ | = 2, and JV(φ) = TO, it follows that
TO Π C(U) contains a full S2-subgroup of C(ϊt). So TOGρ D K contains
a full S2-subgroup of K.

Set So = mcQ Π K, so that £ 0 is a S2-subgroup of ©, and 3 a ^o
Since | 2 0: O2((£) | ^ 2, it follows that 3 Π O2(K) = 3 0 is of index at
most 2 in 3

Next, 3*β s TO and 3 < TO, so [&*ρ, 3 J a 3 Also, O2(£) normal-
izes 3* ρ , so [3*«, So] a 3 * ρ Hence,

[3fρ, 3d a 3 n 3* ρ .

Now, 3fρ £ φ = C(3) = C(3o), so [3fρ, 3o] ^ 1. Choose an invo-
lution U in [3*ρ, 3o].

Let 3) - C(Ϊ7) 3 <3, 3*ρ> Thus, S) Π TOGρ contains a S2-subgroup
of S). On the other hand, § a ®, since C7e 3 Thus, £ 0 = Φ Π TOG(? <
O2(S) Π § . Since O2(S)) has index at most 2 in every S2-subgroup of
®, we get I φ: φ01 ^ 2. Also, [3*ρ, φ0] a 3 * ρ Π φ - 3?ρ, a group of
order 4.

Choose Z in 3fρ ~ €>• L ^ t Φi = <©o Π φf. Thus, φx has index at
most 4 in φ and φ x admits 5β. Now [φ l f 3] S [φo, 3fρ] S 32*

ρ S
φ n TO^ = φOf that is, ^ normalizes φ l β We claim that | φ x | ^ 24.
Since | [φx, Z] | ^ 22, C^X(Z) has index at most 22 in φ l β Since φ ^ is
a Frobenius group, and since Z inverts some element of Sft/φi of order
3, our assertion follows. Since | φi | ^ 24, we get | φ | ^ 26, and so
I φ I = 24 or 26. There are no groups of order 26 which has a fixed
point free automorphism of order 3 and whose center is of index 4.
Hence, | % \ = 2\ and so φ = 3 is abelian. Since ^ < i f ^ ( £ ) ^ 0 , it
follows that § is elementary abelian. So 2/ = Z(£) is a four-group,
and 37 = D(Z). Hence, C(Z(3))/Z(3) has abelian S2-subgroups, and so
C(Z(3)) = £. On the other hand, 32*

ρ S φ - 3 . and X = φ 3i*ρ» whence
3 * ρ = Z(3). This implies that 3* ρ = 3> the unique elementary subgroup
of C(Z(%)) of order 24. This contradiction completes the proof.
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Set So = Z(%), so that | &> I = 2. Since £*β is a Frobenius group,
it follows that if J is any involution of φ — 3> then [£, /] = 3 This
then implies that 3 is the only normal four-subgroup of % an im-
portant fact.

LEMMA 18.5. Let 31 = C(30).

Proo/. Choose ϊ e ^ ( ϊ ) , £ ̂  3K, and let U be a minimal normal
subgroup of X. Since | X | = 3 | Z |, we have | U | ^ 22. If U is a four-
group, we have U = 3, # = 3K This is false, and so U = 3o, ϊ = 91-
The proof is complete.

Since Sf&Λlφ) Φ 0 , it follows that £z>3> and so # ' = 3
Let 5β - SO, <ζ>> = O, Q3 - 1. Since 3 centralizes Sε/30, we get 3 S
O2(9ί) = Jϊ. Also SQ Φ 3. Since 3 S ft, so also 3 ρ S ft. Let β =
<3, 3^>. Since 3 Π 3 Q - 3 o , we have I g | - 2 3 . If &Φ 1, let ̂ 0 = ^ n ^
so that I φ: & I = 2, and [3ρ, &J £ [3ρ, ft] - 3? = 3o, and so 3 ρ

centralizes ô/3o> whence centralizes £0/3 Since 3 ρ S €>> it follows
that if YeQQ - φ, then Γ centralizes a hyperplane of φ/3 This
forces ! £/3 I = 22, against § ' = 3. So @' - 1.

Set <£ = C(©). Then © s C(3) - φ, and (E S C(3ρ) - ^ ρ . Since
E = C§(3ρ) admits 5β, and K = C$ρ(3) admits ψ, and since K i ^ , we
get JV((E) 3 <§, 5β, φQ>. This forces φQ S 2R. But φQ s 2V(<£), and so
^5β = (φ^)ρ, which gives Q e Wt, which is false. This contradiction
gives us
(18.1) Every element of ^(£) contains an element of order 6.

LEMMA 18.6. S3-subgroups of (S are not cyclic.

Proof. Suppose false. Choose Xx e ^ ( £ ) , X<=Sφ<, | ̂  | = 3, ΐ=1,2 .
Let >̂ί = O2(ϊ4.). Then φ* is a maximal element of N(%; 2). Since 5&
and ^β2 ̂

r e conjugate, the transitivity theorem (or rather its proof)
implies that $ x and @2 are conjugate. Since X is self normalizing in
©, this gives >̂x = §i9 which is false if we take 3^ Φ X2 (as we may).
The proof is complete.

LEMMA 18.7. If X = SDβ e ^T(2), | φ | = 3, ίΛew C,(!β) does
contain a four-group.

Proof. This lemma is a consequence of the preceding lemma.

LEMMA 18.8. C(S5) is α 2-group for every four-subgroup S3 o/

Proof. This lemma is also a consequence of Lemma 18.6.

We introduce the following notation: ^(f£) = {fΰll9 •••, 3K
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Q. = Oa(2K<), 3< - fli(^(«<)), % of order 3 in 2K<, ̂  - <P t >.

LEMMA 18.9. Suppose Z(%) is not cyclic. Then for i — 1, , n,
3* contains a hyper plane % with C(%) Z) C(3*)

Proof. Suppose false for i. Let 2B be the weak closure of 3*
in Z with respect to ©. We will show that 2B centralizes 3i for every
i . Choose X in © with 3f g £. Then 3? Π ξ>, is of index at most
2 in 3?, and 3 ί Π £>i centralizes £3. Hence, 3? also centralizes 33,
since this lemma is assumed false for i. Thus, 2B centralizes 3i for
all j , and so 2S S 4?, , whence 2B <] 3Ky, all i . This is false, since n ^ 2.
The proof is complete.

LEMMA 18.10. // Z{%) is not cyclic, then 13,1 - 23 for all i.

Proof. Z(Z) s Z(Qi) and so 3, 2 0i(Z(£)). By Lemma 18.8, C(Sd
is a 2-group, and so ^< = C(3ί) And since Z(ϊ) is non cyclic, it
follows that I & I ̂  23.

Suppose I 3,1 ^ 24. Set U, - [gif 5βJ. Since | C,.(^) | ^ 2, we have
I XL I ̂  23, and so | U{ \ ̂  24. Let g4 be a hyperplane of 3*. Set X -
(Άi Π 2)) Π (U4 n 2),)Pί. Then 36 admits % and X ̂  1- Since 3c contains
a four-group, it follows that C(X) = ̂ . This then implies that <?(?)*) — $*>
against Lemma 18.9. The proof is complete.

We continue to treat the case where Z{%) is not cyclic. We have
3i - [&, $ J x δ<, where g, = C ^ ^ ) is of order 2, and [&, φ j is a
four-group.

LEMMA 18.11. Suppose Z(X) is not cyclic and Z is an involution
in 3ί Let Zo be a S2~suhgroup of C(Z). Then the following hold:

( a ) £ 0 Π 2Ki has index at most 2 in £0-
( b ) C(2)) s 2K, /or αίί hyperplanes 5) o/ 3<β

Proof. Let (£ = C(Z). 2K̂  has 3 S2-subgroups, each with a distinct
centralizer in 3*, so each involution of 3; centralizes one of these
S2-subgroups of 2K,. Thus, | (£ | = d | S |, where i = 1 or 3. Thus,
I (£: O2(K) |2 ^ 2, so if Zo is a S2-subgroup of (S, then | £0: ZQ Π 3K< | ^
I Γo, Jft, ϊ 7* I g 2, where S* is a suitable S2-subgroup of E : n E . This
is (a). As for (b), observe that C(2)) is a 2-group containing φ ί #

Thus, I C(2)): §41 ̂  2, and so

LEMMA 18.12. Z(S) is

Proof. Suppose false. Set 3 = ,8i> and let SB be the weak closure
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of 3 in £ with respect to ©. Now 3 is elementary of order 8 and
C(W S SK = SKi for all hyperplanes 2) of 3 . Choose i such that 2B <1 SK,,
and then choose G in © such that gG g ^ B ^ g &. Set 3* - 3G, and
let ψ = 3* Π φ«, so that 2)* is a hyperplane of 3* So 3, s C(2)*) s
9K* - 2K*. Since 3* S $* = C(&), we get that X* - [3*, 3 Ί * 1. Also,
ϊ * g 3 Π 3*. So C(X*) S <£*, &>, where £ * - O2(WlG). Since
13*1 = 8, we get that |X* | = 2. By Lemma 18.11, we conclude that

l&:&narc*| ^2 .
Choose Z* e 3* - ?)*• Then Z* is an involution of m, - $if and

so we may assume that Z* inverts 5β<. Since | Qt: & ΓΊ 3K*| <̂  2, it
follows that I &: C§.(Z*) || 22. On the other hand, Si = ^ x &, where
Uί = [3i, ^βj, and § f = C^^φi), and Z* does not centralize Uίβ Hence,

4

Write §ί = ^i/Ui The dihedral group <Z*, 5βf> acts on §ί, and
Z* centralizes a subgroup of ^ of index 2.

Case 1. ^ centralizes ^ .

In this case, we have & = C^.(%) x U,. By Lemma 18.8, C^.(^)
contains no four-group. Hence, every involution of ίQi is central in
&, and in particular, 2)* s Z(Qt). Since φ 4 S 3ft*, it follows that Z*
centralizes a subgroup of § { of index 2. Hence, ^ * centralizes £$<($&).
Let 6 - <3*, C$.(φ,)>. Then © s N(%) = % say. Enlarge ®% to a
S2>3-subgroup of 9ϊ, say S. Since a £3-subgroup of (S is not cyclic, a
Ss-subgroup of S is not cyclic, and so O2(S) = 1.

Now f$i x <^*> normalizes O3(S), and since | C(J) \2, ̂  3 for every
involution J of ®, we get that ] O3(8) | ^ 33. If Cφ.(%) contains a cyclic
subgroup 21 of order 4, then since 21 x <Z*> acts faithfully on O3(£),
we get I C(J) |3 ^ 32 for some involution J of ©. As this is false, we
conclude that C*.(^) - g4 is of order 2, and | S | = 24. Thus, S = Z2 x D8,
and so X g= ©', by a standard transfer argument. This contradiction
shows that this case does not arise.

Case 2. ^3, does not centralize §*.

Let [φi9 ?βj = Sϊi/Ui. Since ^ * centralizes a subgroup of & of
index 2, ^/U^ is a four-group so | 3t< | = 24. Since ^ ^ is a Frobenius
group, SI* is abelian. Also, setting @< = C ^ ^ ) , we have §< = β ^ ,
@€ Π 31* = 1. Suppose [@,, %] = 1, so that £ f * = @< x Stf. In this case,
since @< contains no four-group, we conclude that every involution
of φ< is in Z(φi), and so 2)* g Z($4). But then Z* centralizes a
subgroup of index 2 in £>;, as φ< g C(2)*) S SK*. This is false, since
CRi(Z*) has index 4 in Sft,. So, [@<, Sft4] ^ 1.

Since | § 4 : C%.(Z*) \ ̂  22, we conclude that Z* centralizes @<. Thus,
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I @< I = 2, since otherwise @4 has a cyclic subgroup 3X of order 4, and
since 21 x (Z*) acts faithfully on some 3-subgroup of ©, we would get
I C(J) |3 ^ 32 for some involution J or ©. So @< is of order 2. Thus,
@. = ^ g Z{%\ against [3̂ -, β, ] ^ 1. The proof is complete.

Let Z be the central involution of % and set S)ϊ = C(Z).

LEMMA 18.13. 3K e ^ f (£).

Proo/. The only other possibility is that Wίl = X. Let 3i =
β1(Z(§1)) 2 3 Since # x has index 2 in £, it follows that Si is a four-
group. Choose UeSlf U' Φ Z. Then U and Z are fused in 2^, since
Sft = SL Let SB be the weak closure of 3i i n £ with respect to @.
Now SB is not normal in every ffllj e c ^ ( £ ) , so choose 2Hy such that
SB <| SKy. So there is G in © such that £? g φ Λ 3? £ 2. Since 3 ;
is a four-group with C(3y) = φy, we have [3y, 3f] ^ 1. Since 3?
normalizes Qjf U = [3y, 3f] = <J7>c3i Now 3f does not act faith-
fully on 3y and so 3y £ SKσ Hence, !7e 3? But now & g C ( ί / ) g SK?,
and so φy normalizes 3f This implies that φy = 3y x £«,-(*&)> which
contradicts 3y = ^i(^(^i)) The proof is complete.

Choose 5ft e ^ ( £ ) , 9ί Φ Wy and let U be the minimal normal
subgroup of % so that U 2 <^>. Since ZgZ(3l), it follows that U
is a 4-group. Hence, U = ΩJίZφβfl))), and A(U) = Aut (U). Since
[%, U] = <Z>, it follows that U S O2(3K). Let 3B = U" = IT* = U$

(where 5β = <P> is of order 3).

LEMMA 18.14. 2δ is elementary of order 8.

Proof. Suppose false. Then IX = Uo x <Z>, Uo = <Ϊ7>, so 2B =
{Z, U, Up, Up2). Since U < ίE, so also U < φ - O2(SJΪ), and so U p ί < 2B,
whence | 2B | ^ 24. Let SS, = [2B, 5β]. Since 5β g 9i - N(U), it follows
that 2BX =£ 1.

Since SK does not normalize U, we have 12δ | = 8 or 16. If | SB | = 8,
then since 2B is generated by involutions, and since a dihedral group
of order 8 has no automorphism of order 3, it follows that SS is
elementary. So we conclude that | SB | = 16.

If 253 is elementary abelian, then since 3 c SS and 3̂ centralizes 3>
it follows that C^iψ) is a four-group. This violates Lemma 18.8.
Hence, 25 is not elementary, and since SB is generated by involutions,
we conclude that SB' Φ 1. Since SB/3 is elementary, it follows that
Z(Sδ) =)3 Since SB' Φ 1, | SB: Z(SB) | ^ 22, and so Z(SB) is of order 4.
Since C^φ) contains no four-group, it follows that Z(SB) is cyclic.
Thus, SB is the central product of Z(SB) and SBX, and SBj is a quaternion
group. Since SB^SB) — SB has just one quaternion subgroup, we
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conclude that 2^ < SK.
Set 91 = JV(U) = 3 » , D = <Q>, Q3 = 1, ft = O2(Sfl) = C(tt). Since

CβίSft) = Z(SB) is cyclic, we have fB̂  g ft. Let φ = [ft, O]. Then
U = [U, O] £ fti.

If ftx = U, then « = U x CΛ(O), and Cft(iO) < 31. This is false, since
U is the only minimal normal subgroup of 9Ϊ. So $ x Z) 11.

Suppose $! is non abelian. Then ftj <] 3i, and so l l g ft[. Hence,
C = [fti, SBJftl/ftl has order precisely 2. Choose We 2^ - ft. Then W
centralizes a hyper plane of fti/ftj, and so ί£[ = 2. This is impossible
since &J& is a Frobenius group. We conclude that ftx is abelian. Since
[ftlf 2BJ £ 2Bi, it follows that [ft^ 2SJ is cyclic of order 4, and so ftx is
the direct product of two cyclic groups of order 4.

Let B2 = CΛ(£L), SO that & = ftt ft,. Since U is the only minimal
normal subgroup of % $ 2 acts faithfully on ftx. Furthermore, by
Lemma 18.8, B2 contains no four-group. Since S^^^KZ) Φ 0 , it
follows that ft8 3& 1. Since $ 2 stabilizes the chain ftt ID U ZD 1, it follows
that ^ 2 is elementary abelian, and so B2 = (K) is of order 2, which
gives I £ I = 26. The isomorphism type of £ is uniquely determined by
the preceding data, and we see that φ is the central product of 2
quaternion groups. Furthermore, X has an element of order 8 which
is fused in © to all of its odd powers. Since (Z) = 3 char C%{K), it
follows that K is not fused to Z in @. By a theorem of Brauer and
Fong [11] we have © ~ Λf12. Since Λf12 is not an iSΓ-group, the proof
of this lemma is complete.

