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It is known that the fibre homotopy type of a spherical
fibre space over a sphere is determined by its characteristic
class. Our purpose is to describe the homotopy type of the
total space of a spherical fibre space over a sphere in terms
of its characteristic class, and to classify homotopy types of
them by defining a kind of equivalence between characteristic
classes.

I. M. James and J. H. C. Whitehead classified homotopy types
of the total space of sphere bundles over spheres in [2] and [3].
Our results are a generalization of their theorems and also an answer
to one of problems proposed by J. D. Stascheff in [7]. Let <, be
the space of maps of a k-sphere into itself with degree 1 and let
F, be the subspace of %7, consisting of maps preserving the base
point (0, ---,0,1). We denote by %,,.(x) the total space of an
orientable k-spherical fibre space over an n-sphere with ye 7, (Z)
as its characteristic class. First we shall treat with the case where
fibrations have cross-sections. Then we may suppose ¥ = 7,.(§) where
1 F, — <, denotes the inclusion map.

Now let

Al ﬂn~1(%) - 77:1c+n~1('yk)

be the isomorphism defined by B. Steer in [5]. We are concerned
with A(§) but not y.
Then if 7,(8) = 1,-(&") we claim

(1) ME) = M8) + [, 4l

for some z¢ 7, (5°%) where [,] denotes Whitehead prodyuct.

For, let © be the inclusion <%, , — <&, where .Z2,,, is the rotation
group of .¢“*. Clearly 7 induces a fibre map of the fibration #,., — .
into the fibration <, — .9”*. Since the restriction of A on the image
of 7, () is equal to (up to sign) ([5]), the homomorphism _# which
is defined by G. W. Whitehead in [6], N maps 67,(.5”%) onto the group
[7.(&%), 4] by the formula _#d(x) = —[x,¢] where 0 denotes the
boundary homomorphism taken from the homotopy sequences of fib-
rations. Thus, since & — £ is contained in the o7,(57%), we obtain
.

Let X be the natural projection

7r10+n—1('~§/16) B nk+n——1('~g)k)/[ﬂn(yk)f 5k] .
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A map of &% into itself with degree —1 canonically~ induces an
endmorphism of 7, _,(*)/[7.(5%), ¢,]. We denote by 2 the compo-
sition of Y and the endmorphism. The set

A LnD)) = (£ IME), £INE)
is independent from the choice of & by (1). Then we shall prove

THEOREM 1. If the fibration yx.,(t =1,2) has a cross-section
(n, k = 2), Zi.(0) has the same homotopy type as &,.(X) tf and only

if

(1) ifn=k, or m=k=even #Z(Z,.X)) = A2 (L))

(2) ifn=Fk=odd d-M&)=NME&) mod [7,(.57F), ¢] for some integer
d, (d, m) =1, where m 1is the order of M&,) mod [7,(S%), &].

If &,..(x) has the same homotopy type as $°* x .&" the fibration
has a cross-section. Hence we have

COROLLARY 1.1.  &,..(x) has the same homotopy type as * x ™
if and only if the fibration ¥ ts fibre homotopically trivial.

Secondly we consider fibrations which do not necessarily have
cross-sections. Therefore, we are mainly concerned in the case n > k.
However, the case n = k + 1 is different from others, so we suppose
n=k+2=4.

Let p: &% — " be the homeomorphism defined by

;5(901, Loy oo, wk+1) = (—xh Lay ¢, xk+1) y

and let p: &, — &, be the homeomorphism induced by 2(o(f) = pfP).
For any aem, (5%, from the diagram

7rk+n——1(!7n_1) T_) ﬂk+n~—1(*c/k) (l— nn—l(ﬁ;) Tﬂ'n——l(f’gk) ’
K *

we have the subgroup of 7,., (%) defined by
L) = TN T a (7).
Then we claim
(2) Z(a) = Z(~a) and 0, (L(@) = Z((—4):) -

For, the former is clear and the latter follows from the following
commutative diagram (see Lemma 2.2)

Ttn—i(S7) (_———7 Tui(Fr) "‘,b‘];" Tns(Z)

(3) (—u:)*l l”:“ l”*
Tprnas(F7F) ‘_2“ T F2) —z—k*—) Toi(Z)
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where o | . #, = 1,- 0 is the natural factorization.
Now let &“[X] (x € m,_.(Z})) be the set of elements

{X, _—X; IO*X7 _—AO*X}

and let &#;: %, — % be the projection of the canonical fibration.
We define a relation in =, ,(%,) as follows y, ~ %, if and only if
0, = ,mod & (F(0,)) for some pair (4, 6,), 6, [X.].

