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This paper is concerned with the properties of free, and
projective pseudo complemented semilattices (PCSL).

It is proved that a projective PCSL is complemented and
all its chains and disjointed subsets are countable, and that
a Boolean algebra is projective in the category of PCSL if
and only if it is projective in the category of Boolean algebras.
Further, necessary and sufficient conditions are established for
a finite PCSL to be projective.

l Preliminaries* A semilattice A is a partially ordered set
closed under meets. If A has a least element we will denote it by
0 We say that α* is the pseudo complement of a e A, A a semilattice
with 0, if we have (i) a α* = 0, (ii) If ab = 0 then b ̂  a*9 for be A.
Clearly pseudo complements are unique when they exist. A semi-
lattice with 0 called a pseudocomplemented semilattice (PCSL) if each
element has a pseudo-complement. A PCSL has a greatest element,
0*, which we denote by 1. A function f:A-+B, A, B PCSL's, is
called a homomorphism if f{ab) = f(a) f(b), f(a*) = f(a)* for a, be A.
We observe that /(0) = 0, and /(I) = 1. For S g A let S* = {x*: x e S).

It is easily shown that the following identities are true in any
PCSL.

( 1 )
( 2 )
( 3 )
( 4 )
( 5 )
( 6 )
( 7 )
( 8 )
( 9 )
(10)

(ID
(12)

xy — yx
x(yz) = (xy)z
XX = X

O a ^ O
χ(χy)* = xy*
X\j ΞΞΞ X

0** = 0
x ^ #**
# ^ 2/ """* 2/* ^ X*

x<,y-*x**<, y**
α;*** = x*
χ*y* = (a?*]/*)**

The definitions of the concepts
in References 3, 4, 5, and 7.

2. Free PCSL.

(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)

(xy)* = (x**y**)*
χ*y** — 0 <-> X*y* — X*

Xy = 0 — X ^ 1/*

α?(α?2/)* = #?/*

ίφ*2/)* = a?
x*(xy)* = α;*
αj*(α;*ί/)* — a;*?/*

ίc**(α;*2/)* = α?**

α**(α?i/)* = x**y*
(χy)*(χy*)* = ^*
(α?»)** = #**#**

discussed in this paper may be found

LEMMA 2.1. Let X freely generate the PCSL F. Then

443
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(1) OgX, 10 X.
(2) // S g l , S finite then Π(S) Φ 0.
( 3 ) IfSQ X*, S finite then Π(S) Φ 0.
(4) If xeX then xφ x**.
( 5 ) If a?!, #2 e l , ^ ^ x2, then x? Φ a??, a?** ^ a??*.
( 6 ) S g l , then \S\ = \S*\ = \S**\.

m /y* s\* CL *Λ" ft /yj r] sy < ^ /y* "fΊh PΎi Ύ* — /y*
eΛ/j tV 2 C -<JL KλJ IVKM tV^ -—-S eV2 UlvKs IV W]_ Λ/£

(8) If x^ Π(T), TQX then xe T, where a?e X

Proo/. (1) If 0 6 X, then let / be a homomorphism / : F-> 2
such that /(0) = 1. But /(0) = /(α a*) = /(α) /(α)* = 0. Thus
0 = 1 in 2, a contradiction. Also, suppose I G X Let g be a homo-
morphism g:F-+2 such that g(l) = 0. But 1 = 0* = 0(1)* = flr(0) - 0,
again, a contradiction.

(2) Suppose Π(S) = 0. S finite, S g X Then there is a homo-
morphism f:F->2 so that /(a?) = 1 all xe S. Thus 1 = f(Π(S)) =
/(0) = 0 a contradiction.

(3) Suppose Π(S) = 0, S finite S g Γ . Then there is a homo-
morphism / : F-+ 2 so that f(x) = 0 for all x* e S. Thus 1 = f(Π(S)) =
/(0) = 0 a contradiction.

(4) Suppose # = #**. Then there is a homomorphism f:F—*3,
the 3 element chain 3 = (0, α, 1) such that f{x) = α. But α** =/(#**) =
/(#) = α is false since α** = 0 in 3.

(5) Let #! Φ x2 and suppose a?f = a??. Since ί1 is free let / be
the homomorphism from jPonto the boolean algebra, such that x^—^a^

0

and α;2—>α2. Since a?* = x* then α* = α?. That is α2 = αx, a contra-
diction. Thus x* Φ xi*.

