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DERIVATIONS OF AW*-ALGEBRAS ARE INNER

DoORTE OLESEN

Using the theory of spectral subspaces associated with a
group of isometries of a Banach space it is proved that each
derivation of an AW%*-algebra is inner. This constructive
method of proof yields a generator b for the case of a skew-
adjoint derivation which is seen to be the unique positive
generator such that ||bp || = ||| Ap|| for each central projec-
tion p in the AW*-algebra A.

Introduction. The problem of whether derivations of AW*-
algebras are inner was first studied by I. Kaplansky in [9] and settled
in the affirmative for the case of a type I algebra. Later the result
was extended to type III algebras and type II factors by G. A. Elliott,
and to type II, algebras with central trace by J.C. Deel, ([3], [4]).
It is not known whether this covers all cases.

The purpose of the present note is to show that each derivation
of an AW *-algebra is inner, avoiding type classification. The method
employed is a modification of the one developed by W.B. Arveson in
[1], where he proves the corresponding theorem for W *-algebras.
(See also Borchers [2].)

Specifically, we prove that the group of *-automorphisms e'*’,
where ¢ is a derivation of the AW *-algebra A satisfying the condition
d(a*) = —(d(a))*, is implemented by a unitary group €' with b a
positive element of A.

In §2 we prove a lemma which establishes a sufficient condition
that an element of a C*-algebra belong to a spectral subspace of the
group u,-uy, where u, = Sﬁ e*dp(x) with p(x) a given increasing family
of projections on [«, 8]. “This lemma is a corollary of [1, Theorem
2.8], formulated to suit the present context.

In §3, we use Lemma 1 and the fact that each subset of an
AW=*-algebra has a largest left-annihilating projection inside the
algebra to construct an implementing group of unitaries for ¢, The
constructive method of proof yields a generator b for 4, which is seen
to be the unique positive generator for § such that |[bp|| =1|0]Ap||
for each projection p in the center of A, an observation not made
in [1].

I want to thank G. K. Pedersen for his constant encouragement,
and G. A. Elliott for his critical comments.

1. Notation. The notation is taken from [1]. For a brief
recapitulation, let us look at the special case in which we are interested,
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where «, is a norm-continuous one-parameter group of isometries of
a Banach space X. For each f in L'Y(R) let 7, (f) denote the bounded
operator on X given by

7(f) = | af @)t

where the integral exists in the Bochner sense. With f(s) =
S f@etdt and —co <t <w < o we denote by R*¢, w) the norm-
closed subspace in X generated by the vectors 7, (f)x where x € X and
f has compact support in (¢, w). Note that since every norm-closed
convex set in X is 0(X, X')-closed, with X' the dual of X, these sub-
spaces are in fact identical to the ones defined in [1]. The spectral
subspace associated with [¢, w] is

M, wl = 0 Bt - % w + %)

It follows immediately from this definition that

N M4s, w] = M*[t, w]

s<t
and that the spectral subspaces are invariant under «,. As shown in
[1] we have

Met, w] = {xe X|m (f)z = 0 Vfe L[t w]}

where I[t, w] denotes the set of function f in L'(R) such that f has
support disjoint from [¢, w]. The existence of an approximate unit
(f) in L'(R) where ( f;) consist of functions with compact support
ensures that the above relation also holds if we define I [¢, w] to be
those L-functions f such that 7 has compact support disjoint from
It, wi.

THEOREM 2.3. [1] states the following relation: Let «, 3, be
groups of tsometries on X. Denote by @, the group on B(X) such
that pla) = a,-a-67Y, all a in B(X). Then

aM?t, =) S M*[s + t, =)Vt == ac M?[s, ).

