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SOME REMARKS ON HIGH ORDER DERIVATIONS

YASUNORI ISHIBASHI

Let &, A and B be commutative rings such that A and B
are k-algebras. In this paper it is shown that 2{°(A ®, B),
the module of high order differentials of A ®, B can be ex-
pressed by making use of 2{°(4) and 2{’(B). On the other
hand let K/k be a finite purely inseparable field extension.
Sandra Z. Keith has given a criterion for a %-linear mapping
of K into itself to be a high order derivation of K/k. The
representation of 2?(A®, B) is used to show that Keith’s
result is valid for larger class of algebras.

Let k, A and B be commutative rings with identities such that
A and B are k-algebras. A @, B is an A-algebra (resp. a B-algebra)
via the natural homomorphism f, (resp. f) such that f(a) =a X1
(resp. fx(0) =1®b). In [5] Y. Nakai proved that there exists a
direct sum decomposition

2P (AQ B) = 21"(A) . BO A®, 2" (B) D Uil -

The submodule U4, has the universal mapping property with re-
spect to gth order derivations of A @, B which vanish on f,(4) and
fx(B). In this paper we shall investigate the structure of Ulzu.
In fact we can express U%;, by making use of 2{"(4) and 27 (B)
when % is a field.

On the other hand Sandra Z. Keith proved

THEOREM ([4]). Let K/k be a finite purely inseparable field ex-
tenston and let @ be a k-linear mapping of K into tiself. Then
we have @e DI(K/k) 1f and only if ope D{(K/k)— D (K[k) +

G(KR)Y "D (K/k) + -« + DKy~ D{(K/E), where 6 1is the
Hochschild coboundary operator (cf. [2]) and ~ denotes the cup-
product.

This gives an alternative inductive definition of qth order deriva-
tions which is meaningful for not-necessarily commutative rings but
which possibly differs from Nakai’s for commutative rings in general.
In this paper we shall use our representation of U%s, to show that
Keith’s result is generalized to larger class of algebras.

Any ring in this paper is assumed to be commutative and con-
tain 1. Let k& and A be commutative rings. We say that A is a
k-algebra if there exists a ring homomorphism f such that f(1) = 1.
The readers are expected to refer the paper [5] for notations and
terminologies.
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1. Representation of U, Let k, A and B be rings such
that A and B are k-algebras.

LEMMA 1. Let D be an mth order derivation of Alk into an
A-module M and let 4 be an nth order derivation of Blk into a B-
module N. Then DQ 4 is an (m + n)th order derivation of A Q,
B into M@, N.

Proof. We consider the idealizations A@ M and BEON of M
and N respectively. Then D (resp. 4) is regarded as an mth (resp.
nth) order derivation of A (resp. B) into A @ M (resp. B N). The
mapping D® 4 of A@, B into (AP M)®.(BP N) is decomposed
as follows:

AQB 282 1o m@. B2l 4o M. BON).

By Corollary 6.1 in [5], D® 4 is an (m + n)th order derivation.
The following lemmas are immediate.

LemmA 2. In AQ@. A we have

(1®a1_a1®1)"'(1®aq—aq®l)
:(1®a1"'aq*a1"'aq®1)

g—1 ~
1, S e a (U Qa e by e a
s=1 < <dg
l...dis...a,q®1).

—a, - @,

LEMMA 3. Let D be a gth order derivation of AQ, B into an
A @, B-module M vanishing on f,(A) and fy(B), where f, (vesp. fz)
18 the homomorphism of A (resp. B) into A @, B such that f,(a) =
a®1 (resp. fx(b) =1&Xb). Then we have

D(aq ceea; by bq+1—i)
=SS (@ 0, @)

1< <ag

X D(@y - By o By o @ @b, e Doy

q—1
T2EDT S (A®bs, - bs)
i=1 By < <By
X D(ay +++ @ @D, o by ee by, e byl
s<i—1,t<g—1
R YT B (@ an, @by, b)
8yt=1 )< <ag