It can be easily checked by (2) that this is an equivalence rela-
tion.

THEOREM 2. Ifn =k + 2 =4, then &, .(X.) has the same homo-
topy type as &.(%:) if and only if Y ~ Y.

If fibrations have cross-sections this is an alternative version of
Theorem 1. For, since F.(x;) =0 we have ¥ = 4,.(&). Then the
condition X, ~ X, means that y, = ®y, or ¥, = =0, i.e.,

15(8) = 208 or 4.(8) = £0.((04)(E) -

These are satisfied if and only if & = +&, + 00 or & = *+p%& + 0o
where o€ 7, (5°%). Now apply ) to the both side, then we have that

ME) = £=ME) or (=) ME) mod [T.(7F), o -
This is so if and only if _Z(&,.(0) = A (L rn(X2))-

From Theorem 2 the following is easily deduced.

CorROLLARY 2.1. Suppose that _F 1w, (F) D FoX)Tprna( 7).
If &..0®m=Fk+2=4) has the same homotopy type as the total
space of an orthogonal S *-bundle over .&°", then the fibration itself
18 fibre homotopically equivalent to an orthogonal &7 -bundle over <.

As special cases we have

COROLLARY 2.2. Suppose that the fibration ) has a cross-section.
If &) =k + 2=4) has the homotopy type of the total space of
an orthogonal &7 *-bundle over <", the fibration s fibre homotopically
equivalent to an orthogonal .&“*-bundle over .&°".

COROLLARY 2.3. A k-spherical fibring over °™ 1is stable fibre
homotopically equivalent to an orthogonal .&F*-bundle over " if and
only if the total space of the fibring has the same homotopy & -type
as the total space of an orthogonal .&“*-bundle over 7.
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2. Zua(Y) as a CW-complex. Let f:(*, x)— (£, 1) be a
representative of y and let fi1.57m 1 x &PF — &PF be the adjoint map.
We denote by .27(f) the complex &*U 2" x &% obtained from
identifying (z, y) with f(z, y) for (z, y)e " x %

Then it is known that &, ,.(x) has the same homotopy type as
2 (f) (Prop. 1 of [4]). It may be considered that 277(f) is given
the natural CW-decomposition 7% Ue™ Ueée*** in which attaching
maps for cells are as follows

a L —— L alw) = f(w, %)

(4) B: yki—n—l — gn X yk—xuyn—l X @k
— "X x U X Fh—— FF U e"
auf

where a@: (2", ") — (* Ue", &%) denotes the characteristic map
for e"(a = o).

Let j be the inclusion: (&% Ue", x) — (* Ue", &*). Then we
have

LEmMMmA 2.1. Fu()) =a, and j7,(8) = x[&,¢), if n>k+ 1 or
a=0. Thus we can define the orientation of 2 (f) by 7.(B) = &, ¢;]..

Proof. The former follows from (4) and the definition of F..
Since the group 7,.._,(&* Ue", &%) is isomorphic to the direct sum

%/[ay ‘k]'r + &ﬂ:k-l-n—-l(gnr y”—l)
under the assumption, j,(8) is of the form
m[&y ek]r + o

for some integer m and z¢ 7y, (2", *Y). Let Z(i=k,n, k+n)
be generators of 57 %%7(f)) = 2. Then, by the theorem in [1],

2w U 25 = tmZin -

On the other hand, since .°(f) has the homotopy type of &, .(X)
we have

Zi U250 = £ 2%,

i.e.,, m = 1. And moreover ax = 0 follows from the existence of
the projection of the fibration.