If a?** = x£* then we have a?*** = a??**, i.e., a?? = a??, a contradiction.
Thus a?f* ^ a??*.

(6) Let S S I . Then S * - { Λ ^ S } . L e t / : S — S* be
defined by f(x) = a?*. Clearly / is onto. Suppose fix,) = /(a?2)> i.e.,
a?1* = a?a*. .a?1 = a?I, i.e.,/is 1 - 1 . Thus | S | = | S * | . Also let ^: S —S**
be defined by (̂α?) = #**. If ^(ίd) = #(#2) hence a?f * = aj2** and xι = a?2,
i.e., $ is 1 - 1 . Thus | S | = | S * * | .

( 7) Suppose xL Φ x2. Let / : F—* 2 be a homomorphism such
that /(id) = 1 and f(x2) = 0. But since x1 < α?2 thus l g O - a contra-
diction.

(8) Let x^Π(T) and suppose x$T. Let / : i* 7-^ be a homo-
morphism such that f(x) = 0 and /(a?,) = 1, a?, e Γ. Then we have
1 ^ 0 — a contradiction.
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LEMMA 2.2. If A is a PCSL then A* is a retract of A.

Proof, φ: A—* A* defined by φ(x) = #** is a homomorphism onto
A*. If x£ A* then φ(x) = x, since #*** = x*. Hence, A* is a retract
of A.

THEOREM 2.1. If F is a PCSL freely generated by X, then F*
is freely Boolean generated by X**; i.e., F* is free in the class of
boolean algebras.

Proof. Let φ:F-+F* the homomorphism φ(x) = x**, and let
φ:F*—>F be the inclusion map. Then φψ = IF*. Let X = fo: ie 1}
and let B be any Boolean algebra and suppose δ* e 5, for i e I then
there exists a homomorphism f:F—>B such that /(&<) = 6<. Let
ft = y>: F*-+B. Then Λ(a??*) = /(α??*) = &?* = .&,. Also we note
that Λ is a Boolean homomorphism.

THEOREM 2.2. Let A be any free PCSL and let X freely generate
A. Then every element of A is of the form Π(T)-(Π(P$f (77(PΛ))*,
where T £ X, P<- = 72, U S?, 72, U S, £ X, 72, Π S< = 0, P, ./miίe /or
i = 1, 2, , π, π ̂  0, using the convention that 77(0) = 1.

Proo/. Let £ = {77(T) r: Γ § X, r e A*, Γ finite}. Then B is a
subalgebra of A, since Oeΰ, and B is closed undermeets. Also if
6 e JB, then &* e A*, and thus &* e B. Further, we note that X £ S,
henee B— A. Since the homomorphism <p: A—>A* given by φ(x) = £**
is onto, then A* is freely Boolean generated by X**. Hence any
element r Φ 1 of A* is a product of elements of the form a =
Σ^*(^U F*) where ί7and Fare finite disjoint subsets of X**. But
U = S** and F = 72** for some 72, S subsets of X. Clearly 7? n S = 0
and F* - 72*. Hence

a = Σ ( S * * u 72*) = (77(S* U 72**))* = (77(72 U S*))* ,
A*

by [2, Theorem. 2] and (13) of § 1. Since x(xy)* = xy*, x(x*y)* = x,
((16), (17) of § 1) we may assume that T f] Rt = Γ n Sf = 0 for all

THEOREM 2.3. Lβί X, Y freely generate a PCSL î 7. ΓΛeπ X= Γ.

Proo/. Let xeX. Then x = Π(T)-r where 0 ^ Γ g 7 a n d
r e F * . Then α; ^ ^ for all y, e T={yl9 y2, •••, yn}. Also, »< = 77(Γ<) r<

for 0 ^ Γ, S X and r, e F* . Hence g - 77(Γ) r = Π(\J T%){Πrx). r
from which we see that x ^ 77 (U Γ,), and conclude that U Γ£ = {#},
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using Lemma 2.1(7). Hence yt = x* r t and thus yt <Ξ x and hence
x = yif i.e., xe Y. Thus XQ Y, and by a similar argument Γ g l .