We use the following notation: 3ft = SSβ, 5β = <P>, 9ΐ = 330,
O = <Q>, £ = <^>, U = £*, 2B = U", P 3 = 1 , Q8 = 1. And we set £ = 2S*.

LEMMA 18.15. X is abelian.

Proof. We have SB = U x <X>, and 2B91 - 2δ*° - <U, X, X
Also, 2S s C(U) = ft = Oa(9ί), so 2S < ft, and 2SQi < ft. Hence, | ϊ | ^ 2δ.
Since 2δ^9ΐ, 24 ^ |3E|.

Suppose 3c' ^ 1. Since U is a minimal normal subgroup of % we
have X' = It. If | X | = 24, then X is of maximal class, so does not have
an automorphism of order 3. Hence, | X | = 25. Since X/U is elementary,
and since C(ίO) contains no four-group, it follows that 36/1X = 3co/lX x
XJVL, where Xo/U - CΪ/U(O) is of order 2, and Xx/U - [X, )O]U/U is a
four-group. Since XXD is a Frobenius group, Xt is abelian. Also, Xo

is elementary of order 8, and Xo Φ SB, since Q does not normalize SB.
Let X° = Ct{Q), so that X° is of order 2. Since X' ^ 1, it follows that
CyX0) — ϋ> a n ^ so Z(X) = U. Since Xx is the unique abelian subgroup
of index 2 in X, we conclude that Xx <\ % and so SB §£ X:. Choose

B-Xi . Then T7 - X°X:, where X° generates X°, and JξeX,.
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Since W2 = 1, X° inverts X,. Since Xo Φ SB, we have Xx£ U. Hence
X° does not centralize Xlt and so ^ is not an involution. Thus, 3EL is
the direct product of two cyclic groups of order 4, and X° inverts

Since X° inverts Xlf it follows that X has precisely 4 elementary
abelian subgroups of order 23, one of which is SB. Thus, 3i permutes
these 4 subgroups, and the orbit which contains 2B has cardinal 3.
This implies that £0 <\ 5K. Hence, [£, ϊ0] s IX. This then implies that
[£, X] c ϊi, and [3:, £] 3 U. Since ϊ - 3̂  is a set of involutions, we
can choose an involution 7 in X — 3̂  such that [/, 2δ] £ ,3- Since
3β/3S^(£/3), we have J g £ . Since [I, p c ^ , it follows that
I [I, £]2B/281^2. If J centralizes £/SB, then [£, *β] £ SB, which gives
PP, $] = [SB, 5βl< Φ This is false, since Z(S) is cyclic, and Z(Z) Π
[3S, 5β] = l. We conclude that [£/2B, /] is of order 2. Set & = ! $ , $ ] .
Then & 3 SB and | & | ^ 25. Since &/SB admits 5β, we have | & | = 2\
If 2B S Z($i), then S3-subgroups of 9W/C(2B) are normal, and so
[2B, 5β] <| SK. This is false, as we have already seen, and so 2B g Z{$d*
Thus, as Sβ acts without fixed points on QJ& we get that φl = 3
If ZO&JZDS, then φi = SB ZίφO is abelian. This is false, and so
^(Φi) — 3r whence φL is extra special. Since 2B exists, & is the central
product of two quaternion groups.

Since [/, >̂] c Xlf it follows that [/, φ] contains no elementary
subgroup of order 8, and so / fixes both the quaternion subgroups
of φi. We assume without loss of generality that I inverts 5β. This
then implies that [Qlf I] is abelian of type (2, 4), and so [φi, I] = [2̂ , 3E].
Let φ2 = Ĉ (Sβ), so that φ = φ^a, and £ 2 admits J, while ^ Π § 2 = S
As we saw in a previous argument, iV(φ) contains no non cyclic abelian
subgroup of order 8, and since [£>2, /] S [S£, ϊ] s §x, it follows that
[£2, /] S 3 Since φ2 is either cyclic or generalized quaternion, it
follows that <$2, J> contains a non cyclic abelian subgroup of order
8 unless £>2 is cyclic of order at most 4. So £ 2 is cyclic, and | φ21 ^ 4.

Suppose | & | = 4 . Then | Q \ = 26, | Z\ = 27, |A| = 26. Thus, Q
acts on Λ/3̂ , a group of order 4, and D centralizes ϊ/3^, whence Q
centralizes Λ/3̂ , whence [Λ, O] = 3 .̂ Let X2 = Cft(O), so that | ϊ21 = 4,
ϊi Π ϊ 2 = 1, whence ϊ 2 is cyclic of order 4. But ϊ 2 stablizes the chain
#! Z) U D1, and so X° is forced to centralize 3 .̂ This is false, since
ϊ ' Φ 1. So I §21 = 2. Since £ 2 2 & we conclude that § 2 = 3> and so
φ t = φ = jQ^Oa, where ίθ4 is a quaternion group of order 8, i = 1, 2.
Also, £ = §</>. Since |S£| = 26, it follows that X = Λ, and since X°
inverts 3̂ , the isomorphism type of £ is uniquely determined. It is
straightforward to check that © has more than 1 class of involutions,
and so the theorem of Brauer-Fong [11] implies that ® = Mί2, which
is false. The proof is complete.

Since 3£' = 1, we see that ϋ is elementary of order 24 or 25.



NONSOLVABLE FINITE GROUPS 595

For each conjugate SB* of SB, define i?*(SB*) to be the unique
central involution in iV(3B*). Thus, £*(SB) = Z.

Now Ίfl acts on Jf, the set of involutions of SB, and on Jgf the
set of hyperplanes of 28. In its action on «J^ 2>ϊ has two orbits, of
sizes 1 and 6; and in its action on Sίf, 2Jί has two orbits, of sizes 3
and 4, and U is in an orbit of size 3. For each conjugate SB* of SB,
let <^(3B*) be the orbit of size 3 of iV(3B*) on the hyperplanes of SB*.

LEMMA 18.16. If 21 is a hypβrplane of SB, and 3 3= % then

jv(a) s sw.

Proof. Let S = JV(Sl), 8, = iV«(2l). Since Λβ(&) = Aut (51), it suf-
fices to show that C(Sl) £ 3K. In any case, C(2l) is a 2-group, and
C(3l) = C»(SB) <i SB. Since N(CJ^L)) S 2B, the lemma follows.

Note next that U is the unique normal four-subgroup of 31, and
so if ϊ * is a conjugate to 36 in ®, define U*(X*) to be the unique normal
4-subgroup of iV(X*), so that E*(36) = U.

If U* is a conjugate of ΐt, and Ue U*f, set 3Bff(U*) = U* 0 '", so
that SBtfOl*) is conjugate to SB.

LEMMA 18.17. If SB* is a conjugate of SB w © α%d ^ e SB*, ίAeπ
[SB*, tt] = 1.

Proof. Let SB* = SB*, so that Zx~' e SB. If Zx~x = Z, then
X-1 e C(Z) = 2K, so Xe m, SBX = SB, and [SB, ΐt] = 1. If Zz~x Φ Z, then
Zx~λ = UM for some M in Wl, since 2K is transitive on SB - S Also,
there is N in SR such that 17 = 2*, so Z*- 1 = ZNU, whence ΛΓMXe

SW. Since iVΛfX = ^ e 2R, we have X = M-W" 1 ^, and SB* =

[SB*, U] = [3BΛ^1Jfs U] S [SBff~1J/i, SB] = [SB^1, SB]^!
£ [X, ϊ]*i = 1 .

LEMMA 18.18. If SB* e ccls(SB) and SB* n 11Φ 1, ίAew [SB*, U] = 1.

Proo/. Choose Γ e SB* Π U, 7 ^ 1 . Then YN = Z for some N in
91, so that Ze SB**, and 1 = [SBW, U] = [SB*, U]w, so that [SB*, U] = 1,
as asserted.

LEMMA 18.19. If SB* e ccla(SB), U* e ccl^U), and SB* n U* ̂  1, then
[SB*, XL*] = 1.

Proof. This is an immediate consequence of Lemma 18.18.

LEMMA 18.20. F(cclβ(lX); £) s C(U) = Λ = 0,(31).
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Proof. If IX* e cclβ(U), and U* £ % then U* acts on U, and is not
faithful on U. Let 1IO* = Cu*(tt), and suppose by way of contradiction
that ΐl0* is of order 2. Since U* ~ IX, and since N(VL) is transitive on
W, there is G in © such that tt*G - IX, U0*

ff = 3 Thus, C(tΐo*f = SK,
so that C(tt0*) = SK^"1. And so U*<W) = aδ*"1.

Now 1 ^ [U, IX*] £ 2b0"1, since U £ C(U0*). Thus, SB0"1 Π U ^ l ,
and so [aδ*""1, IX] = 1, against IX* £ aδ*"1, [U*, IX] ^ 1. The proof is
complete.

LEMMA 18.21. If 5) is a four-subgroup of SB, ίΛew C(2)) £
if Z$% then N(W £ SW.

Proo/. The lemma is clear if ZeS), and if ZgS), this is just
Lemma 18.16.

LEMMA 18.22. [X, Xp] ^ 1, where 5β = <P>, SK = SSβ, P 3 - 1.

Proof. Suppose false. Then [Xp, ϊp2] = 1 = [ϊ, 3Ep2], so that 2) =
<3£, ϊ p , ΐ p 2> is elementary abelian. Since 33 = F(ccl@(ϊ);S)<]9Ϊ it follows
that S3 is not normal in 2K, and so 53 §£ § = O2(2ft). There is therefore
3£* G cclβ(ϊ) such that P e ! ϊ , P ^ .

Choose X in © so that X* - ϊ x . Since 33 g C(U), we have
U £ Cβx). Set S x - Xx Π C(3δ), so that S c l Since Xz stabilizes
the chain 2δ z> IX =) 1, we have | Tίx: 2X \ ̂  4.

Case 1. S γ ί l U z = l .

In this case, £ x = S-γ x I F so that 2B £ C(SZ). Since S x contains
a four-group, it follows that C(2X) is a 2-group. Since C(2X) Π ̂  is
a normal subgroup of 912', we conclude that C(SX) £ ?l x. So SB £ 3F,
and so 2δ centralizes 1XX, whence 2δ centralizes 36Z, which is false.

Case 2. S x Π Ux = U x has order 2.

Now 2BX £ β, so I F £ Λ, and if U x £ φ, then Uxp £ © £ S, so
that 1XXP £ S, by Lemma 18.20. But Uo

x has order 2, so that I F does
not centralize 28 = <U, U ^ 1 ) . Hence, 1XX does not centralize VLP~\ and
so [1XX, U13"1] ^ 1, which gives [1XXP, IX] Φ 1. We conclude from this
that 1XX g ^ .

Set 2B* - (Ux)c^oΓ), so that $ffie{2S, SS^SB^1}. Since 2δ£C(Uoz),
SS normalizes 2BX. Also, 2B £ <2δ, 2Bρ, SSQ2> = X, so 2BX £ ϊ x £ % and
S5X normalizes 2S so that [2BX, SB] £ 2BX Π SB. Now U x £ 2BX, and
[Hx, SB] Φ 1, since U x g S x . Thus, 1 ^ [5ffix, SB] £ 2BX n SB, and we
argue that [SB* SB] g 3 . For if [2SX, SB] - 3, we get [IF, SB] - 3,
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so that XF £ Cβ(3B/3) = φ, which is false. Choose Ae [SB, XF] - 3 .
Since XF £ Xx £ % and since £ stabilizes SB 3 XI => 3 => 1, we have
[SB, IF] s ΐ t , so that i e U .

Now 2B xe {$2>x, mQX, SB«2*}. Choose i such that S&* = SB*".
Since .A e XX — 3> w e have A = ZQ1 for some generator Q} of G.

And A e SBX = SB«ίχ, whence ^ e 3B«ijr and so ZQiχ~ι<ri e SB.
If Z*3'*-1*-' = Z, then Q^- 'Q- 'e STC, so that Z e SRSTCSR, J f =

where iVΊ, N2 e Sft, Λ/Ί e SK, and we find that

1 ^ [2Br, SB] S [ϊ*1*1**, SB] = [%iIίN% SB] £ [ ϊ ^ ϊ ]

So suppose then that ZqSχ^-x = Z7J/, t/e U, Me M. Now Z7 = ZN for
some iVin 9ί, so zQix~lQ'~i=ZNM, and thus ^=GίJE-'Q-iΛf-1JV-1 e C(Z) = m,
and so QfX = M-'N-'M-'Q3', and

[Sδ x , SB] = [3B« i χ, SB] .= [gSjX-'x-^-iQ^ SB]

Case 3. I F S S r .

Here we have SB £ C(tF) = β* <J iV(3er), so [ ϊ r , SB] £ l l r , the
containment holding since & stablizes %z>TlZ)l. (And & stabilizes
36 311D1, since B stabilizes each of the chains SB5"' D U D I . ) On the
other hand, ΞF £ S stabilizes SB 3 XI31, and so [£x, SB] £ Xt.

Thus, 1 =£ [τx, SB] £ U x Π U. Choose A e XF Π U, A Φ 1. Then
A^"1 e Xt so that Ax~γ = ZN,Nz<$l. Also, A = ZN', N' e % so ^ ' v ' z " 1 = ZN,
and N'X-'N-1 = Me M, so that X"1 = N'-'MN, X = N-WW, whence

[ΐ'r, SB] = [ϊ*-1*-1^', SB] £ [X*-1*', 36] £ [Se-""1, 9e]v' = 1 ,

the desired contradiction.

LEMMA 18.23. [X, 3tp] = &

Proof. I t suffices to show that [26, Xp] £ 3 . Now SB c X, and
ϊ ' = 1, so [SB, X] = 1, and since SB = SBP, we also have [SB, Xp] = 1.
We claim that [Xp, X] £ SB^ for all j . Namely, Xp £ Λ = C(U), and
[5Ϊ, SB] £ XX, since SB 0 5B, and | 3B: XI | = 2 . Since O normalizes both
β and XI, we have [Sb, SBei] £ XX for all i. Since X is generated by its
subgroups mQi, we conclude that [&, X] £ XX. Since XF £ St, we get
[Xp, X] £ U £ 3Beί for all j . Since 2B n 2B« = U, we have in fact shown
that [Xp, ϊ ] £ U. Since Xp2 £ 56, symmetry gives [Xp2, X] £ Xt, and
conjugation by P gives [X, Xp] £ XF, whence [Xp, X] £ XX Π XF — 3> and
we are done.
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LEMMA 18.24. If r, s, t e {1, -1}, then ΈlQvPsQt(SR =

Proof. Let £ 0 = C(SB). Then £/£>0 is a four-group which maps
isomorphically onto the stability group of the chain SB z>,8 3 1 . Thus,
5β acts non trivially on £/φ 0 . Now £ 0 S C(U) = ft, and φ Π $/£ 0 is of
order 2. Hence, there are elements Tly T2 in £ - φ Π Λ such that

Since 2\ £ ft, we have QTt = Tβ-'Kl, where K[ e ft, whence Q'PQ'T, =
Q^PT.Q-'K, = Q'TΓ'PQ^K, = K*QrPQ"*K19 where Klf K* e ft. So
ZQ'PQtX = TQ^PQ-'X. Similarly, TtQ

rPQ* = K.Q^PQ'K,, where K2t

Kz e ft, so that SQ'PQ'S = ΪQ-' P Q ^ . Since S s 3K, it suffices to show
that WQPQm = WQP-'Qm. Now β = ^ ρ " 1 Φ φ, so we can choose
Te Λ such that QTQ~ι £ § . Set C/ - QΓQ-1. Then QPQT - QPJ7Q.
Now PC/- HUP~\ where Jϊe $, and so QPQT - QHUP~ιQ. Now
iϊί7e S, and so XQ(HU) = ZQ or SQ"1, according as #i7e ft or jffZ7e
£ - ft. Thus, XQPQZ = XQfP~xQZJe {1, -1}. By the first part of
the argument, the lemma follows.

LEMMA 18.25. For all Ql9 Q2e O*, P,eψ, [SB, SB^̂ Λ] = 3 ρ 2

Proo/. [SB, 2S«Λ<?2] c [^ χ«Λ«2] = [^ χpi]β2 s 3̂ 2, a n d so it suffices

to show that [SB, SB^i*] ^ 1.
If [SB, SB«Λ««] = 1, then for all M, M' e 2R, we have [2δ, aB*«Λ^'] = 1,

whence by the preceding lemma, [SB, <$S&ipqri\ = 1, if i, je{l, -1}.
Hence, conjugation by Q*' gives [SBρi, 3Bρίp] = 1.