Now we consider the special case where 0 = o = Z.()). Then
the map f may be considered as a map: (&7, x) - (F;, 1). Since
F1&" 1 x « = %, & is naturally imbedded as the image of =™ X .
In this situation, after identifying x,,,_,(&°* V&) with 71, (%) +
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Thrna(FF N S, 7F), it follows from Lemma 2.1 that
(5) B = t(@) + [4, &l -
And also 8 may be considered as follows

yk—m—l — 9»7» X Lg/k—l Ugn—l % @k 9%
(6) o
X x UL L s X xUxx S

PaX# UsxXf

where @, denotes the identification map: <* — .S7*/p*,

We make use of M to determine z, so we recall the definition of
L. Let ¢ be the map: &7 — &, defined by ¢( ) = the identity of
% and let h be a map: (&2 *)— (F;, 1). Since adjoint maps
h, & .77 x 7% — <% has the same restriction on 7\ .&% the
separation element d(%, &) € 7,.,(57%) is defined. B. Steer defined \(h)
by d(h, ). For example we have (see the diagram (3))

LEMMA 2.2. —20%(8) = (—e) ME(E e (F2)) .

Proof. Let g be a representative of &, Then we have

(=6 M8) = (—2),d(3, 9 = 7,d(F, &) = d(Gd, p?)
= (7, &id x p)) = A(Pa(id x p)(id X p), &id x P))
= —d(pgtid x p), ¢) .

Since '+ g(z, y) = P(F(x, P(v)) = P'G(id x p)(=, v) we have 0'g = pg(id x p).
Hence d(pg(id x 0), §) = d(0'g, &) = M0'a) = M%)

LemmA 2.8. In the expression in (4) we have x = \E), up to
stgn, where & denotes the homotopy class of f.

For the proof of Lemma 2.3 we prepare the following general

LEMMA 2.4. Let & be a l-conmected CW-complex and let 52
be a complex =& Ue (o ~0). Let f, g be maps: 25 — 2 such that
1L =9] and let { be a map: F¥ — 2 which induces the iso-
morphism: SZ,(FY, x) — SF( 07, ). Then we have d(f, 9) = f()
— 9:(0) (up to sign).

Proof. Since o ~ 0 there exists a homotopy equivalence @: (& V
N, F)— (F, &) relative to &~ Let 0 be the inclusion &V —
NV ¥, Then

d(f, 9) = £d(fP, 99) = £((fP).0 — (99).9) .
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From o' (e n, (< V.”") and the assumption on { we have
Pl = £ + (e V() ie., { = xp,0) + 2.(0) .
Hence

0 = 0,0 = 22D + 2. (D) — 04(£2.06) + P(7)
= £(fiP+(0) — 9.94(9) = =d(f, 9) .
Proof of Lemma 2.3. Let < be the identification map:
ST P G SR G s
The maps
o i o % PHFTE K x o T

are well-defined and has the same restriction on * X 7%/ 7" ! X .
The complex .&°"' x %" x x has a form .57 Uée a ~ 0).
Then we apply Lemma 2.4 to the case where

S = T G K Pk x PP X x
N=n+k—-1, f=feo", g=E" and ZF=.5%.

Thus we have
M) =d(F, 9 = d(fe™, §o) = 2(F@ .0 — E@7).0)
for any C: (7%, %) — (94, &) which induces an isomorphism
Gt Fhiny (LT, 8) = S psa (] L)
Consider the following commutative diagram

yk+n—1 — gn X yk—l U yn~l X :@'n__)b@»n
X & U S X P — T PR GPTE
*U&
lgonuf lf@‘l
yn \/yk______)yk .

Since we can take { with the composition of two maps in the upper
row it follows from (é27").(0) = 0 that Mf) = £(f@7)«({). From
the diagram (6) the proof is completed.