LEMMA 2.3. Suppose X freely generates a PCSL F, and let
xeX,RΌSl)TQX,RUS{J T finite. If 0 Φ Π{TΌ 72** U S*) £ x,
then xe T.

Proof. Since 0 Φ Π(T U 72** U S*), then Γ n S = 7 2 n > S - 0 .
Clearly a g S . Suppose a?ί T. Let / : ί7—>F be a homomorphism such
t h a t

1 if y e R U T - [x]

x ii y — x

β iί yeS .

This is possible since X freely generates F. Then

1 if x £ R

Hence 1 ^ x or x** g α?, so α; = 1, or # = α;**. But this is impossible
by Lemma 2.1, and the result follows.

LEMMA 2.4. Leέ X freely generate F, and Γ g l , and reF*,
xeX. If 0 <Π(T)-r^x. ThenxeT.

Proof, r is a sum in F* of elements of the form 77(i2** U S*),
where RUSQX, Rf)S= 0 . Hence for some R and S we have
0 < Π(TΌ #** U S*) ^ x. Then by Lemma 2, xeT.

THEOREM 2.4. Lei X /rβeiT/ generate a PCSL ί7.
elements of Xare super-meet irreducible. That is, let al9 α2, , an e F,
x e X, and 0 < axa2 an ^ x, then a^x for some i.

Proof. For each i, a, = //(P,) r o P t S X, rt e F*. Hence 0 <
Π(Pι U U P J n . r ^ x , then by Lemma 2.5 a; e Pλ U ϋ Pn

and thus # e P* for some ί. Therefore at ^ x.

LEMMA 2.5. Let X freely generate F, and aeF, reF*. If
0 < r < α, ίAeπ α e i*7*.

Proof. Suppose αg F* then α ^ α;, for some a e l Hence 0 <
r ^ x. But r is a sum (in F*) of elements of the form Π(R** U S*),
where Rl) S ξΞ= X, R f) S — 0 . Hence for some such R, S, we have,
0 < /7(i£** U S*) = 77(0 U i?** U S*) ^ a;, and then by Lemma 2.4 we
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have xe 0 , a contradiction.

LEMMA 2.6. Let X freely generate F, and aeF. If a* = 0, then
α = 1.

Proof. We have a = Π(T)-r where T £ X, r e F*. Since α* = 0,
then 1 = α** = /7(Γ)** r ^ r, thus r = 1. Hence α - /7(Γ). If
Γ ^ 0 then α ̂  α? f or some xeX. Thus 1 ̂  #**. But this is im-
possible by Lemma 2.1(3).

THEOREM 2.5. If F is a free PCSL, then F is complemented,
i.e., if aeF, the a + a* exists and equals 1.

Proof. Suppose a ̂  6, α* ̂  b, then 6* ̂  α*α** = 0. Hence & - 1
by Lemma 2.6.

THEOREM 2.6. Lei F be a free PCSL.
(1) Let SSF*, S finite, and a = Σ J * (<S) T ^ Σ F (S) ^is£s

α^cί equals a.
( 2) α* + δ* = (α&)* /or a,beF.

Proof. (1) Clearly true if S = {0}.
We may assume S ̂  {0}. Now a ̂  s for all s e S. If 6 e F and

δ ^ s all seS, then δei^* by Lemma 2.6 and thus b ̂  a. Thus
Σ^(S) exists and equals a.

(2) α* + Fb* = a* + F*δ*

_ (α**5**)* since î 7* is a Boolean algebra

- (α&*) by (13) of § 1.

LEMMA 2.7. Let F be a free FCSL and re F*. Then {ae F: a** = r}
is finite.

Proof. By Lemma 2.6, α* = 0 iff α = 1, and in any PCSL α* = 1
iff α = 0. Hence we may assume 0 < r < 1. Let X freely generate
F. By Theorem 2.2 there exists a finite subset Xι of X such that
reFlf the algebra generated by Xlm Now ί7! is finite. We need only
show that if α** - r, then aeF,. If α e ί 7 * , then α = α** = r e ^ .
Now suppose a$F*. Then a = Π(T)-s, where 0 ^ Γ g I , and
seί 7 *. Further, from Theorem 2.2 we may assume that s is in the
subalgebra generated by a subset of X which is disjoint from T. If
T g X19 then there exists an element xe T ~ Xλ. Let f:F—>Fbe
a homomorphism such that f(x) = 0, and /(?/) = y, for all 7/ e X— {x}.
Then /(α) = 0 and hence, 0 = f(a**) = f(r). But f(r) = r since
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x£Xλ. Then r = 0, a contradiction. This proves that Γ £ Xί9 and
so Π(T)eFι. Let g:F-+F be a homomorphism such that #(#) = 1
for all yeT, and #0/) = y for yeX— T. Then #(s) = s. Hence

β = g(s) = g(s Π(T)**) = #(α**) - #(r). But by definition of Fx, and
g, g(r) e F,. Thus seFλ and hence α = Π(T) s e Ft.