B1<-+<B}

X Dty + o Gy v By e @y Ry by eve by, e Dy
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We denote by 6%, the canonical qth order derivation of 4 into
2”(A). Unless any confusion arises, 0%, is denoted by 4 or 6@
simply. If 4 <j, we have the canonical epimorphism @,; of 2{'(A)
onto 2{°(A) given by ®,;(0’a) = da. Let +; be the homomorphism
of 2{"(B) onto 2{°(B) defined as above. We define the homomorphism
9, of @iz: 21°(4) @, 21 ?(B) into @2 2"(4) ®,. 2"(B) as follows:
for z ® y e 2°(4) @, 2i"(B),

¢q-—2,q—1(x) ® Yy if 7; =4q — 1’ j = 1
Qq(x ® y) = ¢i—1,i(x) ® y—x ® "/’:f—x.a’(y) if 'i: .7 >1
— & ® "#q—2.q—l(y) if = 1; .7 =q— 1.

Obviously @, is surjective.

THEOREM 1. There exists a natural tsomorphism
( 1 ) A(%Blk = Ker 0, = Ql(el)(A) ®k ‘Ql(c”(B)’
(2) for ¢q=3, UBpr=Ker®, if k is a field.

Proof. We consider the mapping 6 of A @, B into @ 2{'(4) ®,
2i~9(B) defined by

5@ ®b) = 5, 8¥a @ 359 .

By Lemma 1 we see that 6 is a gth order derivation. Since the
image of 6 is contained in Ker @, 6 induces a gth order derivation
of A®,.B into Ker ®,, The induced one is also denoted by d.
Clearly 6 vanishes on f,(A4) and fz(B). We have only to prove that
the pair {Ker @, o} satisfies the universal mapping property with
respect to gqth order derivations of A ®, B which vanish on f,(4)
and fx(B) ([5]). Let I, (resp. I;) be the kernel of the contraction
mapping: A®@,A— A (resp. BQ,.B— B). We regard I,Q®,.I; as
an A @, B-module via

(@R RYNI WUV} =(ezQy) Q bu Q).

Under our assumption it will be shown that we have a natural
isomorphism of A @, B-modules

Ker 0, =L, ®. I,/ > I} @ If—,

where Ii ® Ij denotes the image of the canonical homomorphism of
I: @, I into I, ®,I;. For q = 2 our assertion is obvious. For ¢ =
3 we assume that k is a field. We define the A @, B-linear mapping
¥ of I, @, I, into @zt 2P°(4) Q. 27 *(B) by
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?If((1®a——a®l)®(1®b—b®1)):232@@5%@;—@1)‘

Obviously we have Im¥ cKer®,. We shall show that ¥ is an
epimorphism of I, @, I; onto Ker @, with kernel 3¢, I} ® Ig*%. Let
fel, @, I, and let 7, (f) denote the canonical image of fin 2;7(4) .
2i9(B). We assume that iz (fi)eKer @, for f,e [ @, [;(1 =
1=q—1). From the definition of @, we see that f; — fi,, e [i" ®
L+ 1L, QA1 =Li1<q—2). Hence we have f, + a, = fis, + Binr
for some a,c I!'"® I; and B e, R (1 <1=<q—2), and so it
follows that f, + &, + - + @y =fo + Bt @+ - + @y, = -+ =
Serr F B+ o0+ By Let f be this equal element of I, ®: I
Then we have 7,(f) = 7,(f;) and therefore ¥ is surjective. Next we
prove Ker¥ = >0, I: ® Ig**. Let us consider an element g of
I,@.1;. If g is in Kerllf we have geII" R + LI (1=
1=q—1) and so g = ¢, + {, for suitable ;e ! ®1I; and (e, ®
IF*% On the other hand we get ¢ — ¢, = — e RIL)N
U RIFH =TI QI since k is a field. This implies easily ge

QI We wish to show that the pair {Ker @, 6} has the
universal mapping property. Let D be a qth order derivation of
AQ,.B into an A @, B-module M vanishing on f.(4) and f3(B).
Then it suffices to prove that there is an A @, B-homomorphism @
of I, ®, I;/>% It ® I§7~* into M satisfying

O7{(1X¥ae-aR@NRXARP b)) = DY),

where 7 is the canonical homomorphism of I, ®,I; onto I, @,
L3, I I, We consider the mapping 4 of (A Q. 4) @, (BQ:.
B) into M defined by

Az Qy) QU Q) = @QuDY Q).