On the other hand, X - <SB, 3B«, 3BQ2>, ΐ p - <3B, 3Bρp, SBQ2p>. Since
X' = 1, we have [3Bρj, SB] = 1 for all j . By the preceding paragraph,
we conclude that if j e {1, — 1}, then SBρ' centralizes ϊ p . Since [X, Xp] Φ 1,
we conclude that [SB, Xp] ^ 1. Since SB' = 1, this forces [SB, 3B^P] Φ 1
for some i. Since 5β normalizes SB, we get [SB, SBQ'] Φ 1, against
<SB, SBQί> s X, and X' = 1. The proof is complete.

We now begin the construction of the final configuration of this
section. Set @ = [SB, φ], so that SB = © x 3 . Since U and © are
distinct hyperplanes of SB, it follows that XI Π Gc = (U) is of order 2.
Thus, there is a unique generator Q of O such that ZQ - Z7.

Set S = <3B, SBρ, 3Bρp, 3Bρp2>. Since 5β normalizes SB, we have
<3B, SBQpi> a Xpί, and so SB a Z{2), so that S a C(SB) S φ, S admits
5β, and if ^ 0 = C(SB), we have [SBρ, φ0] a [*, φo] a [3E, ft] a U S SB.
Thus, ^0 £ N(S). If We 2B - IX, then S = <2B, TFQ, TF$P, WQp2)} and
[TΓρ, TΓρpl, [TFρ, WQP\ [WQP, WQp2] e Q. Hence, | S | ^ 26, and Sf - 3 .
Thus, @ is a direct factor of S, so S = @ x So, where So admits φ. If
I So I = 8, then So ~ D8, and so 3̂ centralizes So. This is false, since

contains no four-group. So | So | — 16. Since 80 is generated by
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involutions, we have CSo(^β) = S1 ID $, so that S1 is cyclic of order 4.
Let Si = [So, $β], so that S[ - 3, and 5β acts faithfully on Sx. Hence,
8 : is a quaternion group. Also, So is a central product of Sx and S1.

Now [2δ, 2Sρpρ] - 3 ρ ^ 3, and so 3Bρpρ g §, as £ stabilizes SB =>
3 D 1 . Since 2δρ p a S a £ < £, we have 2Bρp a Λ, and so 2δρ p ρ a Λ.

The crucial step is to show that 2δ ρ p ρ normalizes S. Recall that
2δ - g x 3, where © - [2δ, 5β]. Let SK, = JVW(@). The number of
conjugates of (g in 2K is 4, and so | 2K: mx \ = 4. Also £ 0 - C(SB) a 2«i,
and 5β a SWi, and so | SK^ 5β§01 = 2.

Now [@, 2SQPQ] a [SB, Sδ«p<2] = 3 ρ a e, by our choice of Q, and so
2Bρpρ a -2V»(@). Since 2Bρpρ g §, we conclude that HR, = φo3B*p<25β.
Since 3Bρpρ a Λ, it follows that 2Sρ p ρ normalizes both 2B and 2Bρ. Thus,
<2δ, 2Bρ>^̂  - <2δ, 2Bρ>^ - <SS, 2δρ>^ - S. So 2 <\ Wl19 and SSρpρ

normalizes S.

Choose I e 2Bρpρ - U ρ p ρ . Now U ρ p ρ - t t p ρ a 2δρ a €>, and so U ρ p ρ =
2Bρpρ n φ, and l e S - φ . Since 5β a JV(Z(S», it follows that
O2(JV(Z(S))) - § n iV(Z(S)). Hence, I inverts some S3-subgroup φ* of
JV(Z(S)). Set ® - (ψ, />. Thus, ® acts on Z(8), and Z(S) is of type
(2, 2, 4). Since C2(ψ) - S1 is cyclic of order 4, it follows that C2(ψ) =
<(L*>, where L* is of order 4. Also, as / inverts ^β*, J normalizes
<L*>. Since iV($β) has no non cyclic abelian subgroup of order 8, it
follows that I inverts L*. Since L*2 = ^, we have [I, L*] - Z. On
the other hand, U ρ p ρ g 3Bρ S S, so Z(S) a C(ttρ p ρ) = ^ ρ p ρ . Since Λ
stabilizes 2B=>tt=>l, we conclude that [Z(S), 2δρ p ρ] g U ρ p ρ . Hence,
Ze UQPQ = U p ρ . Also, of course, ZPQ = ZQ e UPQ, and so Xlpρ - <Z, Zρ> = U.
Hence, IX = tl p, which is false. This completes a proof that

(18.1) Λf(Z) contains an element of order > | £ | - 3 .

19* Another exceptional case*

HYPOTHESIS 19.1. If S is a solvable subgroup of ® which contains
% properly, then /(£) g 1.

All results of this section are proved under Hypothesis 19.1.

LEMMA 19.1. ( a ) If S is a 2-local subgroup of G, then | S | 2 '
divides 15.

(b) There is precisely one element of ^f{%) of order divisible
by 5.

Proof. Lemmas 5.53, 5.54, and Hypothesis 19.1 imply that (a) holds.
By (a) and the results of § 18, there is at least one element of ^ f (Z)
of order divisible by 5.

Suppose 5̂ is a subgroup of © of order 5 and S = %?β is a group.
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By Lemma 5.53 and its proof, we have

s = (8 n C(Z(S))).(8 n N(J(X))) = (S n c(Z(Ji(2)))).(S n N(J(Z))).

Thus, if J(Z) i\ 8, then /(S) ^ 2. By Hypothesis 19.1, we conclude that
J{%) <\ S. So i*f(iV(J(£))) is the unique element of ^ ( £ ) of order
divisible by 5.

From now on, let Wl be the unique element of ^£i^) of order
divisible by 5, and let £ = O2(2K). Let ® be a S2,-subgroup of SDΪ, so
that I 3) j = 5 or 15. Let © = ^(Λ^SW)). Let Sβ be the subgroup of
© of order 5, and let @0 - [©, SβJ.

LEMMA 19.2. ( a ) φ s

(b) 5β g N(Z{%)\ ξβ g iV(Z(Ji(S))).

( c ) I β01 = 2*.

Proof, (a) and (b) follow from the proof of Lemma 19.1 (b).
Since (b) holds, we have %φl. Since £ φ <| SW, (b) also implies that
Jt(X) g O8(25β), which then implies that (c) holds.

LEMMA 19.3. If yie^(X), and 91 Φ 3W, ίΛ,β̂  91 te α^ element
of order 6.

Proo/. Let O be a £2,-subgroup of 3ί. Then | O | = 3, by Lemma
19.1. Let ® = O2(5R). Suppose by way of contradiction that CR(O) = O.

Since JV(J(S)) S 2R, we have J(S:) g β. Hence, Z(Λ) is a four-
group, and so ^ is special. Hence, %!%' is elementary abelian. This
implies that C%((SQ) has index 2 in X. Hence, @0 S Λ. But B is special,
Z($) is a four-group, and O acts without fixed points on $, so that
IR: CΛ( U) I = 4 for every non central involution U of Λ. This contra-
diction completes the proof.

LEMMA 19.4. One of the following holds:
( a ) 5β = ® ΐs o/ order 5.
(b) ^tQS) = {3W, 91}, where VI = C(Z(%)), Z{%) is cyclic, and C(SS)

is a 2-group for every four-subgroup 93 of ©.

Proo/. Suppose 5β c ®, so that S) = 5̂ x O, where | £> | = 3. We
argue that SK has an element of order 6. Suppose false. Then 9ft/£
is a dihedral group of order 30 which acts faithfully on 60 This is
false, since elements of GL(4, 2) of order 15 are not real. So Wl has
an element of order 6.

Choose 9ie ^ ( 2 ) , 31 Φ 2R, SO that 91 = £3Ϊ, 1311 = 3. Let ft =
0,(91), and let ^ 0 - 02(SD). Thus, £ 0 6 iV*(O; 2), ft e N*($t; 2), C,0(D)^ 1,
CΛ(ϋt) Φ 1. Since § c and ίΐ are not ©-conjugate, we conclude that
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S3-subgroups of © are not cyclic. Hence, C(93) is a 2-group for every
four-subgroup 93 of ©. In particular, if 1 Gf0: ©i I = 2, then C(@i) is
a 2-group. Since C^,) = C(@o) = Φ, and iV(£>) = 3ft, we conclude that
<?(<£) - CΛ((8) = £ .

Let 9S = F(ccl@(@o); 2). Since C(@o) = C(@i) for every hyperplane
d, of @o, we get 9B < SK. Hence, 9B <1 9Ϊ, and so 5K centralizes Λ2(9t),
whence 5fϊ = C(Z(3)). Since C(93) is a 2-group for every four-subgroup
93 of ©, Z(%) is cyclic. The proof is complete.

LEMMA 19.5. 5β = ®.

Proof. Suppose false. Then 3) = Sβ x £}, where \£x\ = 3, and
3) acts faithfully on @0. Hence, $ = C(Gc0), and since Z(£) is cyclic,
I %IQ I > 2. Since element of GL(4, 2) of order 15 are not real, it
follows that %/Q is cyclic of order 4. Thus, there is Te% such that

Let % = C(Z(Z)) = 32ft, 31 = <#>, i23 = 1. Let Ue <&(%), Ucz ®0,
and let 2δ - U^ = VLm = <tt, llβ, U R 2 > . Also, let

We argue that 3B is elementary of order 23. In any case, since
= fl!(Z(30) Π U £ C(Sft), and since C(U) is a 2-group, we have U c 2S,
δ I ̂  24. If 2B is abelian, then since Ce(9t) contains no four-group,

we have 12S | - 23. Suppose 2SV 1. Thus, [tt, UB]Φ1. Since [ft, ΐt] = &
so also [ft, UR]=S. Choose ^ J G U ^ - ^ . Then |ft: CΛ(U)\ = 2, so
13:: C,( [7) I ̂  22, as | S: ft | = 2. But U2 - 1, and so Ue <£, Γ2>, whence
Ϊ7€ C(U). This contradiction shows that SB' = 1, | SSB | = 23.

The crucial step is to show that C(%) £ M for every 4-subgroup
g of ©o In any case, C(%) 3 φ, C(g) is a 2-group, and C(g) is not a
S2-subgroup of ©, as Z(X) is cyclic. So £ < C(g). Since JV(φ) = 2JΪ,
we have C(g) £ SW.

Since C(@i) = C(@o) for every hyperplane @x of @0, we have 93 <j SK.
Hence, 93 ̂  5ft, so there is G in © such that (E? £ ®* £ Sε, @* g ft.

Let $o = C(2δ). Thus, <K/̂ 0 is a four-group, and 5ft/$0 = Σ4, since
B/^o maps isomorphically onto the stability group of the chain 2δz)
S D I . Let BJB0 = Z(ZβQ). Since 3: = ft-®*, it follows that 6* ΓΊ
ft £ ftx. Hence, g* - @* Π ̂ 0 contains a four-group. Since C(g*) S SB,
and C((S*) g SB, g* is a four-group. Let S* = @* ΓΊ ft, so that
(£* z> S* 3 g * . Hence, [SB, 8*] = 3, and [SB, <£*] = 22δ* is a four-group.
Since 3B £ C(%*) £ SKG, we get 9K* £ (g*, and so 9B* = g*. Hence
^o S C®*) £ SK̂ , and so [®0, (£*] = g*. This implies that @* centralizes
$0/2B, and so [31, fto] £ 903, whence [3t, fto] = [SR, SB] = SBX is a four-group,
and so ft,, = ft0 x SB^ where ^° = Cfto(9l). Since ^° contains no four-



602 JOHN G. THOMPSON

group, it is either cyclic or generalized quaternion. We assume with-
out loss of generality that E* e (2* — 8*, and that E* inverts 9ΐ. Since
[ft0, E*] S $° Π $*, we get [ft0, #*] £ 3 . Since JV(9t) contains no non
cyclic abelian subgroup of order 8, it follows that | ft01 ̂  22. Hence,
| £ | = 2 | f t | = 23 | $ 0 | = 2β |ft°| ^ 2 7 , and \Q\ ^ 25. Thus, JD centralizes
£/@o, and so § = @0 x C^(O). Since Z{%) is cyclic, we have £ = <g0,
121 = 26. Hence, 3 = ®° and XjX is elementary abelian. This is false,
since £/$ ~ Z^ The proof is complete.

LEMMA 19.6. If % is any hyper plane of @0, there is Pe^β* such
that Cm(% n %p) = φ.

Proof. Let ̂ ^ be the set of involutions of 2K/£. Thus, 1^1 = 5,
and if Ie ^ then C@o(/) is a four-group. Since Cgo(φ) = 1, it follows
that Cgo(/) n C^{J) = 1 if J, J are distinct elements of ̂ Λ

Let 5β = <P>, and set %i = % ΓΊ gp ί, i = 1, 2, 3, 4. Then the &
are four-subgroups of g and so §< Ω &• ^ 1, 1 ̂  i, i ^ 4. Thus, if
g, = C^ί/,) where I, e ̂ T then g, = g2 = •&. But then

i=o

is a four-subgroup of 6?0 which admits 5β. This is false, since C@o(̂ 5) = 1.
The proof is complete.

LEMMA 19.7. C(g) = C(@o) = £ /or et er?/ hyperplane % of @0.

Proo/. Since Ce(g) = ^ and JV($) = SW, it follows that ^ is a
S2-subgroup of e = C©). Suppose 6 D § . Since 2ft = JV(£) for every
non identity characteristic subgroup of φ, it follows that (£ = ̂ @,
where | Θ \ = 3. Since £$ contains a four-group, S3-subgroups of © are
of order 3.

Choose Peφ such that C^(% Π %p) = Q. It follows that C(%) =
C(%p) = C® Ω 8 P ) . Hence, P e JV(C). Let 8 = E!β, 80 - O2(8). Then
[So, Sβ] - I©, Sβ], and [$, 5β] <j 3ft, [So, 5β] <] 8. Hence, 8 £ 3ft, the desired
contradiction.

LEMMA 19.8. ^t(%) = {3ft, 3Ϊ}, wΛerβ »l = C{Z{X)).

Proof. Let SS = F(cclΘ(@0); X). Since C(g) - C(60) for every
hyperplane % of @0, we have 5? <] 3ft.

Choose 9ϊe ̂ T(2), 91 Φ 3ft. Since S3 < 3ft, we have S3 ̂  31. Also,
1311 = 3 IS |. Choose G 6 ® such that (g? g ϊ , g ? g f l - O2(%). Since
IS: ft I = 2, it follows that Z(ft) £ C(ft Π @0

G) - C(e°). So Z(ft) - Zφt).
The proof is complete.
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LEMMA 19.9. Oa(9i) g O2(2R).

Proo/. Set $ - O2(K), $ = O2(2W). Since 1£: $1 | = 2, and since
$ =£ φ, we are done if | X: Q \ = 2. Suppose | X: Q \ > 2, so that £/£ ^ Z4.
Suppose by way of contradiction that $ z> φ. Since J(S£) <j 9ft, we have
J(Z) = J(%) = j(®) <] <3ft, 9ίi>, which is false. The proof is complete.

LEMMA 19.10. I / ϊ a S 2 § , then N(2) g 9ft.

Proof. If 8 = 2 or 8 = Q, the lemma clearly holds. Suppose
£ -D 8 D £. Then 8 ̂  ί£, by Lemma 19.10, and X S JV(S). This lemma
now follows from Lemma 19.8.

LEMMA 19.11. If Ie ©ξ, and Zo is a 2-subgroup of C(I), then % Π M
is of index at most 2 in XQ.

Proof. Let 3^ be a S2-subgroup of Cm(I). By Lemma 19.10, Xλ

is a >S2-subgroup of C(I). If C(/) g 501, the lemma obviously holds.
Suppose C(I) g 2K. Thus, K = C(I) has order IS j d, where d = 3, 5
or 15.

Case 1. d = 3.

Since | ZL: O2(e) | ^ 2, and 02(<E) S 3K, we get | So: 2:0 n O2(S) | £ 2,
and the lemma follows.

Case 2. d = 5 or 15.

Let 5βi be a subgroup of K of order 5, and let 8X = 3^^. Let
8 be a maximal 2,5-subgroup of © containing 81# Thus, 8 and Wl are
©-conjugate. By Lemma 19.10, it follows that 8 (Ί Wl contains a S2-sub-
group of 8 and of Wt. Since 3: = N(X), we get that 8 = Wl.