COROLLARY 2.1. Le£ i*7 be a free PCSL cmd ίeί r e ί 7 * ,
{α e F : α* = r} is finite.

Proof, {a e F:a* = r} = {ae F: α** = r*} which is finite.

COROLLARY 2.2. Lβί F δβ an infinite free PCSL αwd let S ξi F,
S infinite. Then, \S*\ = \S\. Proof is clear.

THEOREM 2.7. If B is a free Boolean algebra, then there exists
a free PCSL F such that F* = 5.

Proof. Let l £ 5 , freely Boolean generate 5. Let F be the free
PCSL on a set S of | X\ free generators. Then F* is a free Boolean
algebra freely generated by S**. Since \X\ = | S | = |S**|, by Lemma
2.1(6), then ί7* = 5.

LEMMA 2.8. Every free Boolean algebra is a retract (in the cate-
gory of PCSL) of a free PCSL.

Proof. Let ΰ b e a free Boolean algebra. By Theorem 2.7, there
exists a free PCSL F such that F* = #. But ί7* is a retract of
F, hence B is a retract of F.

THEOREM 2.8. In a free PCSL, all chains are countable.

Proof. Let F be a free PCSL, and let C = {α* 6 F: i e 1} be an
infinite chain. Then C* is an infinite chain in JP* a free Boolean
algebra. But chains in F* are countable [6], and since | C | = \C*\9

hence C is a countable chain.

THEOREM 2.9. All disjointed subsets of a free PCSL are count-
able.

Proof. Let S be an infinite disjointed subset of F, a free PCSL.
Now I S\ = IS** |. Also α**δ** = (α&)** = 0** = 0, for a,beS. Thus
S** is a disjointed subset of JF*. But in a free Boolean algebra all
disjointed sets are countable [7, p. 51], hence S is countable.
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3 . Projective PCSL.

THEOREM 3.1. B, a Boolean algebra is projective in the category
of boolean algebras, iff it is projective in the category of PCSL.

Proof. B is a retract of a free Boolean algebra B. By Theorem
2.7 there exists a free PCSL F such that B = F*, and thus B is a
retract of F in the category of PCSL. Hence B is a retract of F
in the category of PCSL and thus B is projective. Conversely, let
B be a Boolean algebra which is projective in the category of PCSL.
Thus there is a free PCSL F such that B is a retract of F. Then
by Lemma 2, it follows that B is a retract of F * in the category of
Boolean algebras, and the result follows.

REMARK. The definition of projectivity makes it clear that the
results of the preceding section following Theorem 2.4, hold for
projective PCSL.

4* Finite projective PCSL*

DEFINITION 4.1. If P is a partially ordered set and M £ P, p e P,
let Mp ~ {me M:m^> p}.

DEFINITION 4.2. Let P be a finite partially ordered set and let
M be the set of maximal elements of P. Then a semi-lattice A with
least element, 0, is said to be freely generated by P with the defining
relation Π(M) = 0 if there is an order preserving function θ: P—• A
such that Π(Θ(M)) = 0, Θ{P) generates A, and such that if B is any
semi-lattice with 0, and h: P —* B is any order preserving function
such that Π(h{M)) — 0, then there exists a semi-lattice homomorphism
g: A—+ B such that g(0) = 0, and gθ = h. The existence of A is
guaranteed by a known theorem of universal algebra. A is unique
up to isomorphism. See [4, p. 182, 183].

LEMMA 4.1. Let P be a finite partially ordered set and M be
the set of maximal elements of P. Suppose for each pe P — M we
have Mp Φ M. Let A be a semi-lattice with 0 freely generated by
P with defining relation Π(M) = 0 and let Θ:P~+ A be an in Defi-
nition 4.2. Then,

( a) θ is an order isomorphism. (So we may consider P contained
in Af and θ as the inclusion function.)