Since D vanishes on f,(A) and f3(B), 4 induces the mapping of I, @, I
into M sending 1 Rae—-a®RKAX®b6—~bX®1) to Die®b). Now
it follows from Lemmas 2 and 3 that 4 vanishes on Y%, I ® I§,
and so 4 induces the desired mapping ©. This completes our proof.

ReMaARrk. If Q0(A) = L1,/I7" (resp. 21 (B) = Iz/I;") is k-flat for
every ¢, we have (IR I)N I, R Iy =17 I5 by [1] §1, n°6,
Proposition 7). In this case our proof shows that we have Ul =
Ker @, for ¢ = 3.

2. A generalization of the result due to Keith. Let kand A
be rings such that A4 is a k-algebra. Let M and N be A-modules.
We consider the homomorphism @ of Hom, (M, 4) @, Hom, (N, A) into
Hom,z, ., (M @, N, A) given by
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[o(f & 9l(m @ n) = f(m)g(n)

for feHom, (M, A), ge Hom, (N, 4), me M and ne N. Now A is
regarded as an 4 ®, A-module via the contraction mapping: A @,
A— A,

LEMMA 4. If M is a finite projective A-module, then @ is an
epimorphism.

Proof. When M is a finite free A-module, our assertion is ob-
vious. If M is finite A-projective, M is a direct summand of a finite
free A-module and hence we see easily that w is an epimorphism.

Let @ and + be k-linear mappings of A into itself. The
Hochschild coboundary dp of @ is given by (0®)a, b) = p(ab) —
a®(d) — bp(a) for a,be A (cf. [2]). On the other hand the cup-
product @+ of ® and + is the k-bilinear mapping of AP A into
A such that (@~ v)(a, b) = @(a)y() for a,be A. Let P and @ be
A-submodules of Hom, (4, A), the set of k-linear mappings of A into
itself, Then the cup-product P~~Q is the set of k-bilinear mappings
of AP A into A which are finite sums of mappings of form @ "4
for e P and + < Q.

THEOREM 2. Let A be an algebra over a field k such that 2{"(A)
18 @ finite projective A-module for every © = 1. Let ¢ be a k-linear
mapping of A into iteslf. Then we have @ € D{V(A/k) if and only if
op € Di(A/kY™ Dy~ 2(A/k) + D?(Alk) ™ D" (Ak) + - -+ + Dy "(Alk)™
D{"(AJk).

Proof. By Theorem 1 we have an exact sequence
0 — Ul — @ 20°(4) @, 2—(A)
i=1
20, @ 04 (4) @, 2 (4) — 0 .
i=1

Our assumption implies that 2{"(4) Q. 27'(4) is a projective A @, A-
module, and so the above sequence splits. Hence we have an
epimorphism of @ =} Hom,g, , (24(4) @, 2 7(4), A) onto Hom,g,,
(U8, A), where A is considered as an A @, A-module via the con-
traction mapping: A @, A — A. Since 2{’(A) is finite A-projective,
Lemma 4 is applicable to see that Hom, (2;°(4), A) @, Hom, (2’ (4), A)
is mapped onto Hom,g,, (2i"(4) @ 2i(4), A). Thus we get an
epimorphism: @i Hom, (2"(4), 4) @, Hom, (2{7"(A), A) — Hom,g, ,
(Ui, A). Let us consider an element @ of D{”(A/k). The con-
traction mapping of A @, A into A followed by @ is a qth order
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derivation of A ®, A/k into A. From the direct sum decomposition
of 2"(AQ®,A) it follows that d0p gives an element of Hom,g,,
(Ui, A). Now only if part is immediate. On the other hand if
part is obvious by Proposition 3 of [5].

REMARK. The assumption in Theorem 2 is satisfied in the fol-
lowing two cases, and so in these cases Theorem 2 holds.

(1) A/k is a finitely generated field extension.

(2) A is a smooth algebra over a field & ([3] 16.10.1, 16.10.2).
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