3. Proof of Theorem 1. Let .7 be a complex of the form
N U et
where 8 = & + [¢, ¢,] under the decomposition

n-lc—l—n——l(yk \/ LVﬂ) == ﬂk+n—1(yk) + ﬂ-k+n—1(yn) + ;?//[lk, [n] .
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By the cellular homotopy theorem .2#7 has the same homotopy type
as °¢; if and only if there exists a homotopy equivalence (n, k = 2)

0. St P — RN

such that @.(8,) = =£8,. Now consider the case n = k. It is obvious
that a map @ is homotopy equivalence if and only if @|.* = *¢, +
tot(te T (™), and @ | " = *¢, if w <k = *¢, and @] . = ¢00 +
*+e(oem (") if n > k. From easy computation of @,.(B,) we can
obtain

LemMA 3.1. If n -k, 22, has the same homotopy type as Z;
iof and only if the set {£a,, £(—¢,),} ts equal to the set

{+as, ()} mod [T.(57), o]

Next we consider the case n =k. By the same way as in [2]
we have

Lemma 8.2. (James and Whitehead). If n =k = even, %] and
5%, have the same homotopy type if and only if

{(+a} = {a,} mod [7, (%), ¢] .

LemMA 3.3. (James and Whitehead). If n =k = odd, 22, and
%5 have the same homotopy type if and only if there exists an integer
d which is prime to m, and da, = a, mod [7,(.S%), ¢,| where m, is the
order of a,mod [7,(7%), ¢.].

Thus Theorem 1 follows from Lemmas 3.1, 3.2, 3.3, and 2.3.

4. Some Lemmas. Let & be a complex of the form &% U e*
with the characteristic map a: (=", &¥*) — (&, &%) for the n-cell.
Let & be the complex obtained from identifying .5°* of two copies
of &5 ie., Z=¢ UL Ue*. It may be considered that two maps
1t =1,2): ¥— & and a map v: &— & are naturally defined and
satisfy vy, = the identity. Since p,|.o7% = #,|.&°* the separation
element d(y, #,) is defined. Then we have

LEMMA 4.1. If Be ﬂ-kﬁ—%—-l(g) a/nd ]*(B) = m[&y tk]n th’en Aul*(ﬁ) -
tAB) = mld{, (), AP

Proof. Consider the following commutative diagram
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n.*(yk) —_ ﬁ*(g) -0 ﬂ*(g yk)

I S P R

* *

which is taken from the homotopy sequence of the pair and * =k +
n — 1.
From the commutativity it follows that

I+(tB) — 1:(B)) = m|p.a — &, 4], .
On the orther hand, we have
Jeld(t, t), al = [5.d(t, ), 4l = (@ — 44, 4], .
Thus, for some element ve 7 (57%), it holds
mld(th, H), 6] = th(8) — ta(B) + 1.(7) .
Applying v, to the both side, then, from
Vod(t, ) = A, v) = d(id, id) = 0 and v4(B) = 8,

we have v,7,.(v) = 0. Hence 7,.(v) = 0 from the commutativity of the
diagram.

As an application of Lemma 4.1 we have

LEMMA 4.2. Let f, g be maps: & — 27 such that f | ¥ = g| &
For any B, j.(B) = mla, ¢],, we have

F(B) — 9.(B) = mld(f, 9), f | .S*] .

Proof. Define a map f U g: & — # by
(U, =r, and (fUPL=9.

Since d(f, 9) = d((f U )t (f U g)tts) = (f U 9).d(t4, ) the proof is
completed by applying (f U g), to the both side of the equality in
Lemma 4.1.

Let id be the identity map of < (n =k + 2 = 4) and let w: &¥—
& be a map with w|.* = id|.&#*. In general, d(id, w) is belonging
to 7,(&°). However, we have

LeMMA 4.3. w is a homotopy equivalence preserving the orien-
tation of the m-cell if and only if d(id, w) is contained in 1,7, ().
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Proof. Let z,, y. be the orientation generators of 57,(%°), and
S7(5”") respectively, and let 6 be d(id, w). Since z, — w,(z,) =
0+(Y,), €, = w,(x,) holds if and only if 6,(y,) = 0. On the other hand,
the diagram

TSN = T L) —— 7L F) = SU L, S = L)
s
shows that d,(x,) = 0 is equivalent to de 7,7,(S7%).