Since 8X g 8 = 2ft, and since K g SK, it follows that | (S: 8X | = 3.
Now %x is permutable with iV^O, and 3K = 3^ JVa»Oβi), since 3^ 2 φ.
Also, of course, £ x is permutable with ΛΓβ(5βi), and © = ^-iV^^!).
Let B = <iVκ(φi), iVβί^O), so that $ is a solvable subgroup of © per-
mutable with %x. Hence, $* = $3^ is a group. By a standard argument,
$* is also solvable, and so ££* = Έi 3 (£. The proof is complete.

It is now easy to show that Hypothesis 19.1 is not satisfied. We
preserve the previous notation. Choose G in © such that (£$ g ϋft,
(g0* g Λ - O2(SR). Let g0

G - @o

σ Π Λ, a hyperplane of <g?. Let 5Ji = 3Ώ,
O = <Q>, Q3 = 1, and let g = goGρ. Thus, g c ^ c ϊ , and since 5R =
<2, ®?«>, it follows that

(19.1) m n
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Let & = % n £ . Since £/£ is cyclic, | g : & | g 2. If % = &, then
@0 s C(g) = C(@?«), so that @*« S C(®0) S SW, against (19.1). So
18:8x1=2.

Let & x <i^> - g . Thus, So - @og is a 2-subgroup of C(&). By
Lemma 19.11, @0 has a subgroup (£ of order 8 such that (£. S #(©?*).
Hence, [8, @i] S @oσρ i i e o g g . Since .Fg £, there is an involution 7 in
[i*7, @J. By Lemma 19.11 applied to 7, φ has a subgroup £>0 of index 2
which normalizes (£?. Hence, [φ0, 8] S Φ ΓΊ 8 S 8i> and so | [φ, 8] | ^ 23.
This implies that [5β, Q] = @0, so § = ^° x @0, where £° = C^(fβ). Since
91 = C{Z{%)\ and φ° < SK, we conclude that ©° = 1. So | Z \ = 241X: φ |.

If I £/φ I = 2, then S/Z(30 is abelian and so C(Z(S)) = 91 is 2-closed.
This is false, and so £/,£) ~ Z±.

Let @° - [<g0, 2:], 3; = iV*(Sβ). Thus, Z, ~ Z/Q, Z = <S&, and D(T) -
<©°, T2>, where Sx = <Γ>. Since | S : Λ | = 2 , we have
IΛ: Z)(2) I - 2. Hence, Λ is either <@0, T2>, <@°, T>, or <@°, Γ2,
for some 2£e@0-@°. Since @0 = J(S:) ^ 91, the first possibility is
excluded. Each of the remaining two possibilities has the property
that the commutator quotient group is of type (2, 4), so these two
groups do not have automorphisms of order 3. This contradiction
shows that

(19.2) © contains a solvable subgroup S which contains Z properly,
and satisfies /(S) ̂  2 .

20* The construction of 2F4(2)\ From § 19, there is a solvable
subgroup 8 of © which contains Z properly and satisfies /(£) ^ 2. Set
SK = ϋf(S).

LEMMA 20.1. 7/ 9ie^T(3:) απώ 9i ^ 2ft, then |9Ϊ|2, divides 15.

Proof. Suppose false for 9i. Then 91 has a subgroup Sx which
contains Z properly and satisfies /(Sx) ^ 2. Thus, there is ie {0, 1, 2}
such that 3, < <S, Sx> - ft, say. Hence, 9i = ΛΓ(ft) = Έl. The proof
is complete.

Set 3 = £?i(#2(3K)). The first task is the usual one: to show that
131 ̂ 2 2 .

LEMMA 20.2. One of the following holds:
(a) 131^4.
( b ) C(2)) g Sft for every hyperplane 2) o/ 3

Proof. Suppose 131 ̂  8, and 2) is a hyperplane of 3 with
(E - C(2)) g SPΐ. Set £ 0 = (E Π SK. Let © be a S2,-subgroup of 2R.

Case 1. @ centralizes 3
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Since 3 is 2-reducible in 9ft, we conclude that 3 £ Z(W), and the
lemma follows.

Case 2. [<g, Q] Φ 1 and (£0 = C(£).

Let £ 0 = Z Π £ 0 . Then £ 0 < 2ft, and 9ft/(£0 is not a 2-group. Thus,
9ft = <£0. iV^(£0), and JV«(a;) =>£, whence JVκ(So) e ^t*. Hence, JV(£>) S 9ft
for all non identity characteristic subgroups 5) of £ 0 . In particular,
SEQ is a S2-subgroup of (£. By Lemmas 5.53 and 5.54, we conclude that
I (E: (Eo I = 3.

Let SX be a S3-subgroup of (£ per mutable with Zo and let 3^ = O2(Z<$L).
Then 3̂L is not characteristic in ZQ, and so | Zo: Zt \ = 2. Since
JV(2o) € ^ # * , it follows that there is X in Nm(Z0) with X£ NiX,). Let
Λ = <©, £*> S C(2) Π S z ) Thus, Sa-subgroups of St are cyclic. Let
5β = ^ ( a ) . Then 3; e JVft(5β), Sf e N^(ψ). Since S3-subgroups of Λ are
cyclic, this implies that <^, 3?> SO8,(JB). But <2;, £f> = So, and since

is not 2-closed, we have a contradiction.

3. [@, 3] ^ 1, and (£0

We regard ©o/̂ XS) as a group of automorphisms of 3 which stabilizes
the chain 3 =) 2) 3 1 . Hence <£0/C(3) is elementary abelian. Set ® = C(3),
and for each subset^ϊ of 9ft, setje = 3ES/S). Then O2(2fc) = 1. Since @
is cyclic, we have @ <| SK, 1 ^ @. Choose Ϊ G Sj. Since X centralizes
2) and acts faithfully on @, it follows that [@, X] = φ is of order 3,
and 3 = 3° x 3 1, where 3° - C3(ψ), 3 1 = [3, $], and 3 1 is a four-group.
Also, S = 3° x W, where g ι c 3 1, | S Ί j = 2.

Since β̂ is the only subgroup of © of order 3, we conclude that
I Eo: (7(3) I - 2. Since φ char @, we have 3° < 9ft. Since C(2)) s C(3°),
we get C(2)) §i 9ft. The proof is complete.

LEMMA 20.3. Suppose \ 31 ^ 8, 2) ΐs α hyperplane of 3

( a ) I C(S): CC3) I = 2.
( b ) If ® is a S2,-subgroup of 9ft, then [©, C(2))] C(3)/C(3) = S>
order 3.

( c ) 3 = 3° x 31, 3° = C ί̂S)), 3 1 = [3, ®], 3 1 w α four-group and
& <\ 9K, i = 0, 1.

(d) 2) - 3° x US where ψ = [31, C(2))] is o/ order 2.

This lemma was proved in the course of the preceding lemma, and
is simply recorded here.

LEMMA 20.4. Suppose \ 3 | ^ 8, and & = SDβ is a solvable subgroup
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of ©, where ^ is a cyclic p-group. Assume that Z(X) <fi $. Then

3Q®o = O2(B).

Proof. Suppose false. Since B/Bo has a normal cyclic S^-subgroup
on which %/$t0 act faithfully, it follows that X/BQ is cyclic. Hence,
2) = $ 0 n 3 is a hyperplane of 3 Set tt = Ω^Z^f. Since Z(%) <f\ St9

we have tt => ΩX(Z(X))9 and so tt0 = [tt, φ] Φ 1, and tt0 < $.
Choose ZeQ — 2). Without loss of generality, we assume that Z

inverts 5β. Since tt0 g C(2)), we conclude that | tt0: CUo(Z) | = 2, and
so p = 3, while tt0 is a four-group.

Choose Ue tt0 - CUo(Z), so that tt0 = <£/> x <[[/, Z]>. We assume
that we have chosen Z in 3 — 2) such that ( Z ) ^ is of minimal order.
By what we have just shown, we have {Z} <fi Tt.

Now IX S O2(St) £ 2: £ 3K, and tt centralizes a hyperplane 2) of 3 .
By our choice of Z, we conclude that {Z}m is a four-group. Now
© = <5β, £> acts faithfully on ί£0, and since [5β, ̂ 0] = tt0, it follows that
I !β I = 3, and that ^ 0 - tt0 x Λ°, where ^° = Cfto(?β).

We now use our element U. Since tt0 is a normal four-subgroup
of SDβ, it follows that U inverts a subgroup O of SW of order 3, and
that if § = O2(3K), then [£, Q] = <^> x <[Z, J7]>, whence § = [§, Q] x ©0,
where >̂0 = Ce(O). Let S = 22D, >̂ = O2(S). First, suppose that $°
contains a four-group. In this case, S3-subgroups of © are cyclic, and
since Ce(G) ̂  1, Cgo(^) ̂  1 and since X - JV(£), we conclude that ^ 0 = § .
This is false, since 3 < 33Q, 3 <| 23β. So °̂ is either cyclic or gener-
alized quaternion. So X is the direct product of a D8 and a group
which is either cyclic or generalized quaternion. Thus | JV(X) |2, ^ 3 for
every non identity subgroup of X of X. This violates §18, and com-
pletes the proof.

LEMMA 20.5. Suppose 13 I ̂  8 and & = SDβ is a solvable subgroup
of ©, where ^$ is a p-group. Then one of the following holds:

( a ) Z ( £ ) < f t .
(b) SB < Λ, wΛere SS - F(ccl@(3); £).

Proo/. Set ^ 0 - O2(Λ), tt - A(^(2:)g), tt0 - [tt, 5β]. Suppose (a) and
(b) fail. Then tt0 Φ 1, and SB g $0. So there is G in © such that
3* = 3® s s, 3* g ^ 0 . Let 3o* - 3* Π Λo, so that 3o* is a hyperplane
of 3*. Since tt0 S C(8f), and tt0 g C(3*), we conclude that C,o(3*) is
a hyperplane of tt0, whence p = 3, and tt0 is a four-group. Set SK* = Tiσ.
Thus, tt0 s SJΪ*, tt0 = <C7> x <Z>, where (Z) = [tt0, 3*] c S * . Also,
<Z**> is a four-group, since <2r> - [3*, tt].

Case 1. C(Z) C TO*. In this case, since (Z) <\ % we find that
X S 3K*. Since S£ = #(£), this forces 2K* = 2K, which violates Lemma
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20.4, as 3* g Sto.

Case 2. C(Z) g 2K*. Since (Z™*) is a four-group, it follows that
CJ^Z) is of index 3 in 3JΓ, whence | STC* | = 3 | £ |.

Since Z(S) ^ SK, it follows from the construction of SK that Z(/((£))
and Z(Ji(£)) are normal subgroups of 2K. From §18, there is a
solvable subgroup So of © which contains X properly and such that
So = Z%, where ^30 is a p-group of order larger than 3. If p Ξ> 5,
then Lemmas 5.53, 5.54 imply that £0 a 3K, against | 2ft | = 3 \Z\. So
p - 3, and | φo | ^ 32. By Lemma 5.54, we get ΰ1^) s SK, whence
m = S^Wo). This is absurd, since 3 f t e ^ ( £ ) , and 2ft c £ 0 , while 80

is solvable. The proof is complete.

LEMMA 20.6. One of the following holds:
(a) 131^4.
(b) ,y^{%) - {C{Z(%)\ iV(2B)}, where 2B - F(cclβ(8); £).

Proo/. Since £ - N{%\ it follows that N(Z(Z)) - C(Z(£)). Since
^ 2, this lemma is an immediate consequence of Lemma 20.5.

LEMMA 20.7. Suppose | Q \ :> 8. ΓAe^ ίfcβ following hold:
( a )
(b)
( c ) ! @ I = 3, 5 or 15, where & is a Sr-snbgroup of 3K.

(d) 3® ^ α Frobenius group.

Proof. Suppose l c g o £ g . Let 3° = Cs(®0). Thus, 3° < SK.
Suppose 3° ^ 1, and ^ is an involution of 3° Π Z(S). Hence, C(Z) B
C(Z(S)), and so C(Z) = C(Z(S)), since C(Z(X)) e ^f(%). Since C(Z(S)) Π
SK=)S, we conclude that 9K - C(Z(S)), and so 3 - ΩL(Z(£)).

Since 2B <| 2R, there is G in © such that 3 s g J , 3 Θ g O2(SK).
Hence, © has a subgroup % of prime order such that 3^ does not
centralize O2(9K)g/O2(SK). Let g) = 3* Π C(g), where g - O2(3K)g/O2(3K),
and let g = <F>. Thus, Sg = <ϊ, 3GiΓ), and so if we set 5ft - JV(SS),
then 3* Π 3 G F - ψ.

Since | 3 I ̂  8, we have | 2)F | ^ 4. Let XI be a minimal normal
subgroup of 9i. Since SK - C(Z(£)), it follows that C(U) - Oa(5W). If
Γ e ψ* centralizes U, then since C( Y) = C(3GF), we get &σF a C(tt) < 31,
which is false. Hence, ψ acts faithfully on IX, and Cu(ψ) = CU(Γ)
for all F e 2)F#. This is impossible since 9Ϊ is solvable. We conclude
that 3® is a Frobenius group.

Since 3@ is a Frobenius group, it follows that if X is any subgroup
of 2K/C(3) of order 2, then 3 is a free jF29c-module. In particular,
3 I = 22z for some integer z ^ 2.
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Suppose z Ξ> 3. Let 3 1 be a subgroup of 3 of index 4. We will
show that CC31) = C($). In any case, C^CS1) is a 2-group, since 3© is
a Frobenius group. Furthermore, by the preceding paragraph, we
conclude that C^S1) = C(3) = O2(2K). Since iV(3£) - 2W for every non
identity characteristic subgroup 36 of 02(3K), it follows that OJJΰϊ) is
a £2-subgroup of CC81), and then Lemmas 5.53 and 5.54 imply that
I CIS1): O2(Wl) I - 1 or 3. Set <£ = C^ 1 ), (£1 - O2(&), and suppose that
(£ Z) O2(3ft). In this case, ®x has index 2 in O2(3K), and &x is not normal
in m. Choose Λf in m with I f ί JV^). Then <<E, (S^) S C ^ 1 Π 3 l i f),
and since 3 1 Π 31M Φ 1, <&, <£*> is solvable. Let a be a S3-subgroup
of ©, so that e x e N(%; 2), <£f e N(ZlM; 2). Since S3-subgroups of <<£, KM>
are cyclic, we conclude that <KX, ©f> S O3,«(£, S ¥ », which is false,
since K is not 2-closed. So (7(8) = C^ 1 ) for every subgroup 3 1 of 3
of index 4, provided s i> 3.

Let 2B, = <F(ccl@(2)); 2) | 13: 2) | = 2>, and continue to suppose that
s ^ 3. By the preceding argument, we conclude that SBX S C(3), and
so, if Ge ®, and 13^: 3* Π 3K | ^ 2, then 3 σ s 3K.

Set 5R= C(Z(2)). Since 2δ <# 9Ϊ, we can choose G in © such that
3* g j , ^ g Oa(9fc), and then we can choose N in % such that S Π 3GN

is of index 2 in £>GN. By the above argument, we get $GN S 2̂ > and
so <S, 3^> £ 2K Π 9ΐ - £, the desired contradiction. So « = 2. Since
2K/O2(2K) acts faithfully on 3, it follows that £/02(3K) is cyclic. The
proof is complete.

LEMMA 20.8. Suppose \ 3 | :> 8. Then the following hold:
( a ) For some G in ©, | 3 f f Π 2K | - 8, α^d | 3 σ Π O2(9K) | - 4.
( b ) 3 contains a four-group 3 1 with C(31) ^ 3W.
( c) 1311 = 3 I £ I, where 91 -

Proo/. Since C^(Z(2)) = £, the construction of 2W implies that
SK, NiZiMZ))) S SK. By Lemmas 5.53 and 5.54, it follows

that (c) holds.
Since SB < SK, it follows that there is X in © such that 3 X £ £,

3 X gOa(Srt). By (c), it follows that 2) - O2($ft) Π 3 X is a hyperplane of
3 X , so of order 8. Let P be an element of 91 of order 3, and set
G = XP. Thus, 2) P SO 2 CΛ)£Ϊ, and9ϊ = <£, QG). Hence, 2ft n SG = ?)P.

Since S/O2(SK) is cyclic, we get that ] 2)p Π O2(2K) | ^ 4. Suppose
3) pg0 2(SK). But C{ψ)^mG, and we find that 3 S 2Rσ, whence
[3, 3G] - 1, against 3 σ g 2R. So (a) holds. Let It = ψ n O2(2K). The
argument just given shows that C(U) ξ£ <ΰlG

ί and so (b) holds. The
proof is complete.

LEMMA 20.9. One of the following holds:
( a )
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(b) |Stt| = 5 | £ | .