(b) Ifplf -.. PnePthenp^ pn = 0iff\J{MPi:i^n} = M.
(c) If p, pl9 . . , pneP and 0 < p,p2 pn ^ p then pi ^ p,

some i.
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(d) P is the set of meet irreducible elements of A.

Proof. ( a ) If S £ P let M(S) = \J {MP: p e S}, m(S) be the set
of minimal elements of S. Define

B = {ikf} U {S: 0 Φ S s P, M(S) Φ M and for

x,yeS,χΦy-*x\\y}

where a\\b means a ^ b and b ^ a. For Slf S2e B, define

If if M{SX ΌS2) = M
ι'S* ' iS, U S2) if ikf^ [jS2)Φ M.

Then £ • $ = S,.^, ^ ^ = S^ Sx l ί - M for any Sx, S2eJ5. It is
easy to verify that

S (S S)=\M if M(SίUS2{jSs) = M

Therefore, (S, S8) S3 - S3 (S,. S 2)- SL (S2. S8), and thus B is a semi-
lattice with smallest element M if we define S1 ^ S2 whenever
S^ S2 = S,. Note that S1 ^ S2 iff either S1 = M, or for any xeS2

there exists yeSj. such that x ^ y. Define h:P—+B by ^(p) = {̂ }
for peP. lί p,£ p2 then {p,} ^ {p2}. Also, Π(h(M)) = Π{{m}:me
M) = M. Thus there exists a homomorphism g: A-+ B such that
00 = h. If 0(pO ̂  ί(ί>2), then hip,) ^ A(p8). But {pj ^ {p2} implies
Pi ^ p 2 or ΛfPl = M. If ΛfPl = M then px e M and hence M = P — {pj,
so pι = p2. Therefore, 0 is an order isomorphism. Henceforth we may
assume P g i and Θ{p) — p for all pe P.

( b ) If pγp2 pn = 0, then {pj {pw} = ikf. Therefore,
ΛΓ - Jf({px, , pn}) - U {Λfp,: i S n). If (J {M9i: i^n}= M then
^i^2 Vn ^ /7(Λf) = 0.

( c) Suppose 0 < Pi pn ^ p. Then {pj {pw} ^ {p} and
{pj {p%} Φ M. Therefore, p^pt for some i.

(d) Since P generates A, every element of A is a product of
elements of P. Therefore, any meet irreducible element of A is in
P. Conversely if pe P, and p Φ 0 then p is meet irreducible by (c)
and the fact that P generates A. If 0 e P then 0 e M because MPΦ M
for peP - M, thus P = {0} and A = {0} and thus (d) is proved.

LEMMA 4.2. Let A be a finite semi-lattice, P be the set of meet
irreducible elements of Ay and M the set of maximal elements of
P. If

( a ) If pu . . , p . 6 P then Pι . pn = 0 iff \J {MP.: i ^ n) = ikf.
(b) 1/ p, Pi, , pw e P cmd 0 < p : pΛ <; p then pt^p some i.
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Then for each pe P — M, Mp Φ M and A is freely generated by P
with defining relation Π(M) = 0.

Proof. ItpeP-Ms,nάMP = M, then by (a) p = 0. But Π(M) = 0
by (a) hence p = Π(M) which contradicts the fact that P is meet
irreducible. If xeA,xΦθ, then x = Π(S) for some S £ P, and we
may assume the elements of S to be pair wise incomparable. If
x e Π(S'), S ' S P and the elements of S' incomparable, then by (b)
every member of S' is greater than or equal to a member of S, and
vice-versa. Therefore S = S'. Thus for xe A there exists a unique
set Sx of incomparable elements of P such that x — Π(SX).

Suppose B is any semi-lattice with 0, and h:P-+B is an order
preserving function such that Π(h(M)) = 0.