2. On some unitary groups. Let t— p(t) be an increasing
projection-valued map from R into the C*-algebra 4, and assume that
there exist « and B8 in R, @ < g, such that p(t) = 0 for all ¢ < « and
p(@t) =1 for all ¢t = 8. Let f be a continuous map from [a, 8] into C.
Put

5.(f, P) = 3P0 () — plu)
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where 7w denotes the division a =y, <4, < --- <u,=p, and ¢€
[%:—i, 4;]. Then by a well-known theorem the limit of s, exists and is

| 7 ®dp®) = lim s,
where |7 | = max |u; — u,_,|. Take f(t) = ¢'** with z in R, and set

Sﬁ e dp(t) = u, .

a

Then & — w, is a norm-continuous group of unitary elements of A.
In the case where p(t) = 1 for all ¢t > B, u, as above denotes the com-
mon value of the integrals from « to 8 + ¢, all ¢ > 0.

LEMMA 1. Let u, = Sﬁ e**dp(t) and put ¢, = u,-u¥. Then for a
i A and s in R

Pt + s)ap(t) = pt + s)aVie R—=ac M?[s, ).
Proof. Assume A to be represented faithfully on a Hilbert space

H. By Stone’s theorem we know the existence of a unique increasing
left-continuous spectral measure ¢(¢) such that

u, = S e*dq(t)
and from the relations
M*[t,, ) C B¢, ) C[(1 — q()H] < M"[¢, )
for all ¢, >t we see that
M*[t, ) = [1 — ¢(O)H] .

Now p(t) tends strongly to q(t,) as t ", and so p(t + s)a(l — p(?))
tends strongly to q(t, + s)a(l — q(t,)) for all ¢ in A. From this it
follows that if a satisfies the hypothesis of the lemma, it also satisfies
the relation

gt + s)aq(t) = q(t + s)aVte R,
but this is equivalent to

alM*[t, o) M*[t + s, =) Vie R,
which by [1, Theorem 2.3] implies that a e M¢[s, ).

3. Construction of the generator for 6. Recall that a C*-
algebra A is an AW*-algebra, (see [8]) if for any subset S of A4
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there is a unique projection p in A such that
{acAlas =0Vse S} = Ap.

p is called the left-annihilating projection of S.

THEOREM 2. If 0 is a derivation of the AW*-algebra A there
is an element b in A such that 0 = ad,. If 6 = —d*, b can be chosen
positive and with norm equal to the norm of o.

Proof. Since each derivation 0 has a unique decomposition ¢ =
0, + 10,, with d, = 0F, it suffices to prove the last statement.

Let 6 = —0*. Denote by «, the *-automorphism group e**’, and
let p(t) be the left-annihilating projection of the spectral subspace
Me[t, ). The map t— p(t) taking R into the fixed-point algebra
M=[0] is increasing. As 1€ M<0], we have p(0) =0. The claim
p(t) =1 for t > ||| is seen as follows: We want to prove that when-
ever fe L(R) such that / has compact support in (||8]] + ¢, ), then
w.(f) = 0, or equivalently that for all g e L'(R) where § has compact
support in (0, =), w,(g-e-t1811+) = 0,

Now g extends to an H' function in the lower half plane if we
define

= _1;... © a —itz
9(z) o SO g(t)e *=dt

and for the L'-norms of = — g,(x) = g(x + iy), ¥ fixed, we have
g, 1l = llgll,
(see [6], p. 124-128 and p. 181). Now

g,(x) = g(x + 1y) = —217 ijA(t + l|ol] + 8)6~i(x+imzdt

= __1_ Sm fA(w)e——izwe+iz(|iE[|+s)dw
2 Jilsli+e
= @FHIBIT £(5) = gHizilsllgmylliali+a £ ()
SO
gy lly = e7v*a (£, 11,
from which it follows that

g v ||fy”1 = ”f”l

and so we get (see [2])
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HS f (“)“xdw“ = | Sf @ + 1Y), de

é ey(HBH+5) H f Hl,Hei(w+ill)5 H § eﬂ(ll5H+€) H f“i_e—ﬂllﬁll

=e”||fl].—0 as y— —oo.