Proof. Suppose 13 | ^ 8. Since 15R | = 3| Z |, it follows that
13ft I = IZI d, where d = 5 or 15. Suppose d = 15.

Since Sft/O2(Sft) acts faithfully on 3, and | 3 | = 16, while 9ft/3ft' is
a 2-group, it follows that Z/O2 (Sft) is cyclic of order 4. Let @ = 21 x 33,
where © is a S2,-subgroup of Sft, and | SI | = 5, 1331 = 3. Let 5R = 3X1,
where |£>| = 3, and let St = O2(3ft), $ 0 = O2(328). Thus, Λ and $ 0 are
of index 2 in Z, and are maximal elements of M(jQ; 2), M(33; 2), respec-
tively. Since % = C(Z(Z)), we have Cft(£}) ^ 1, and since £/O2(Sft) is
of order 4, we have CSo(SS) Φ 1. Since Λ and Bo are not ©-conjugate,
it follows that S3-subgroups of © are non cyclic. Hence, C(U) is a
3'-group for every 4-subgroup II of ®. On the other hand, there is
a four-subgroup IX of 3 such that C(U) g 3ft. Set £ = C(U), <£0 = C«(U).
Then ©o is a 2-group, since 3@ is a Frobenius group. If Eo = O2(3ft),
then since E is a 3'-group, our factorizations imply that £ g 3 K . Hence,
(£0 z> O2(3ft), and so (£0 is of index 2 in a S2-subgroup of Sft, and so Ko

is the unique subgroup of Z of index 2 which contains O2(2ft) (assuming
as we may that £ 0 S 3). But then SS3 § iV(K0), and so JV(X) £ 9K for
every non identity characteristic subgroup ΐ of G£o. Once again, since
© is a 3'-group, our factorizations complete the proof.

THEOREM 20.1. | 3 | ^ 4.

Proof. Suppose false, so that the preceding results may be applied.
Thus, 3ft/O2(3ft) is a Frobenius group of order 10 or 20. It follows that

( * ) I 2ft: Cm{Z) I = 2α.5 , a £ 1 , for all Ze 3* .

We will show that Cm(Z) is a S2-subgroup of C(Z) for all ZeQK
We may assume that CW(Z) = Zo is of index 2 in Z. This implies that
i£/O2(9ft) is of order 4, since CW(Z) properly contains O2(9ft) for every Z
in 3 . Since O 2 ( 2 f t ) c 2 0 c ϊ , it follows that Z{Z) is cyclic, and that
if QX{Z{Z)) - <Z0>, then <Z, ̂ 0> = Ω^ZiZ,)). Let 3; be a S2-subgroup
of C(Z) which contains Zo, and suppose by way of contradiction that
Zo c 3;. Thus, <S, S J £ N{(Z, Zo}) and ̂  g 3K, whence <Z, Zx} = 5R,
against $R = C(Z(S)). So

(**) Cm(Z) is a S2-subgroup of C(Z) for all ZeQ*.

Since Z(£) <1 Sft, and since Z is a maximal subgroup of Sft, the
construction of Sft implies that Sft - N(Z(J(Z))) = JV(Z(Jχ(3:))). Since 3©
is a Frobenius group, we even get Sft = N(J(Z)) = JVίJ^X)). Hence,

- J(2:o), Jx(3) - Jx(3:0). By (**), we conclude that

(***) I C(Z): C^ί^) I - 1 or 3 for all Ze 3 * .
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Choose G in © such that SG ΓΊ 3ft = 2) is of order 8, and such that
D0 = Dίl 02{W) has order 4, as in Lemma 20.8. Choose Ye ψQ. Thus,
3 £ C(Y), and Oa(C(Γ)) normalizes 3*, by (**). Since 3 O2(C(Γ)) is
a 2-group, it follows that 3 Π O^Y)) is of index at most 2 in 3, by
(***). Now choose Xe 2) - 2)0. Then [X, 3 Π O2(C(Y))] =£ 1, and so
we may assume that our element Y has been chosen in 3 Π 2)0 Hence,
O2(C(Γ)) Π O2(9PΪ) is of index at most 2 in O,(2K).

We may assume that X inverts @. Set £° = O2(C(Y)) Π O2(2K), so
that I O2(3ft): £° | ̂  2, and [2?, X] £ S)o. This implies that 3 = [O2(2K), @],
and since 3 3 ^i(Z(3:)), it follows that O2(Sft) = 3 . This in turn implies
that 3 S O2(5R), whence 3 <| % the desired contradiction. The proof
is complete.

LEMMA 20.10. 3 s Z(2TC).

Proof. If 131—2, the lemma is obvious. Suppose 13 I — 4, and
that 3 g Z(2TC). In this case, Wl/C(8) = Σs, and SK is transitive on 3*.
We argue that

(20.1) C(Z) s 3K for all Ze 3 # .

This is clear if | SK | Φ 3 121, so suppose | 3K | = 3 | ϊ |. In this case,
JVB(Z(2)) = ϊ , and so J(S) < SOΪ, J^Z) <] SK. Since . ^ ( 3 ) contains an
element 91 with | ϊfl \ > 3 | £ |, the usual factorizations yield a contra-
diction. So (20.1) holds.

Let $ be a subgroup of odd prime power order permutable with
% and not contained in M. Since 5β n SK = 1, and since J(Z) <\ SK,
Ji(£) < 3K, it follows that | φ | = 3. Hence, if It is a minimal normal
subgroup of 32β, then IX is a four-group. Let 2δ = F(ccl@(3); £). It
is a straightforward consequence of (20.1) that 233 S C(tt); 2δ £ C(3).
Since Wl/C(&) = Σ3, it follows that iV (̂2S) 3 S, and so JV(2B) S 3K. Since
^ / O 2 ( 2 ^ ) ^ J 8 , we conclude that 2B < Sφ, whence 5β S 2K, the desired
contradiction. The proof is complete.

LEMMA 20.11. If lisa normal four-subgroup of SK, £ / ^ (7(X) £ ffl
for all Xe 3£#.

Proof. We may assume that X$Z(W). Hence, if X Π 3 = U,
then X = U x <X>, and Cm(X) is of index 2 in HR. Let So - CS(X),
so that IS: £01 = 2 , and 2K = 3^ JV«(@), where © is a S2,-subgroup of
SW. Set e = C(Z). Then K = S0.iVe(@), and so %Q is permutable with
the solvable group <JVe(@), iV^ί®)) = Λ. By a standard argument,

is solvable, and so Wl = ίE0^ 3 (£. The proof is complete.
Set
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is an elementary abelian normal 2-subgroup of

SK of order ^ 8} .

By Lemma 20.11 and §13, it follows that J ^ o ^ 0 . Let ^ =
{ϊ G Ĵ o I 3 S *}. Since 3 S Z(O2(2R)), it follows that J ^ > 0 . Next,
set

^ = {§ e J^~l, there is a normal subgroup @ of 2ft such that

3 g g c § , and such that | ® | ^ 4, while g/@ is a chief

factor of 2ft}.

Thus, ^ Φ 0.
Choose f5 G ̂ T We subject § to the same examination which was

built up in § 13.

LEMMA 20.12. e(g0) £ 2ft for every hyperplane %0 of %.

Proof. If I @ I = 4, then %0Γ)<S Φ 1, so we are done by Lemma
20.11. We may assume that | ® | = 2, and that @ g § 0. Hence,
C.®o) - C(ψ Let ^ - CΛ®/e) z> 8 = C(S). Thus, ft/8 and g/3(3 - 6!)
are paired into 3, and so are in duality. Hence, & permutes transi-
tively the hyperplanes of % which do not contain 3, so that

Let (E - C@o) 2 C«@o) = C(%) = S, and let Ϊ O = Ϊ Π S , so that
£0 is a S2-subgroup of 8. Since §/3 is a chief factor of 2PΪ of order
>2, it follows that Nm(X0) D Ϊ , and so N^ί^e^*. Hence, £0 is a
S2-subgroup of S, and iV(S)) S 3K for every non identity characteristic
subgroup ® of Sl0.

Let O be a S2,-subgroup of 8 and let 3ΐ be a S2,-subgroup of K
which contains Q. We may assume that 3t D O. By Lemmas 5.53 and
5.54, we get that | (£: 81 = 3. Let @ be a S3-subgroup of (£ permutable
with Zo, and let (£* = Zo&. Set 2; = O2((E*), so that 3; <| S. Choose
ΓG 2, Γ ί JV(3;). Let (£** - <&*, e*Γ>. Thus, ©** normalizes &ng?V 1,
and so ©** is solvable. Since S3-subgroups of (£** are cyclic, it follows
that <%, 2:f> S O8,((E**). This is false, since <2;, £f> = Zo, and So <fl (E
The proof is complete.

*

LEMMA 20.13. If J is an involution of 9K ami Q(J) = %0 is a
hyperplane of %, then one of the following holds:

(a) |g,J]ce.
(b) |δ/(δ| = 4.
This lemma follows from a standard argument, and is in fact an

immediate consequence of the following lemma.
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LEMMA 20.14. If J is an involution of 2K and [§, J] §£ @, then
is a free F2(J)-module.

Proof. Let ® = CUg/g), and for every subset 8 of 2K, let
© = @®/£>. Thus, J ^ 1. Since g/@ is a chief factor of 2TC, it follows
that O2(M) = 1, and so F(9K) is a cyclic group of odd order. Thus, J
inverts a normal subgroup Sβ of 3ft of odd prime order. Since §/(£ is
a chief factor of 3ft, it follows that Sβ has no fixed point on
the lemma follows.

LEMMA 20.15. // | © | - 4, ίλew ^ T ( ϊ ) - {3ft, 5RJ, wΛere 3^
2?, - F(ccU@); S).

Proof. Let $ be a p-group permutable with £, and set 8 =
Suppose 8 ξ£ SJΪ, so that 8 Π 3ft = £. Let ΐt be a minimal normal
subgroup of 8, and let dG = ©* be a conjugate of @ which is contained
in Z. Let ®f = @f = @* Π O2(£). Since S/O2(8) is cyclic, we have
6f ^ 1. Since 5β g SW, it follows that [$, U] ̂  1. Hence, U s C(@*) £
mG. Suppose g * c g * . In this case, [tt, (£*] ̂  1, and so [IX, (g*] =
®* £ Z(U). This implies that [O2(S), @*] = (£*, and so 11 is a four-
group, 15β I = 3, and O2(8) = E x (O,(S) Π C(5β)). Since 5β ̂  3K, it
follows that Z(S) Π C(5p) = 1, and so 11 = O2(S), against 2 e ττ4. So
SSi £ O2(S), whence 8 £ iV^). The proof is complete.

LEMMA 20.16. // |© | = 4, ίAew | g | = 8, 16 or 64.

Proof. Suppose | § | > 8.

Since ^C(S) = {3K, SKJ, it follows that
Let (E = C@), ®/(E = O2(2R/<£), and let φ be a S2,-subgroup of 3W.

Then ©φ < SK, since 5β is cyclic. Since | % \ > 8, it follows that 5β g (E.
Let So - S n S. Thus, SW = ®.JV»(2;), and so NJfQ D 2 . Hence,

»i g So-

Choose G in ® such that @* = ®G S S, ©* g So. Let

Case 1. g * n g =

If ^ e r * , then C,(#) a ^ and so [C9(E), (£*] S ©* n g = 1.
Hence, C 8 (J0) = C,(S:*) for all Ee®*K Since 2Π is solvable, we con-
clude that I ©o* I = 2. Thus, @0* stabilizes the chain % z> © D 1, and so
IS: Ce(@0*)| ^ 4. Choose J e @*-@0*. Then g/(g is afree F2</>-module,
and so | %: (g | = 22/, / ^ 2.

2. g * n g ^ l .
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In this case, we get ®* Π g = ©o*, and g a C(©?) a 2ft*. Hence,
[& <£*] - ©o*, and I g : @ I = 4.

The proof is complete.

The next lemma is very important, and is a repetition of an earlier

argument, with slight alterations.

LEMMA 20.17. If ^β is a subgroup of 2ft of odd prime order then

Proof. Suppose false. Let

Sζ = {© I § φ S © S ®, © g 2ft, © is solvable}.

Thus, ^ ^ 0 . For each 6 in .9ς let t(β) = | © Π 2ft |2, and let
£ = max £(@), where © ranges over ^f. Set

Choose © in ,5>̂  of minimal order. Let £ 0 be a S2-subgroup of © Π SK,
and let Ŝ  be a S2-subgroup of © which contains So. Since S2,-subgroups
of © are cyclic, it follows that %J$ — ©x is a group.

Case l . © = s φ.

In this case, 2^ §= 2ft, so ^ c ^ . We assume without loss of
generality that Xo c £. Let 2 = Sφ, S° = O2(S). If 2° g %0, then set
So Π O2(©) = 2:00. We find that JV(£00) g 2ft, and ] JV(£00) Π 2ft |2 > t,
against the definition of t. So ϊ ° g ϊ 0 . Since Zty S N(Z°), we have
N(X°) C 2ft. Since £° - So Π O2(©), we conclude that © ^ 2ft, which
is false.

Case 2. © ψ %&.

By minimality of ©, we have ^ £ 1 .
Let Q be a ^-subgroup of © which contains ^ί.

Case 2(a). © = ZLΣX.

By maximality of t, we have O2(©) e MJOP; 2), and so iV(O2(©)) s 2ft,
which gives © a 2ft, a contradiction.

Case 2(b). © Φ Ϊ . Q .

By minimality of ©, we have S^Q a 2)ϊ. Thus, © - SxQ3ί, where
5ft is a cyclic r-group centralizing Q, and r is an odd prime Φ p.
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Let B = Op,(<3), and let $ 2 = ® Π Z19 so that Si = ̂ 03ΐ. First,
suppose r Φ 3. In this case, there is X char $0, ϊ ^ l , with 3£ <| ίB,
whence ϊ <| ©. By maximality of t, we have ®? e Mί(Sβ; 2), and so
Λ^(ϊ) a SDβ, whence 6 S 3K. This is false, and so r = 3.

Let 8 = O3,(@), S 2 = 8 Π %19 so that 8 = S2Q. Since r = 3 we have
p > 3, and so there is 2) char 82, 2) ̂  1, with 2)<| £, whence 3)<] @.
Let @* = iV(5)). Thus, @* e <Pf so by what we have already shown,
it follows that @* Π 2K contains a S2-subgroup of ©*, whence £ x is a
S2-subgroup of 3W, and so © g 3ft. The proof is complete.

LEMMA 20.18. If |@| = 4, ίΛ,β^ Z/O2(%) is cyclic.

Proof. Z/OM acts faithfully on Q - 0 ^ ) 0 / 0 , ( 9 ^ ) , where O
is a S2,-subgroup of 5TiL. Thus, the lemma holds if | £} | = 3 or 5.
Suppose I £11 = 15.

Let IX be a minimal normal subgroup of 9^. Thus, CQX) — 02($l1).
Since either N(Z{J(Z))) S SK or JVίZίJ^S))) S SK, it follows that
j (S) g O^ΪΪO. This in turn forces | U | = 24. Since elements of GL(4, 2)
of order 15 are non real, it follows that no element to SyO^Sfti) inverts
Q, whence %>/02(%) is cyclic (of order 4). The proof is complete.

LEMMA 20.19. // | @ | = 4 and \ % | = 64, then $ 2 < %, where
S); S).

Proo/. Let $1 = Oίί^), and let II be a minimal normal subgroup
of 9fllf so that Λ = C(U).

Suppose G e ® and %G = ψ s £. We will show that g* S «. Let
gf = %* = g* n Λ, and suppose that g f c g * . By Lemma 20.18, we
have |g*: g* | = 2. Hence, U S C(gf) S SWG, and so [U, g*] S g*. Since
11 S C®*), Lemma 20.13 implies that 1 c [11, %*] s (£G. Hence, g σ n
Z(S) Φ 1. Since @ is a T.I. set in ©, and since @ 2 ^i(Z(2)) = 3, we
have (g = ©G, so that g = %G.

Let g 0 = % Π S, so that % = g 0 x <F>, and F inverts a subgroup
5β of ^ of odd prime order p. Let ^ = [5β, ft], so that Λx = [^, JP7] x
[St19F]p, where φ = <P>, and ft,f]gg0. LetΛ 2 = C,(φ). A standard
argument shows that g 0 = g0 Π ̂ 2 x g 0 Π ̂ , that %Q Γ\ ^ = [^, -F],
and that g 0 g C ^ ) . Since each element of [ί^, J P ] P centralizes the
hyperplane g0 of g, Lemma 20.13 implies that [Stlf F] S ©. Since
2e τr4, we conclude that [Stί9 F] = <£,\$11\= 24. Since l c g 0 Π S 2 g
C^ίfti) < 22β, it follows that C(^) Π Z(3;) ^ 1, the desired contradiction.
The proof is complete.