Define g:A-+B by g(x) = Π(h(Sx)) f or x Φ 0 and c/(0) = 0. To
show g is a semi-lattice homomorphism, first note g{xy) = g{x) g{y) = 0
if a? = 0, or y = 0. Suppose α? ̂  0 and y Φ 0. If α?2/ ̂  0 then S,.̂  =
m(Sa U Sy), the set of minimal elements of Sx U Sy. Since ^ is order
preserving we have g(x) g(y) = Π(h(Sx)) Π(h(Sy)) = Π(h(Sx U Sy)) =

If &# = 0 then by (a) U {Mp: peSx}\J\J {MP: peSy} = M. There-
fore g(χ) flr(|/) = Π(h(Sx U SJ) ^ Π(h(M)) = 0 = g(xy). Clearly flr | P = λ,
and the proof is complete.

LEMMA 4.3. Let A be a finite semi-lattice with 1 and suppose
A — {1} satisfies the hypothesis of Lemma 4.2. Then

( a ) A is pseudo complemented and for each xe A — {1}, a;* =
Π(M — Mx) and x** = Π(MX) where Mx, M as in Lemma 4.2.

(b) A* - {1} - {Π(S):S^M}.
(c) M is the set of dual atoms of A which is also the set of

dual atoms of A*.

(d) // S £ A*, then ΣUΛ(S) exists and equals ΣA (S).

Proof. Firstly we show that if S £ Λf, m e Λf and /7(S) ^ m,
then m e S. We prove this as follows: If IΊ(S) = 0 then S = M by
hypothesis (a), and thus me S. If Π(S) Φ 0 then by hypothesis (b)
mr ^ m for some m'e S, but then m = m'e S, so me S.

( a ) Let α? e A - {1} and let y = Π(M - Mx). Then

»!/ £ Π(MX) 77(M - Mx) = 77(M) - 0 .

Now suppose £2 = 0 for some xe A. Using the notation of the proof
of Lemma 4,2 we have Π(SX U S2) = 0. Therefore by hypothesis (b),
M = U {Λf*; p e Sx U SJ. If m e J I ί - ΛΓβ, it follows that m ̂  p for
some p e Sx U S0. If p e Sx, then m ̂  α; contradicting me M — Mx.
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Therefore, pe Sz and so m ^ p ^ z. Therefore, y = Π(M — ilίj :> z
and this proves that y = x*.

Now

me My<-+y = 77(ikΓ — ikQ ^ m

*— m e ΛΓ — Mx by hypothesis (a).

Therefore, My = M - Mx and £** = y* = 77(M - ΛQ - /7(Λf.). This
proves (a).

(b) By (a), every element of A* is of the form Π(S) for some
SSM. If me M, then m** = Π(Mm) = m, hence MS A*. This
proves (b).

( c) If m e M and m < & < 1, x e A, then m < p < 1 for some
pGP. This is a contradiction and so m is a dual atom of A. If a?
is a dual atom of A, then a? is meet irreducible and hence xe M.
By (b), the dual atoms of A* are in M. Therefore, M is the set of
dual atoms of A*.

(d) By hypothesis (b) of Lemma 4.2, and (b) above, it is easy
to see that if aeA*9 xeAf and 0 < a ^ x then xeA*. This implies
(d) just as it did for a free PCSL, in the proof of Theorem 2.6.

REMARK. By Lemmas 4.2 and 4.3, the free finite PCSL F with
n generators may be described as follows. Let P be the set

{xt: i^n}\J {zs: Sg{ l ,2, ., n}} ,

and suppose xt ^ zs iff ί e S. Then F is the semi-lattice with 0 which
is freely generated by P with defining relation Π{zs: SS {1, , w)} = 0.

THEOREM 4.1. Lei A be a finite protective PCSL, Zeί P δe ίfte
set of meet irreducible elements of A — {1}, and M be the set of
maximal elements of P. Then

(a) If S S P, pePf and 0 < Π(S) <; p, £&ê  s ^ p /or some
seS.

(b) 1/ S £ P , tλew Π(S) = 0 iff U W : s e S } = M.

(c) nK peP-I}^ 0.

Proof. As in the proof of Lemma 4.3, it is easy to see that M
is the set of dual atoms of A. M is also the set of dual atoms of
A*. It follows that (P - M) n A* - 0 .