Now we prepare lemmas for the proof of Theorem 2. In what
follows, we use the notations in §2 and suppose n =k + 2 = 4.

LEMMA 4.4. Let i be the inclusion: &% — % U e < 22(f). Then
we have

330) = @y Thru (P .

Proof. Since the pair (Z(f), %) is homotopy equivalent to
(& ), &)

Toin Z(f), &) = T (") = B
Hence from the homotopy sequence of the triple (2£(f), .&°* U e, .57%)
we obtain
TP U ", ) = 0T (E(f), F* U e™) U & wppn( 27, 7
Thus we have that

1%'(0) = oMy (FF U e, ) = A Tprns(F7Y) .

Let x.(¢ = 1, 2) be elements such that .F.(x) = Fu(X.) = a. Then
Bi€Tpin(SF Ue”) and there exists an element &exw, (%;) which
satisfies ,.() = X — %L

LEMMA 4.5. There exists a homotopy equivalence @:. <" U e™ —
S7F U e* which satisfies

(1) </D>1<(ek) = ek9 Q*(e”) =¢€"

(2) B — @*(/82) = ’L*X(E) (up to Sign)-

Proof. Let £: " — 7V &7 be a map of type (1, —1) and let
X be the fibration induced from X, \/ y, by «, i.e., ¥ = X, —¥,. Since
1:+(3) = 1% (f) has the form %V .&"Ueée*™ by (5). It may be
considered that x induces a map £:

() = FLF Vv U — ZZ(f) U Z£(f)
=g x U FPU gy x FF



216 SEIYA SASAO

which satisfies
E (e5™™) = eft™ — ek, F.(e") = e} — er and £ () = €* .

Let £: &% v .7 —er U .S°* U e be the map obtained from the restrie-
tion of £ on &%V " and let i; be the inclusion: e} V *—er U
% Uet. Then we have

(*) E*(/B) = 7:1*(‘31) - ?'2*(:82) .
Define the map r:e! U 7% Uer — &% Ue® by
rler US* = identity =r | &  Uer.

We claim that
(**) r.(w) is contained in 7,-image where @ = #|.5°" and ¢ denotes
the inclusion: 7% —er U 7% U e,

For, consider the commutative diagram

T (S P, ) — T, (er U FF Uer, FF) o T(F* Ve, )

Fx

%
Ijl* {J‘z* Tja*
TNV F") = Talel U Fue) —— T (F U e") .
* *
Let z, be the element of 7,(7* \V .&#") which is represented by ..

Then we have

Jar (@) = js*’r*E(zn) = "'*.7:2*(?(20) = T*E*jt*(zn)
e (@) — T (@) =T — @ =0 .

Thus (**) is proved.
Now, by applying », to the both side of (*) we have

"”*E*(B) =L — L.
On the other hand, by using (5), we have
7R 4(B) = T Eu((EME) + [, 24)), (G = 24)
= 1 (£ME)) + [, r(@)]
= 1,(EME) + [4, @), (@' € T (), 1,0 = 7,(®) by (**))
= 1, (EM8) % [0, 4])
Le, B — B =1, (ENE) x [0, 4]) .

If we take a map ®: &% Ue" — &% Ue" such that d(id, ) = F«’, it
follows from Lemma 4.2 and Lemma 2.1 that

B: — Px(B:) = 1.(Fl@', &) 1e, B — Pu(B) = 1,(ENME)) .
Sinee d(id, @) € 1,7,.(S*) @ satisfies (1) by Lemma 4.3.
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LEMMA 4.6. There exist homotopy equivalences u': % (—f)—
Z(f) and w': 277 (pp) — 22 (f) which satisfy

(1) ul(e®) = ¢ and u.(e") = —e”,

(2) wi(e*) = —é" and ui(e") = e".

Proof. Let % be the identification map: &%+ " x % — . 27(f)
and define «/, u” as follows

lo%(xlr gy oo o, xn) = (—xly Loy =0y xw): ((xly Lgy 00y xn)e 9”)
w() =z, u’'() =px if xe &% and
w'(y, 2) = 7 (0.y, 2), w'(y,2) =%y, pz) if (y,2)e D" x F*.
w' and u” are well-defined by the formulas
~F = F(o. | &*) x id) and of = pf(id x P) .