LEMMA 20.20. // | (£ | = 4 απd | g | = 64, then the following hold:
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( a ) % is not a T.I. set in &.
(b) |SW|t, = 5.
( c) I 9^ |2, = 5 or 15.

Proof. Let (E - C(g), S)/(g = Os(2B/(E)f £ 0 = £ Π ®. Since Nm(Z0) D S ,
it follows from Lemma 20.19 that 3S2 §£ ίE0. Choose G in © such that
gG s 2;, g* g £ 0 . If (a) is false, then since g =*= g* we conclude that
[C9(X)9 SI S 8 Π ξf = 1 for all X e §G*. Since 13 | = 18% this forces
% S C(ff), against §* g; ®. So (a) holds.

Let φ be a S2,-subgroup of HK, and let φ o = C,(3) = C,(g/©).
If φo ^ 1, then Lemma 20.17 implies that % is a T.I. set in ©, against
(a). So Sβ0 = 1. Since ?£%/& is a Frobenius group, and 3/@ is a chief
factor of STC, we have 15β | = 5 or 15. If | φ | = 15, then S:/O2(3K) is
cyclic of order 4. In this case, let 2° be the unique subgroup of X
of index 2 which contains O2(2TC). Then £° 3 A(^), and so * 2 S 3?.
Hence, Nm(%S2) 3 ϊ , against Lemma 20.19. So (b) holds.

To prove (c), it suffices to show that a £2,-subgroup £} of 9^ is not
of order 3. Suppose by way of contradiction that | £} | = 3.

Let tl be minimal normal subgroup of ϊflίf so that | IX | = 4 , and
U Π Z(2) - tto is of order 2. Let 3S - UTO = IF. Let § - O2(2R)f

?!), so that 2R/φ is a Frobenius group of order 10 or 20 and

We argue that SB' = 1. Namely, U < φ, and so if Sβ = <P>, then
Upi <\ φ for all i. Suppose [tt, Up ί] ^ 1. Then Upί = Uo x <ί7>, and
[U, C7] - Ho. Hence, Z = $<£/>, and [27, Λ Π φ] S [U, 27] - Uo. Since
ffl/β Π ̂  is cyclic, it follows that [$', ί / ]g l l 0 . We assume without
loss of generality that U inverts Q.

Case 1. Λ' = 1.

Since ^(2) g ^, and since Z(Z) Π C(O) = 1, it follows that B is
generated by 4 elements. Hence every abelian subgroup of 2 is
generated by 5 elements, against | % | = 64.

Case 2. ®' Φ 1.

Since [«', 27] S Uo, it follows that S' = ttx Cft;(a), and 27 central-
izes Cr(D). Since Z(2) ΓΊ C(φ) = 1, CΛ,(O) contains no non identity
characteristic subgroup of $', and so fl' is elementary abelian.

Let ®0 - C*(Q), ^° = ^ o ϊ l = ^o x tt. Since ^° a Λ'f and S° admits
27, we have 5£° <| Z. Since ^ 0 contains no non identity characteristic
subgroup_of $°, it follows that ^ 0 is elementary abelian.

Let I = Λ/Λ0, a = (φ Π Λ)Λ°/Λ°. Thus, ft/« is cyclic of order at
most 4, and [5ft, 27] = 1. Since Cδ(O) = 1, it follows that one of the
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following holds:

( a ) Jl is a four-group.

(b) ^ is the direct product of 2 cyclic groups of order 4.

Since St° = ®QU, it follows that [B, ^°] £ IX. Hence, if Ke B, then
Cfto(lf) is of index at most 4 in B°. Since $ = <$°, if,, K2) for suitable
Ku K2, it follows that \B°\^ 64, whence |ίΐ | ^ 64.42 = 210. So | £ | ^ 211.
If I £ I ̂  210, then | § | ^ 29, and since | $ | = 2°, it follows that
[& Φ] = [δ, Φ] < 3ft, against | 3 | ^ 4. So |%| - 2U, and this forces
ί $o I = 2 4

L Since $ 0 Π Z(5ΐ) = 1, we may identify BQ with a subgroup
of Horn φ, IX). _Since Horn φ, U) ~ Horn φ/Dφ), IX) is of order 2\ we
get 5ΪO = Horn φ, IX). This is false, since Q, centralizes β0 and does not
centralize Horn φ, XX). We conclude that 2S' = 1.

Since [3:, IX] = Uo, we have [£, SB] £ Uo. Since | 3 | = 4 , and since
2Bz>U, we have [§, SB] = 1XO. Thus, 2B, - [SB, φ] is of order 2\ and
SB* - 2SA = SB, x XX0 < 3K, | 2B* | - 25.

Since ^ = NQβJ, we can choose G in © such that $G = ®* S ^
©* g ^ . Thus, β * n § = βf = @i* is of order 2, and since [SB*, @*] S Uo,
we have | SB*: Ca*(©*) | _̂  2. Let SB0* = Cβ*(eί). Choose β e @* - ©ί,
so that 3B*/Uo is a free ί7

2<£ί>-module. Hence, [2δ0*, E] Φ 1. Since
2So* S 2Rσ, we conclude that [3B0*, E] = e*. Hence, SB0* = SS*, and so
[SB*, E] = ®*. This is false, since 2B*/U0 is a free i^<ί;>-moduϊe of
order 24. The proof is complete.

We now complete the analysis of the case | © | = 4 and | g I = 64.
Let § = O2(2K)? & — O2(

sJii), and let IX be a minimal normal subgroup
of 3^. Let ^ be a £2,-subgroup of 2K, Q a S2,-subgroup of SXij. Choose
TeZ - 5Ϊ, T 2 G ^ , so that XX, = CU(Γ) is a four-group, and | U | = 24.
It is important to show that

(20.2) nL <\ m, φ s cxu,).

Suppose (20.2) is false. In this case, VLL ξ£= Z(X), and so Z/B is cyclic
of order 4, and XX0 = XXX Π Z{%) is of order 2. Let %Q = <T, 5δ>. Then
ttL S Z(3:o), and 2:o 3 β^S:). Since IX, <j X, we have IX, <1 φ, and so
2B = XXf = Uf < Stt. Since U, s ^(fli(S)), we see that SB' - 1.

Let SB, - [SB, 5β], so that | 2B, | - 24 and SB* - SB^o = SB, x 1XO < 2W,
I SB* j = 25. The argument of Lemma 20.20 can be applied to yield a
contradiction. So (20.2) holds.

Let IX, c IX1 c XX, with IX1 <\ Σ, so that | IX11 = 23. We argue that
M - COX1). In any case, B = C%(UX), and since iV(Λ) = %, it follows
that B is a >S2-subgroup of C(Uι). Since IX1 =) IXJ and U, < 2W, we have
COX1) g 2W. Thus, if C(Uι) =)«, then COX1) 3 φ, so that COX1) = Bφ.
Since | «p | = 5, there is X e {Z(S), J(Λ)} with X <\ Λφ. Thus, 5β S JV(X) =
S?!, which is false, since SK n S«i = S. So [«β, U1] ^ 1, and C(UX) = β.

Let 3e = XX1Ώί = U1^. Since XX1 < £, we have U1 - <?7> x U,, and
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X - <VLL, Upi\0^i^A). Also, IX, £ Z(X), since £ £ £,(£). We argue
that X' = 1. Suppose false. Then [IX1, Upt] Φ 1 for some i. Set V= Up\
Thus, V£ «, and [£ n $, F] £ [φ, V] £ U,. Since IX, < 3TC, it follows
that I O I = 5. We may assume that V inverts Q. Since $/$ f] <ξ> is
cyclic, it follows that £1 centralizes 5£/tt, and since Z(Z) f) C(D) = 1,
we get $ = IX. This violates | g | = 64. So 36 is abelian.

Let m0 = C(tt,) so that \W:W0\^2. Let £>0 - O2(3K0) - 3K0 Π £ .
Thus, ^o stabilizes the chain IX1 z> IX, Z) 1, and so £>0 stabilizes the chain
2B ZD IX, =) 1, whence D(®0) £ C(2B). Since £>0 Π ί£ centralizes U1, and
since £ 0/£ 0 n $ is cyclic, it follows that j £ 0 : C^IX1) | ^ 2. Let tl(l) =
[Uι, ^o], so that I tt(l) I = 2, H(I) c IX, £ C(iβ). Since SS = tl i φ, it follows
that [SB, £0] - U(l).

Now choose G in © such that ©ί; £ S, @σ g φ; G exists since
ϊί, = iV(5S,). Since SE/̂  is cyclic, f π ^ l . Since @ is a T.I. set
in ©, we have (g* £ 2K0, and so f n § = ® e n g o = <^o>. Thus,
[Eo, SB] £ 1X(1), and so | 2B: CK(JS0) | ^ 2. Choose Ee<£° - (Eo). We
may assume that i? inverts ^3. Since IX1 g C(ψ), and 2B is elementary
of order at most 27, it follows that [2S, φ] = 3S0 is of order 24 and is
a free F2<£τ>-module. Hence, E does not centralize 2B0 π 2B* where
SB* = CaCEΌ), and so [2B0 Π 2B*, JS] = CEΌ). Since ^ e S B , we have
2B* = SB, and so [SB, £7] - <#0>. This is false, since 2B0 is a free Fo<#>-
module of order 24. This completes a proof that if G? = 4, then

L E M M A 2 0 . 2 1 . Suppose |@j = 4 and \%\ = 16. 77&ew ίΛe following
hold:

( a ) § ΐs not a T.I. seί m ©.
(b) |2R|2. = 3.
( c ) 1^1^ = 5.

Proof. Suppose (a) is false. In this case, if Ge® — Wi and
dG £ 2, then [Cd(F), %G] £ g n S σ = 1, for all Fe %G*, and so [g, gff] - 1.
Set 352= F(ccle(g); S£). Thus, SK = C(%)-NmQS2) and so ^(882) D Ϊ ,
whence iV(3S2) £ 3K.

Let IX be a minimal normal subgroup of 3lίy and let ί£ = O2(%).
Since JVSl(SS2) = X, there is G in © such that %G = ? g ϊ , ? g JB.

Since g is a T.I. set in ©, and \%\> 2, if follows that %* Π U * 1.
Hence, Λ £ C(g* Π Π) £ iV(g*) - WlG. This implies that g* Π Λ = gf
is of index 2 in § * .

Let Q be a subgroup of 9ί, of odd prime order such that $* =
g* x <F>, where F inverts D. Let ^, = [Λ, G]. Thus, Λx - [^,F] x
[ft,, ί T , where <Q> = O. By a standard argument, g* = g* n ^2 x
g* n Λi, where ^ 2 - Cft(Q). Since O g Λr(g*), we have g* n $2 = 1,
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and so | g* | = [®ly F] is of order 23, | St, \ = 26. Hence, | © | = 3. Since
C(©) n Z{%) = 1, B2 acts faithfully on Λlβ Since 19^ \y = 3 or 15, and
since C(©0) Π Z(Z) = 1 for every non identity odd order subgroup ©0

of 9^, it follows that | % |2, = 3. Since J,(Z) g Λ, it follows that ^ 2 ^ 1.
Thus, ££e iV*(Π; 2) and C,(©) =* 1. On the other hand, 3 | 13K |, and
if @ is a Ss-subgroup of 9ft, then © £ C(@). This implies that 8 is
a Ss-subgroup of ©. Let 8 - 22β, where 5β = ^ ( 6 ) . Then O2(S) G
JV*0β; 2) and O2(8) n C(Sβ) ̂  1. By the transitivity theorem, we get
that ίΐ and O2(8) are ©-conjugate, hence are equal. This is false,
since iV(O2(8)) s 9ft, JV(Λ) = 9^ g 9ft. So (a) holds.

Lemma 20.17 and (a) imply (b).
Since some element of ^-^(Z) has order > 3 | £ | , it follows that

] % \2, = 5 or 15. Suppose | % |2, - 15. Since J,(Z) g 0 ^ ) , it follows
that every minimal normal subgroup of 9^ has order 24, and so Z/OffiJ
is cyclic of order 4. Let ZZDZOΌ 02(%)f and let © be a S2,-subgroup
of 5Rle Then © = O 3 x ©e, where | O, | = p. Also, D 3 centralizes
S o / O ^ ) , and 2 0 e iV*(Q3; 2). Let $ be a S3-subgroup of 2K. Then
O2(9K) e iV*(^; 2), and C(5β) n O2(2K) contains a four-group. So Sβ is a
S3-subgroup of ©, and 3̂ ,, O2(9W) are ©-conjugate, hence are equal.
This is false, and so (c) holds.

Let IX be a minimal normal subgroup of %_. Thus, | tt | = 2\
C(U) = β = O2(9^), and %/ίl is a Frobenius group of order 10 or 20.
Let ZJ® be the subgroup of Z/B of order 2. Then tt0 = Cn(Z0) is a
four-group. Let © be a S2,-subgroup of 3llf so that © = <Q> is of
order 5. Then set U{ = tt?\ so that

u* = ύ
* = 0

Suppose Ie W. Set K — C(I). We argue that Kπ ^ is a S2-subgroup
of E. We may assume that £ 0 s S Π 9ίi1 S 2. If S n ^ = S, we are
done, so suppose that (£ n %. = ^ 0 c ϊ . Since J(S) <| fi, we have
J(X) = J(X0) = J(Λ) < %, and so N(Z0) s SRle So © n SRi is a S2-sub-
group of ®.

Let (£0 = O2(K), S° = (£ Π 5Ki. We argue that £0/(£0 is cyclic. This
is obvious if Z° is a ^-subgroup of ©, since £/O2(9K) and 2/O2(9ϊi) are
cyclic. So suppose £° = £ 0 c Z and © = Z° 3ΐ, where 13t | is odd. Thus,
I 311 divides 15. If | 3t | Φ 15, then £°/O2(<£) is certainly cyclic. So
suppose I 3t I = 15, 3t = 3ϊ3 x 9ΐ5, where | Sftp | = p. Let ® = Oy(<£), so
that ® = ®23ϊ5, where ®2 = SB Π 2°. We can then choose 3Ee (Z(S)2),
J(©2)} such that X < S>, whence ϊ < (E. Let 8 = JV(ϊ). If 8 = S,
then ® 2 e M*(3ΐ3; 2), and CΦ2(3Ϊ3) ^ 1. This forces ®2 and O2(2W) to be
©-conjugate, whence ©2 = 2°. This is false, since N(V) S 9ίlf and
311 9?! |. So K c 8, whence | 8: K | = 2. Thus, 8 contains a <S2-subgroup
of © and so 8 is conjugate to a subgroup of 3ft or of 9^. This is
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false, since 15 | | 81, 15 \ \ Wl |, 15 \ \ % |. So £°/(£0 is cyclic. Since £°
is a S2-subgroup of (£, it follows that if 2) is any 2-subgroup of C(/),
then 2) n N(U) < ?), and 2)/2) n iV(U) is cyclic.

Suppose 1XL is a hyperplane of IX. Then C^lXi) = $. We argue
that (7(110 = $. Suppose false. We may assume that Z(£) n tti Φ 1,
so that 0(1X0 £ 3K Since 9^ = iV(ft), it follows that $ is a S2-subgroup
of (7(1X0- Hence, (7(1X0 - fta, where | a | = 3. Now ^ £ Λlf since
»! < %. Let So = O2(ΛSt). If SSx £ $0, then SSX < ΛS1, whence % £ 9^,
against 31 |9^ |. So ^ g ^ 0, and JδSt/^, = I's Since U £ Z(ft), it
follows that U g Z(S0). Since a g S R w St does not centralize Z(&0).
Let 3£ = [ f l ^ ) ) , SI] < Λ31]. Choose G in © such that g σ s ft, eG g ^ 0 .
Set ©* - ^ , (Bf = @* n fto Then ϊ £ C(@?) a SK̂ , and so [X, ©*] = g*,
whence | X | = 4 and @* < ft. This implies that ®0 = Xx%), where 2) =
Cβ0(SI) £ C,0((g*). Thus, <3ί, ©*> ^ A , and ft = 2) x <X, ©*>.

Since J^S) g ft, and since % = S.Q, where Z(ft) n C(O) = 1, it
follows that U = Ωx{Z(β)). Since 0(1X0 g %, it follows that 2) contains
no non identity characteristic subgroup of ft. So 2) = 2^ x 2)2 x 2)3,
where each S)̂  is either a dihedral group of order 8, or it is of order 2.
Since 11 = [IX, Q], and | d \ = 5, we have the desired contradiction. So
(7(1X0 = ft for every hyperplane 1XL of IX.