(a) Let F be a PCSL freely generated by a set X such that
|X | = | P | . Let &: X—*P be 1 — 1 and onto. Then there exists a
homomorphism / : F—> A such that / | X = Λ. Since P generates A,
/ is onto. Since A is protective, there exists a homomorphism #: A—>F
such that fg = IA. Let peP-Mand x = ^ ( p ) . Now #(p) = Π(T)-r
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for some Γ g I , r e Γ . Hence p = fg(p) - Π(f(T)) - f(r). Since p
is meet irreducible and p&A*, it follows that p = f(y) for some
ye T. But p = f(x) and / | X is 1 — 1, therefore x = ye T and so
#(p) ^ Π(T) ^ x. We have therefore shown that for any pe P — M,
9(p) ύ h~\p).

Now suppose S gΞ P, pe P — M and 0 < i7(S) ^ p. Since g is
1 - 1, 0 < Π(g(S)) g <?(p) ̂  fc-^p), so by Theorem 2.4, βf(β) £ h~\p)
for some s e S . Hence s = fg(s) Hfh~ι(p) — p. This proves (a) for
the case when p £ M. If p e M and Π(S) g p for some SQ P, then
77(5**) <̂  p** = 29. Since p is super-meet irreducible in A*, it follows
that for some s e S , s ^ s** ^ p, and so (a) holds.

( b) If S S P and 77(S) = 0, then for any m e M, Π(S) £ m and
s o m e l , for some s e S, by the preceding paragraph. This proves (b).

( c ) We have shown that A satisfies the hypothesis of Lemmas
4.2 and 4.3. Therefore, for each x e A - {1}, x* = Π(M- Mx). Suppose
Γi{Mp:peP - M) = 0 . Then

*: p e P - M} = Π{Π(M - MP): p e P - M)

- Π(\J {M- MP:peP - M})

- Π(M - Π {Mp: p e P - M}) = 0 .

Therefore,

0 - 0(0) - g(Π{p*:peP- M})

= Π{g(p)*:peP-M}

^ Π{h-\p)*:peP- M)

since g(p) ^ h~\p) for all pe P — M.
But this is impossible, because if T is any finite subset of X, then

0 by Lemma 2.1.

LEMMA 4.4. Suppose a PCSL A satisfied the hypotheses of Lemma
4.3. Let B be PCSL and g: A—+ B is a semi-lattice homomorphism
such that g(0) = 0, g(p**) — g(p)** for all peP, P the set of meet
irreducible elements of A, and g(u*) = g(u)* for all ueA*. Then g
is a PCSL homomorphism.

Proof. Let x by any element of A. We first prove that g{x**) =
0(α?)**. We have x = Πlp^ i ^ n) for some {plf •• , p J g P . Hence

g(x**) - <7(i7{^: i ^ n}**) = flf(/7{j>?*: ΐ ^ ^})

by (23) of § 1

- Π{g(pt*): i^n} = Π{g(pt)**: i g }̂

i ^ ^})** = g(x)*
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Let xe A and let u = x**9 we have

g(x*) = g(χ***) = g(u*) = g(μ)* = g(x**)* = φ ) * * * = g(x)* .

Hence # is a * homomorphism.

THEOREM 4.2. Le£ A be a finite semi-lattice with 1, αmϊ ϊeί P
6e the meet irreducible element of A — {1} and M the maximal ele-
ments of P. If

( a ) If pi9 ---,pneP then Pί - • pn = 0 iff \J {MP.: i £ n] = M.
( b ) If p,plf -- ,pneP and 0 < px pn ^ j>, ίfeew p, < p / o r

some ΐ.
( c ) Π{*peP-iμ 0.

A is a projective PCSL.

Proof. By Lemma 4.3 A is a PCSL. Let M— {al9 •••, an) and
P - Λf= {6L, •••, bj. Let F be a PCSL freely generated by
{xlf , xn} U {ί/i, •••,!/»} and let f:F-*A be a homomorphism such
that /(a?,) = aif and /(T/,) = b, for all i, i . If 1 ^ i ^ n, let

+ Σ {Vf h < »*}

We observe that ct is a dual atom of JF*. Let D be the set of all
dual atoms of JF* which are not in {cu c2, •••, cw}. Since C\{Mp:pe
P — M} Φ 0 we may assume that a1 J> bj for all j = 1, 2, , m. Let
h:P-+F be defined by

for 1 < i ^ ^

: h ^ 6,} J7(D) , for 1 ^ j ^ m .

To show fc is order preserving we observe the following: If bo < α*
then

: 6* < α<}

^ c, /7(D) ^ h(at) .