According to §2, the group u, = Se“”dp(x) is well-defined. We
want to show that it implements «,, i.e., that

Xy = Uy Uy
Denoting the right side by @,, it suffices to see that
Me[t, ©»)S M*[t, «)ViEeR .

Indeed, as @, and @, are both norm-continuous one-parameter groups
of self-adjoint (i.e., adjoint-preserving) operators on A, the group
B:(Y) = @.-v-a;', ve B(A), is a norm-continuous adjoint-preserving
group on B(A4). It follows that M?[t, «o)* = M#(— o, —t] for all ¢ in
R, so whenever a self-adjoint element v in B(A) belongs to M*[¢, =), v
belongs to M?#[t, —t]. We know by [1, Theorem 2.3] that the inclusion
Me[t, =)= M*[t, ) implies that id € M?[0, ). The preceding argu-
ment shows that ¢d is then in M?[0], so @,ida;* = id for all ¢, thus
Py = &y

Using the multiplicative property of «, a rather straightforward
calculation shows that for all ¢ and s in R

R*(t, o0)R*(s, ) S R*(t + s, =) .

Indeed, for f, g € L'(R) such that f, § have compact support

= Szwdw-.

So if suppf c (¢, «) and supp § C (s, ) we have z, C Rt + s, «), as
SUpp f * G, C(t + 5, 0 )(9.,(t) = 9(t + w), 50 Gu(s) = e7*"G(s)).
From this it follows immediately that for all ¢ and s in R

Me[t, o)M*[s, o) S M°[t + s, =),
so if a€ M*[t, ) and d e M*[s, ) we get that
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p(t + s)ad = 0.

However, this implies that p(¢t + s)a belongs to the left-annihilator of
M*[s, =), thus

p(t + s)ap(s) = p(t + s)a .

The desired conclusion now follows from Lemma 1.
The generator for § thus constructed is

11811
b= S tdp(t) .

It is obvious that ||b]| < ||6||. On the other hand, b — (||b])/2-1 is
also a generator for 0, and ||b — (|| b]])/2-1]] = || b]|/2. So we get that
ol =1llall.

In [5] it is shown that for each inner derivation 6 of an AW*-
algebra A there is a unique generator a of norm |/d//2 such that

for each projection p in the center of A. This generalizes a result
in [7] concerning self-adjoint derivations of von Neumann algebras.
Here we have the following result:

PrOPOSITION 3. With 6 = —6*, the element b in A as constructed
above is the unique positive generator for 6 such that
fopll =10 Apl|

Sfor each projection p in the center C of A. If 6 =ad, ¢ =0, then
¢c=b=0, so b is the minimal positive generator for 4.

Proof. Let p denote a central projection in A. We want to see
that ||[bp|l = ||6]| Ap]||. Since a, = ¢ leaves C pointwise invariant
it follows from the definition of spectral subspaces that

Melt, wln Ap = M*[t, w],

where ap denotes the group of automorphisms of Ap obtained by
restricting the a,’s to Ap. Consequently the construction carried out
in the proof above will produce bp as a generator for 6 on Ap. Thus

lopll = l0 ] Ap|l .

Now assume ¢ to be another positive generator for ¢. Using
nothing but the fact that b is a positive generator for 0 satisfying
the above condition on the norm we can prove ¢ = b, as follows: Since
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b and ¢ are both positive generators for &, the difference b — ¢ is in
C. Suppose M was a positive scalar in sp(b — ¢). Given a sufficiently
small ¢ > 0 we could then find a nonzero projection p in C such that

(b—cp=cp.

But as c¢p is a positive generator for 6| Ap we have, arguing as
before

Nopll = lo| Ap|| = [lep]l,
and combining we get
O0scp=bp—ep=(|bp]l—¢e)p=(lepll —ep,

a contradiction. Therefore, sp(b — ¢) S (— 0, 0), i.e.,, ¢ — b= 0. The
unigueness of the positive generator satisfying the above norm con-
dition follows from the fact that it is the smallest positive generator.
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