We can now copy the final argument of § 19 and conclude that
if | 6 | - 4 , then \%\Φ 16.

LEMMA 20.22. Suppose | © | = 4 ami | g | = 8. T/ιe^ the following
hold:

( a ) § is α T.I. seί in @.
(b) A S2,-subgroup of Έi centralizes %.
( c ) | 3 R | 2 , > 3 .
( d ) SBa < 9llf wAere 9S2 - < F(ccl@(80); S) | | § : §01 = 2 >.

Proof. Since 3 £ Z(3K), it follows that a S2,-subgroup of 9K
centralizes Gc, and so (b) holds, as | S: @ | = 2 . Lemma 20.17 and (b)
imply (a).

Let IX be a minimal normal subgroup of SSl19 and let ft = O^ί^),
so that ft = C(1X). Suppose S32 <f\ %. Then SS2 g ft, so there is G in
© such that \%G n 2 I ̂  4, g^ n £ g ft. By Lemma 20.18, we have
8 σ Π ft ^ 1. Thus, IX £ C(ξf n ft) S %lG, and so 1 c [IX, %G f] %] £

Let δ G n ϊ - S ' n S x < i θ . Then IX is a free F2<F>-module.
This implies that [IX, ̂ c ϊ ] ^ CU(%G n 2), and so [IX, g* Π S] 2 βx(Z(S)).
Since ^(^(2)) £ g, it follows that ? i l § 3 ^ ( Z ί ϊ ) ) , whence g - %G.

Let O = <Q> be a subgroup of SβL of odd prime order inverted
by F. Let St, = [ft, Q]. Thus, ftx = [ftlf F] x [^, F]«, and [^, .F7] £
8 Π ft = So. Since | g01 ^ 4, we have | ftx | = 2", where 1 ^ /r ^ 2. If
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k = 1, then $t = B, x Cft(D), and so C«(Q) Π g ^ l , whence Q g 3 K .
This is false, since Tt Π % = £. So & = 2.

Let ®2 = Cft(£ϊ). Then since Z(£) Π C(Q) = 1, it follows that $ 2

acts faithfully on 5Slβ Since [5S2, F ] S ®2 ΓΊ S = 1, it follows that $ 2

acts faithfully on g0 = [Blf F\, and so \ ®21 ^ 2.
Suppose $ 2 = 1. In this case, | ί£ | <̂  2R. Since a S2,-subgroup of

2K acts faithfully on O2(9K) and centralizes g, we get that | O2(2K) | = 25,
I SK |2, = 3, \Z\ = 26. Hence, Zβ is of order 4. This implies that £
has just one normal elementary subgroup of order 8, and so f§ S ^i
Hence, Cs(g) = K whence B, S O2(2K), and so Λx = J(O2(2K)) < 3Kf

against 9ΐx g 2K. So | $21 = 2.
Since | $ΐ2 \ = 2, it follows that 1^ is not a minimal normal subgroup

of %, whence | % | - 3 | X |, and so | 2 | = 26. But this forces | Tt \ =
3 I £ I, against § 18. So (d) holds.

Suppose by way of contradiction that j SUt |2, = 3. Thus, | 9^ |2, = 5
or 15. Let & = O2(%), and let Zoβ be the subgroup of Zβ of order 2.
Let U = Ω^Ziβ)) so that | t t | = 24. Suppose UL is a hyperplane of tt.
Then CnXVLJ = St. We argue that C{U) = B. We may assume that
ttx Π Z(S£) Φ 1. Thus, qU,) s Wl. We may assume that (7(11,) = ®SX,
where j ?J, | = 3. Since IX = Ω,(Z(B))f we have U s Z(^o), where <S0 =
O2(^2X). By (a), it follov^s that 33, S ^ 0, and so 51 s ^(^i) = Sfti, which
is false. So (7(1X0 = ^ .

It follows as in an earlier argument that if / is an involution of
IX, and C(I) = K, then for each 2-subgroup %λ of K, Z, n N(U) < £i,
and Si/Si Π iV(lX) is cyclic. The argument of § 19 then yields a contra-
diction. So (c) holds. The proof is complete.

Let p be an odd prime divisor of \Wl\, and let $ be a Sp-subgroup
of m. Set 2 = 23β, 35 = F(ccl@@); £). Since 53 s 332, we have 93 < ^ ,
and so iV£(93) = S. Choose G in (S such that g G g J , ? g ^ O2(2).
Let g? = WΓ)$, so that gG - g? x <F>, and F inverts a ^-subgroup
of S, which we may assume is φ. Let X be the normal closure of
g? in S, and let g) = Ca(X). Thus, ^2) g ©, and 2) 2 U, where
IX - Ω^ZiB)). Thus, 5β acts faithfully on % as C(tt) Π 5β = 1. Since
D S C(ϊ) S C(g?) S 2Wσ, we have [2), F ] s So". Let & = [2), <β], so
that 2), = [2),, F ] x [2)1? F ] p , where 5β = <P>. Since [2)x, F] | ^ 4, we
get that 15β I = 3 or 5. Hence, by (c) of the preceding lemma, we see
that I SK j2, - 5 or 15.

Now we take Sβ of order 5 in the preceding discussion. In this
case, we see that [%y F] = g^ is a four-group and so g<? S O2(Tt).
Let 3E be the normal closure of g0

G in 2R, and let g = Cffi(£), ^ - [f), 5β].
Suppose I 3K |2, = 15, and O S ^ ( φ ) , | D | = 3. Then O normalizes f̂ .
We argue that O centralizes §1# Suppose false. Then since elements
of GL(4,2) of order 15 are non real, it follows that F centralizes



NONSOLVABLE FINITE GROUPS 621

O2(SK)Π/O2(SK). This implies that Hft has a subgroup of order 3 which
normalizes but does not centralize [S^, F] — %%. This is false, since
iV(2l)/C(2l) is a 2-group for every subgroup SI of %. So £i centralizes
2^, whence a g C(g?) S SDl*. Thus, Q is a S3-subgroup of 3K and of
Hft*. By Lemma 20.17, %£ι e ^ T *, ψ£l e ^f*. Hence, Tt = MG, whence
g = ff. This is absurd, since g s Oa(SW), g β g O2(3K). So | SK | r = 5.

If I % |2, = 5 or 15, then U = Ω^ZiSt)) is of order 16, and the final
argument of § 19 yields a contradiction. So ( % |2, = 3, | tt | = 4.

Let tt0 - U n Z{%), so that | tt0 | - 2, tl0 s Z(2tt). Let 2S - tt* = U ,
where φ is a S2,-subgroup of 2K, | *β | = 5. Then | 2B | ^ 26, and SB =) tt.
By a standard argument, SB' = 1. Let 2B0 = Cβ0β). Since [O2(SK), 2S] s
tt0 g aS0, it follows that SΏ0 <] SDΪ. If | 2B01 = 4, then we may let 23
play the role of %. We have already shown that this case does not
occur. So I 2B01 = 2. Since Cβ(®) admits 5β, we get 2B g C(@), so we
may let SB@ play the role of %. This contradiction establishes the
important

THEOREM 20.2. | ® | = 2.

LEMMA 20.23. ( a ) | Wl \v > 3.
( b ) | g | > 8 .

Proof. Suppose | M |2, = 3. Since \% \ ̂  8 and g/@ is a chief factor
of 2TC, it follows that | g | = 8.

Choose Ήle^iZ) with |9Ϊ|2, > 3. Let tt be a minimal normal
subgroup of % and let Q be a S2,-subgroup of 91. Thus, tt D @, and
Q acts faithfully on tt. Since J^SE) g O2(9l), it follows that | tt | = 24,
I D I - 5 or 15.

Let %JO2(%) be the subgroup of £/O2(9ϊ) of order 2. Suppose
/ e U*, © - C(/), 2° = CR(/). We will show that Z? is a S2-subgroup
of <£. We may assume that O2(9ΐ) g ϊ f l S Ϊ ° S Ϊ . Thus, J(S) = J(£°) -
J(O2(5β)), and so 9ΐ(£°) g 5«, whence 2° is a S2-subgroup of (£. Since
19ΐ* |2, divides 15 for every 9Ϊ* e ^ r ( S ) , it follows that | 9Ϊ* |2, divides
15 for every 2-local subgroup 9Ϊ* of ©, and so | (£ |2, divides 15. We
must show that £°/O2((£) is cyclic. Suppose false. Then £°3ΐ = (£,
where |3ΐ| = 15. A standard argument shows that (£ c©*, where ©*
contains a <S2-subgroup of @. Since | 3K |2, = 3, ©* is not conjugate to
m. Since 5 | |K* |, it follows that K* is conjugate to 91. Since | <£*: K | = 2,
it follows that the normal closure of / i n ©* is a four-group central-
ized by 9ΐ. This is false, since C(@) = 271 is a 5'-group. We conclude
that X°/O2(&) is cyclic. It is straightforward to check that C(ttχ) =
O2(9£) for every hyperplane ttx of tt, and so the argument of § 19 yields
a contradiction. This establishes (a).

Suppose | S I = 8. Since | SK |2, > 3, Lemma 20.17 implies that g is
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a T.I. set in @. Hence, if 93 = F(ccl@(g); £), it follows that 93 g C(g),
and so JV«(S3) z> £, whence JV(S3) S 3ft.

Let β̂ be a subgroup of © of odd prime order which is permutable
with Z and such that φ g 9ft. Set S = £ φ . Thus, iVs(9S) = £, so there
is G in © such that %G S £, g* g £ = O2(8). Let g? = gG Π £>, so that
g^ = g? x (F). We assume without loss of generality that F inverts
5β. Let IX = Ω ,&{$)), so that IX = [U, «β]. Thus, IX e C(g?) S 2Bσ, and
so 1 c [U, g] S S?, whence © s 2ftG. Let & = [φ, 5β], so that & =
[£i, * Ί x [&, ^T> where *β = <P>. Since | g | = 8, and since C(<β) n
g^ - 1, we see that [£ l f F ] - g^ is of order 4, 1^1 = 16. Since
Z(%) c C(^) = 1, it follows that £ 2 acts faithfully on φx, where £ 2 -
C^(^), and so | £21 ^ 2. But | 2K |2, > 3, and so | 02{W) \^2\\%\^ 28.
This is false, since | % \ = | φ | | %: § | ^ | ^ 21 24 22 ^ 27. So (b) holds.

LEMMA 20.24. ^ ( S ) = {2JΪ, 9̂ }, where 31 = iV(93), 33 = F(ccUg); 2).

Proof. Suppose p is an odd prime and 3̂ is a p-group permutable
with X, and φ g 2K. Set S = S8β. Thus, S n 3K = ϊ . Let £ = O2(S),
U = ΩάZiR)). Thus, U - [U, φ], and 5β acts faithfully on U.

Suppose Ge@ and gG s ^ gG £ «. Let g? - g^ n Λ, so that
g^ = S? x < i θ , and we may assume that i*7 inverts φ. Thus, IX
centralizes the hyperplane g? of g e, and so [U, F ] - 3 f f. Thus, |U| = 4,
I φ I = 3, and 8° = 3, whence g - gG. Let ^ = [Λ, φ], ££2 - Ck(ψ).
Then ^ = [®u F] x [^, F]p, where φ - <P>, and g Π Λ = g Π ̂  x
g Π $ 2 . Thus, [Sx, F ] p centralizes the hyperplane g Π $ of g, and so
[[«lf F ] p , î 7] = 3, whence 1 ^ 1 = 4 . Thus, β = ^ x β2, and Z(SE) is
non cyclic. This contradiction shows that 53 <j 8. The proof is
complete.

Let βl = {ϊ I ϊ e ccl,(g), ϊ g £ , ϊ g O2(2K)}. Since JVα(a3) - 2, it

follows that X ^ 0 . Let β= {% \ 96 - g G

G J^o, 3 σ S O2(2K)}. It is

crucial to show that ^"Φ 0 . We must work for this.

LEMMA 20.25. 7 / ^ = 0 , then g Λαs a subgroup g0 o/
C(g0) g 2ft.

Proo/. Choose g^ e J ^ . Let gf = gG Π O2(SK), and suppose that
SG Sί gf Let 21 be a complement to gί; in g^ which contains 3^-
Let φ be a S2,-subgroup of 9ft, and let § = O2(2ft), so that £<β <] Sft
and SX acts faithfully on φ$β/φ. Thus, there is a subgroup Q, of ^^β of
odd prime order inverted by ZG, the generator of $G. Let S = ^Qg^,
80 = O2(8). Thus, 2) - gG n 80 is a hyperplane of gG and gG = S) x S σ .

Let g — g/3 Thus, we may view g as a module for 8/φ. Let
® = <O, 3G>, so that 8/φ is the direct product of ξ)φ/φ and
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By the *β x Q-lemma, ® acts faithfully on & = &/S = Cg(2)). Since
Cδ(O) = 1, it follows that & is a free f&^-module. Thus, there is
Fe%\ such that [F, Zσ] Φ 1. Thus, .F^Sft*. On the other hand,
[F, Y] S 3, and so 2)0 = CV(F) is of index at most 2 in 2), so of index
at most 4 in %σ. Since i^e C(g)0), we have C(2)0) g Sft*. The proof is
complete.

Set

^ = { 3 3 | 3 3 g & l δ : » | = 4, C(35) g 3ft} .

Suppose that <^Φ 0. Choose IX S 8, I tt | = 4, U <j 3:. As before, let
5β be a S2,-subgroup of 3ft. Let g0 - [g, 5β], so that g = g0 x 3 and
go*β is a Frobenius group. Since % is not 2-reducible in 3ft, it follows
that £/£0 and g/3 are in duality, where £ = O2(3ft), £ 0 = C($). Thus,
§ permutes transitively the set of hyperplanes of g which do not
contain 3 Thus, if έ%Φ 0 , then ^ ^ 0 , where

Let Uo = tin So = < )̂> and choose 33 e ^ . Since 33 is a hyperplane
of %0, and goφ is a Frobenius group, there is P in 5β such that ?7G 33P.
Thus, ^Φ 0, where

We have thus shown that

if ^Φ 0 , then C{U) g Sft, where <[/", Z>e ^(S) , and

Let us continue with our assumption that &Φ 0 . Set K = C( Z7),
so that K g Sft. Since gô β is a Frobenius group, it follows that
(£ n SOΐ = £0 = Cu( C7) is of index 2 in %. Since Z(£) is cyclic, it follows
that 11 = Ω!&(%)). We argue that Zo is not a £2-subgroup of (£.
Suppose false. In this case, (£ has a subgroup 21 of odd prime order
which is permutable with £0. Let 8 = £02t, So = O2(8), 3o = ΩiiZφ*)) 3IX.
Since a g Sft, it follows that & - [&, 21] ̂  1. Let SS0 = 7(ccl.(g); So).
We argue that 3S0 g So. Suppose this, too, is false. Choose G in ©
such that %σ s So, gσ g So. Thus, 3i S C(gG n So), and g e n So is a
hyperplane of %G, whence [3 l f %G] = ^ Thus, | & | - 4, 1211 = 3, and
%G < So. If gG Φ g, then So S 3ft n SftG. Thus, Sft̂  has a S2-subgroup
which normalizes £0, and so normalizes tt, whence AJJΩ) — Aut(tt).
This violates the assumption that XQ is a S2-subgroup of C(U). So

Let 8ι = [80, 21]. Then 21 - <A>, and Sx - <», 8">, where S1 -
[8,, F], and g - g n So x <^> Hence 2[ s % and so 21 s C(S;). We
argue that 8{ g tt. Namely, § Π C( ί7) = § ! has the property that

= tt, and so if Le 8J - tt, there is H e & such that [L, if] = Z,
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where g = (Z). Hence, we find that Ze 2[ £ C(2l), against 21 g 2K.
So 8' £ IX. Since 21 centralizes U and £{, while 21 does not centralize
Z, it follows that 2[ S <£7>. It is now straightforward to check that
§ Π So = <$ Π Si, d Π 82>, and that g n 82 centralizes 8,. Here 82 = CSo(2l).
Suppose S; Φ 1. Choose l e 81-4 - Z(SL). Thus, CS(X) is of index at
most 4 in g and [g, X] g 3 . We conclude that | % | = 25, as g/3 is a
free §2<X>-module. Hence, in this case, we have 8>L = $t x Su, where
S n is the central product of two dihedral groups of order 8. Hence,
Sn contains a four-group 811 such that 8 n = (Sn n $)SU. Since [S11, g] g 3
for all L11 e 811, it follows that £/φ is not cyclic. This is false, since
j g/3 \ = 2\ So Si is abelian. Hence, 8L = 8L x 2lA. As usual, we get
that 8 0 n § £ C^Si). Thus, elements of 2lA centralize the hyperplane
80 Π % of & and so [S1-1, F ] £ 3 . Hence, | 8, | - 4, So - 8, x 82.