If 6, ^ br then λ(6y) ^ fc(6r) since

{bk: b3 ^ bk} 3 {6*: K £ bk} .

Also, h(a^) - h(an) is the product of all the dual atoms of F*9 which
is 0. By Lemma 4.2, there exists a semi-lattice homomorphism
g: A — {1} —»F such that g\P — h. Extend g to A by defining
ff(l) = 1. By Lemma 4.3, z* = Π(M - ΛΓ.) for all zeA. Now / ( c j =
at* + Σ{at: k^i} + Σ{b?*: bs < at},+ Σ{bf: bs < αj = α, for all i, since
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af* — aif at ^ α< for k Φ i, δ** ^ at if bj < ai9 and δ* ^ at if δ̂  < α,
If deD, then either d ^ #£* + α?** for some k Φ l9 in which case
f(d) ^ αfc + at = 1, or d ^ I'ίaί; Λ ̂  π} in which case /(ώ) ̂  ^{αj: A;^^} =
(77{αfc: A; ̂  π})* = 0* = 1, or <Z ̂  #** + ?/* for some i and some i such
that bj < α*, in which case f(d) ^ at + i7{αz: 6y < αz} = Z ί̂α̂  + αz: bό <
α j = 1, or d >̂ α;?* + i/** for some ΐ and some i such that δ,,- < α̂
in which case /(ώ) >̂ α* + /7{αr: δ̂  < α j = //{αi + at: b3- < α j = 1. Thus
f(d) = 1 for all deD. Now

) = f(ci) = Ui > f or i > 1

) = / ( O /7(/(D)) - αx , and

fg(bj) = Π{bk: bj £ bk} Πf(D) = &y , for all j .

Since P generates A we have fg = IA- It remains to show that # is
a * homomorphism.

For any k, y** is the product of all dual atoms of F* which
are ^ y%*. Since F * is a free Boolean algebra, the only such dual
atoms are the ones of the form Σ(S* U T**) where yke Tand SU T =
{&i, -- XvVi, •• ,?/m}. Thus y r = 7 7 ^ : δfc < α j 77(1?,) where Dk^D.
Therefore for any j ,

= Π{Π{Ci: bk £ a,}: bs £ bk} 77(7)) = 77{c,: δy < α j 77(7?)

= Π{g(a%): bj < at} = g{Π{a%: bj < αj) - g(bf*) .

Also g{axy = g(a**) since α,G4* and g{ax)eF. We observe that
if 72 is the set of dual atoms of a finite Boolean algebra, then for
any Γ £ R, 77(Γ)* = 77(72 - T). Hence if u e A*, then u = 77(S), for
some SSM, and ^* = 77(M - S). If aλ e S,

g{uT = (Π{Cί: a, e S} 77(7)))* - 77{c,: α4 g S}

S)) = g(u*) .

While if ax £ S, g{u)* - (77{c,: a, e S})* - 77{c,: at$S} 77(7)) =
S)) = g(u*). We have now satisfied the hypothesis of Lemma 4.4, so
# is a * homomorphism. Since A has been shown to be a retract of
a free PCSL, then A is protective.

THEOREM 4.3. Let A be a finite semi-lattice with 1. Let P be
the set of meet irreducible elements of A — {1}, and M the set of
maximal elements of P. Then A is projective if and only if the
following hold.

( a ) If QQP, then Π(Q) = 0 iff for each meM, there isaqeQ
such that m >̂ q.
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(b) If Q^P,peP and 0 < Π{Q) ^ p, then q ^ p, for some
qeQ.

( c ) There exists an me M such that m^p for every pe P — M.

Proof of this follows from Theorems 4.1 and 4.2.

THEOREM 4.4. If P is a finite partially ordered set and M is
the set of maximal elements of P. Suppose

( a ) For every pe P, there exists an me M such that p < m.
( b) There exists a me M such that m^p, for every pe P — M.

Then the semi-lattice with 0 which is freely generated by P with the
defining relation Π(M) = 0, is α protective PCSL, and every finite
protective PCSL can be so obtained. Proof of this follows from
Lemma 4.1 and Theorem 4.2.

REMARK. TO the conditions of Theorem 4.2 and 4.3, we could add
the following, though redundent condition: If Q g M , then Π(Q) = 0
iff Q = itf.
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