5. Proof of Theorem 2. First of all we prove

LeEMMA 5.1. If &,..(X) has the same homotopy type as &.(Xs)
there ewists a pair (0, 8,), 0, .F[L;] which satisfies

() Ful0) = F(02)

(<#) there exists a homotopy equivalence i 227(g,) — 247(g,) with
(e = ek (1 =k, n).

Proof. Let h: 227(f) — 22 (f,) be a homotopy equivalence which
may be considered as a cellular map. Then we have

Foe(l) = £(Full)) o £(=0)Tu(2a) -

Since it is clear that each element on the right hand side can be
obtained as .(0,) of a suitable 0,c .57[X,], there exists a pair (}, 0.)
which satisfies (.%), and a homotopy equivalence w: 22(f) — %7(9.)
by Lemma 4.6.

We suppse that u,(ef) = ¢,ef and u,(e}) = ¢,er-(e4, €, = +=1). Then
we have the equation

() () FolL) = .. F%:(0).
Hence, by (.%7), we have

(2)  euewts) (L) = Foul0,) = . ForlY)-
The case of ¢, = 1. Since, by Lemma 4.6, there exists a homotopy
equivalence u': . 22(e, f,) — 2 (f)) with w}(e*) = ¢* and w/.(e") = ¢,¢", the
set

{6, = e, Xy, 0y b = u-u'}

satisfies (.%7) and (<%).
The case of ¢, = —1. Similarly, by Lemma 4.6, there exists a
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homotopy equivalence u': 7%7(e,0f,) — £ (f) with uj(e*) = —¢* and
uy(e”) = e¢*. The set

{01 = eﬂlo*xlr 027 "/’\ = u"u"}
satisfies (.97) and (F) by FPul€.0:X) = € — ) FPulXy).

Proof of Theorem 2. First we suppose that &,.().) has the same
homotopy type as &,,.(X;). We choose (4,, 6,, ¥) as stated in Lemma
5.1. Let g, be a representative of 6, and let v, be the attaching
class for the (k + n)-cell of 2¢7(g,). Let p: F*Ue"— F*Ue" be a
map as stated in Lemma 4.5 (3, = 6,) and let y be the map obtained
from the restriction of + on .&* Ue*. Since ,(v) = 7. we have

0 =7 — (")
=" — Pu(1) + Pu(7) — V(7))
= (7, — P, (7)) + [d(®, ¥), ¢] by Lemma 4.2 and Lemma 2.1
= 1, (END) + [d(®, ¥), 4] by Lemma 4.5 and
0, — 6, = ?,k*(7]) .
On the other hand, since d(®, v) = d(®, id) + d(id, ¥), d(®¥) is con-
tained in 7,7,(5”%) by Lemma 4.3. Hence we obtain that
AM®) = [0, ¢] + 45'(0) for some de 7, (%) ie.,
7 = N0, ¢,] mod A E(0) = AV F ()T, 40 (MY
by Lemma 4.4. By applying %,. to the both side we have
0, — 0, = 0mod &Z(F.(0)), ie., X~ .

Secondly we assume that 3, ~ y,. Hence there exists a pair (4, 6,)
such that 6, = 4, mod £(F.(4,)) which means

0, — 0, = 4A7), 1 € Tues F3), MY)) € Fol01)Tisno(F77)

Since .Z.(0,) = F.(0,) there exists a homotopy equivalence @: &#* U
¢" — &% J ¢» which satisfies (see Lemma 4.5)

T 90*(72) = %*(ih(ﬂ)) .

Since 1, (ENDN)) € 1,.FP(0) Tp1ni(F""Y) = 0 by Lemma 4.4, we have
v, = @.(7,), i.e., @ is extendable over .2¢7(g,)) to .%7(g,). Then, by
Lemma 4.6, &,.(x.) has the same homotopy type as &,.(%:)-
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