Let ϊ - <£0, Γ>. Thus, <Γ, 2l> £ iV(82 n 82

r). Suppose 82 π 8[ ^ 1.
Then £51 is a group, and | cc\m(U) \ = 2, whence 21 £ C(U) £ SK. This
is false, so 22 ft 2ξ = 1, and so 82 is isomorphic to a subgroup of 20/22.
Hence, | ZQ \ ̂  26, | 3: | ^ 27. This is false, since | φ | ^ 29. This contra-
diction shows that SS0 £ 80, so that SS0 <] 8. Thus, S2X is a solvable
group, whence 21 £ C(tt) £ SR. This is false, and so Zo is contained
properly in a S2-subgroup ϊ * of K. Hence, -4β(U) = Aut (IX), and
N(U) = Z% where | 9ΐ | = 3. Also, of course N(U) £ 9ί.

Let 2B - <g;' Λ G 9ΐ> - 8Y ( U ). Since C(1X) is a 2-group, it follows
that SB^Sε. Let SB* = F(cclβ(Saδ); S). Since S3* £ SB, we have
iV(93*) = Sβ, and so JVTO(SS*) - S£. Note that IX £ g Π g κ Π gΛ'2. Choose
G in © such that 2δ* £ £, 2Sσ g £ = O2(3K).

Case 1. IX* £ § . Now 2Sσ = <gβίί?, ΐ = 0, 1, 2>, so there is i such

that g*^ £ 2, %ϊiίG & ©. Hence, g β ί σ G ^ and so ^ ^ 0 .

Case 2. |U G Π £ | = 2.

In this case VLG Γ) $ = £>πiG for some i and so gβ ί f f e β, as Uff £ gA>ίί7,
so that %RίG g @.

3. 1XG Π § - 1.
In this case, the four-group VLG acts faithfully on φ^3/§, where

ψ is a S^-subgroup of SJZ, and so there is a prime p ^ 5 such that UG

does not centralize $Q/φ, where | d | = p. Let CUG(!Q£II!Q) ~ <X).
Thus, <Z> = 3 β ί ί ? for some i. Set G' - R'G. Thus, gff/ normalizes
Φ^/Φ, S^' does not centralize §Q/ξ), and $G' centralizes ξ)Q/φ. Let
D - Cδσ (φO/§), and let § - 3/3, & - C,(2)). _ We have ^ - 2) x <F>,
and we may assume that F inverts Q. Thus, gj. is a free ί7

2<F>-module,
and since p ^ 5, | g, | ^ 16. Let g 2 - C5l(3G'), so that j ^ : %2\£2.
Choose F ' e S2 - C(F). Then F r

 G C($G') = WlG', and | 2): Cg(Fr) | ^ 2.
Since $G' £ %, we have [gσ', F ; ] g 3G ' . Since ] %GΊ C(F') Π SGΊ ^ 4, it
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follows that I % | = 25. But in this case, £/φ is cyclic, against the fact
that VLG acts faithfully on φ$β/φ. Putting the pieces together, we see
that we have shown that

β*Φ 0 .

Choose G in © such that %σ = %*eβ: Let 3* = SG = (Z*),
Z* = Zσ. Let ^ = Ce(Z*), so that |g: & | ^ 2. Let &* - 3* Π $.
We proceed to show that \% = 2δ.

Case 1. IS*: go*

Since §W3 is a Frobenius group, it follows that %/$ is a free
i^g*/§0*-module. On the other hand, [&, X, Γ] = 1 for all X, ΓeS*,
and so we get | %/& \ = 24. This is impossible, since in this case X/φ
is cyclic.

Case 2. |g*: go*| - 2, and 3* gτ5 Let g* = g0* x <F>. We can
then choose F1 e %t such that [F, F^ΦI. Since go* Π C(Fλ) is of index
at most 2 in go*> we have

This forces | g | - 25, as %σ/Sσ is a free F^F^-module.

Case 3. |g*: go*| = 2 and 3* S S Since g/3 is a free F2(F}-
module of order ^ 16, there is Fte% such that [F, Fx] g 3G Hence,
I ψ: C{F,) n %G I ̂  4, and 2^ 6 2̂ ,̂ so once again, we have | %\ = 25.

We thus have established the important equality:

LEMMA 20.26. If 3 c £ c % and \ %: ϊ | - 2, £ftê  JV(Ϊ) s

Proof. Let S - JV(Ϊ), So = S n SK. Let 5β be a S2,-subgroup of
SJl. Since sί?g/3 is a Frobenius group, it follows that Zo is a 2-group.
Clearly, § - O2(SW) s So, as [φ, g] S 3 Since 3 = fli(Z(©)), it follows
that 3 = Ω^ZiXo)), and so N(Z0) S 3K. Thus, £0 is a S2-subgroup of
S. Suppose by way of contradiction that Xo c 8.

Let So = C(X), so that So < 8, and So is a 2-group, since Cβ) £
SK n 8 - £0. Let S - S/So. Since φ s 8, it follows that § - £>S0/£0

is elementary abelian of order 8 and stabilizes the chain JCZDQ'DI.

Let 2) = 3 L so that 3 c 2) S X. Since 3 S Z(S:o), 2) is 2-reducible
in 8. Let S be a S2,-subgroup of S. Thus, | ® | 115 and © acts
faithfully on S). If 5 | | ® |, then 2) = ϊ is an irreducible jF2S-module,
and so φ acts faithfully on a cyclic group of order 5 or 15. This is
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false, since $ is elementary of order 8. So | $) | = 3, and | ?) | = 4 .
Let ® = <£>> and let & = C6(2)). Thus, & = §&Ά is a four-group
and φi stabilizes the chains Xr> ξ):r> 1, 36 3 3 : = ) l Hence, φ? stabilizes
the chains £=) 2)=) 1, Xr> 3 D 3 1. Since £?/£ Π φ? contains a four-
group, it follows that S2-subgroups of 9W/φ are non cyclic. This contra-
diction completes the proof.

We next note that | Wl \y = 5. Namely 13/31 = 24, and so | 3ft |2, = 5
or 15. If I 3ft |2, = 15, then | Nm(Ω,.(%y) | = 3 | S |, whence JVM(SS) 3 S,
which is false. So

I arc i,, = 5 .

Again, choose G in © such that g° e ^ . Let %* = %°, %ΐ = g* n φ,
g2* = g* n φ0, where £ 0 = C(%). Also, let 3* = 3 σ Thus,

F inverts a subgroup β̂ of 9K of order 5,

Now I φ/φ01 = 24 and if §J§0 = C9lto(F), then ^
Since §* is abelian, it follows that

is a four-group.

It is important to show that

3* s %*
Suppose false.

Case 1. I g : g2* | = 4. Here g = <&*, 3*, ^> for some Xe %f.
Let § = C9(X), §x = Cg(3*). Then

, 3*] = 3 , = 3 .

The second equality shows that Ze%G C)%S%?, and then the first
equality shows that % § iV@f). This, however, violates Lemma 20.26.

Case 2. Igfig? | = 2.
Let g0 = <7S(3*) - CMϊ) Thus, I g: g. I = 2, and so [g0> F] # 1.

By Lemma 20.13, [%0, F] S 3*, against (g0, F] S g, 3* g g.
So 3* S g? S C(g).
We now proceed to show that

3 * S g , | g i * : g ? | = 2 , 3 S g 2 * .

Namely, if g* = g2*, then Lemma 20.13 gives [%, F] g 3*, against
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I [%, F] I = 22. So %? => δ ί Since 3* g C(%), we have % g SJΪβ, and
since [&*, §] = 3, we get 3 eg* , whence 3 g %?. Thus, [& §*] g
g Π S*. and I [& δ Ί I = 23. Hence, [& δ*] = δί . and so 3*c §. Since
I %* I = 24, it follows that | gf: g2* | = 2.

Set S) = <5β, i?7), a dihedral group of order 10. Now S acts on
φ0 = C(%). Since 3* £ S, we have & s SRβ. Thus, [&, F] g § 0 n §* =
g2* c %. So F centralizes ίQo/%> whence 5β centralizes §0/%> and so

&, = °̂ x So,

where

Let 2S = <g, §*>, so that W g § Π S* g Z(SB), | SB | = 27. Thus,

δ = <δ n δ*. σ; vy, %n omβ) = <% n δ*. ^>,

and F inverts a subgroup 5β* of SJΪ" of order 5.

Since

tδr, δ n oιmG)\ g 3 n 3* = 1,

we have

[U, U*} = 1.

Thus,

[U*,V] = Z, [U, V*] = Z*, and [F, V*] = T,

where

δ n δ* = <z, z*, T).

So the isomorphism class of 35 is determined.
Set

A = am) = a%) n c®0)
Since £/£„ is an irreducible module for W, and since %} c §f, it

follows that

Thus, there is an involution / of § such that

Thus, / normalizes <3, 3*>> since I normalizes every subgroup of %
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which contains 3 By symmetry, there is an involution J in $G such
that

[Z, J] = Z*.

Thus, (K) = g n g* Π C{I) n C(J) is of order 2. It follows that
-W(3 Π δ*) contains an element £ of order 3 such that

KS = K, Zs = Z* , Z*S = Z-Z*.

With this information, we can show that 9ft/£> is a Frobenius group
of order 20. Namely, £> contains an element iϊsuch that He C«3, 3*»>
KH = KZ. Let H = i ϊ s . Then i ϊ e C«3, 3*», iΓ* = KZ*. Thus,
<φ, F) does not map onto AM& Π S*)> and so <£, F> is not a ^-sub-
group of Tt. So

SK/φ is a Frobenius group of order 20 ,

δ n δ* < £

The fact that g n 3* is normal in Γ follows from the fact that
δ Π S* <] <€>, F1}* a nd ίε is the only S2-subgroup of Tt which contains
<£, F>. Since SG C(JBΓ), it follows that

^ and K are not ©-conjugate .

Let JVsOβ) = £. Thus, S =) φ°, and Z/$° is cyclic of order 4. Since
i? centralizes <Z, ̂ *>, it follows that S s C(S*) = ^σ. Let § = C,(S%
so that

Next, we show that

δ §) , I 911 = 3

In any case, | <SE, S> | = 3 | X |, and <S, S> s 5R. If | Sβ | = 15 | X ί, then
ί iV^Q^)) I = 3 | £ | . This is false, since IeΩ^Z), and I inverts an
element of <X, S} of order 3.

Let ® = C(δ Π 8*), so that © < 5Jί, K - ((£ n ©Xί7), 3?/e = ^ .
We next show that

2ft has no normal subgroup of order 4 .

Suppose false, and @ <j 2K, | @ | = 4. By Theorem 20.2, © = (E) is cyclic.
It is then straightforward to check that F(cclβ(@); £) < <2K, 5R>, which
is false. In particular, we have
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We now tackle φ°. We will show that | φ° | <£ 4. Suppose false.
Now £ 0 = £° x %0 <\ SK, and so Z>(#°) < 2B. If | J9(φ°) | ^ 4, then 3K has
a normal subgroup of order 4. This is false, so D(ξ>°) £ 3 Since
£° £ C(3*), it follows that

Since Sβ acts irreducibly on φ/φ0, it follows that [φ°, φ] £ %. Set
8 = Φ7& § - S/& # - £/&>. If i"e 2), H G & so that Γ = Yo3, H= <Q0H0,
set

So φγ G Hom($, g), and φγ commutes with 5β. If φγ = 1, then [£, Y"o] £ 3,
and so <F0, 3> <l £> whence Yoe3, Y= 1. Since F normalizes φ°,
we have [φ°, ί 7] s £° n g* = 3, and so φγ commutes with F._ So
{φγ I YG S)} = 2), and 2) may be identified with a subgroup of Horn (φ, §)
which commutes with the action of <̂ 3, F), a dihedral group of order
10. Hence, |2) | = 4 , | # ° | = 8.

Since | S | = | S : φ | | Φ I = 4 | φ | = 26 | £01 - 210 | £° |, we find that
1 ϊ I = 213. Consider f - <§°, To>, where .PG <^°, T0

2>. Since Z f] %G a
<3, ί 7 ) , and S/S Π &G is cyclic of order at most 4, while S/<3, F} is
a dihedral group of order 8, it follows that X Π Φσ is of index at most
2 in SE. This implies that f Π ^ contains an element Γ such that
[Γ, Si*] - 1, [¥, F] = 3*. Since d(%ϊ) - <^°, F>, we have fe <£°, F>.
Since Fe C(g*), we may choose T G >̂°. But then C0) 3 ξ>0, and since
5β acts irreducibly on ^/^0 > it follows that >̂ = £>0 C$(T). As we have
already shown this forces feQ, against [Γ, F] = Z*. So

= 2h , h = 1 or 2 ,

Suppose A — 1. In this case, ξ> = [£>, φ] is of order 29. (It is
precisely at this point that I made my mistake. I thought I could
show that ξ> was extra special.) We argue that § is not extra special.
Suppose indeed that § is extra special. In this case, ξ> f] ΈiG is of
index 2 in Wia

f and φ Π Φσ is of index at most 8 in Qσ, whence
(§ ΓΊ &J)t = 3 = 3*> the desired contradiction. So φ is not extra
special. This implies that φ ' = g. Since § = <g, §**>, and since %
is of type (2,4) (the type of % is uniquely determined since Fe5Z), it
is straightforward to show that the isomorphism class of SK is uniquely
determined, and so G = 2ί7

4(2)', by a result of Parrott [A characteri-
zation of the Tits' simple group, to appear].

Suppose h = 2, so that | φ° | = 4, | £ | = 212.
We argue that ®° is cyclic. Suppose false. Then £° = <Z, Γ>

for some involution 2).
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There are 15 cosets of $0 in § — φ0. Of these, the 5 cosets
Qo FΓ contain involutions, where 5β - <P>, 0 ^ i ^ 4, and F, e gf - g2*.
As iVgttίξβ) is transitive on the remaining 10 cosets, either all of them
or none of them contain involutions. If all contain involutions, then
!QI% is elementary of order 25, so & = [£>, !β] is of order 29. If every
coset of g in £>: contains involutions, then φi is forced to be extra
special. This is false, and so precisely 5 cosets of % in φi contain
involutions, (note that ί\ e &) and if {giB,- 11 ̂  j ^ 10} are the remaining
cosets, then none of them contain involutions, while %RjY contains
involutions for all j . We may assume that (R,Y)2 — 1. Since Y is
an involution, it follows that Rά has order 4 and is inverted by Y.
This implies that Y inverts φJS, a homocyclic group of exponent 4
and order 28. This is false, since F1 e &, and so the only cosets of § 0

in £> — £>0 which contain involutions are the QQFf.
Now [Fu Y] — Z*, and so ^YFι contains no involutions. Thus,

all involutions of φoFΊ are contained in %Flf and there are thus 16
involutions in JQQFlf namely, §FU where § = C^F,). Now § = <g n 8*> x
<F>, and so every involution of ^QFX is either conjugate to an element
of % or is in (g D g*)§J\.

Let & - Ce(Z*), and choose He%- φ1. If Ff e (S Π g * ) ^ then
He N(%?) C iV(δ*) This is false, and so ί7? e (g Π g * ) ^ , whence
((g Π g * ) ^ ) ^ = (g Π g*)-Fi. Thus, all involutions of φ - £0 are fused
to elements of g.

Since 9ft has 3 orbits on %\ with representatives {Z, Z*, K}, it
follows that every involution of § — £>0 is fused to precisely one of
Z,K.

Now ΓeC(Z*), and [F lf Γ] = Z*, whence | C W ( 7 ) | ^ 28. So
F G §G — §o, and so y is fused to either Z or iΓ. Since ξ>° is a four-
group, 5β is a S5-subgroup of ©, and JV(̂ ) S 3K. Thus, Y" and Z are
not fused in ®. So Y and if are fused, whence 15 | | C{Y) |. This is
false, since JV(φ) £ SK, and ^ is a S5-subgroup of ©. This contradiction
shows that >̂° is cyclic of order 4.

The exact determination of the isomorphism type of SPΐ is now
straightforward, if somewhat detailed. Thus, G = 2i^(2), by a result
of Hearn.

The proof of the (augmented) Main Theorem is complete.
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