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Let H be the Hilbert space of complex vector-valued
functions f:[a, o) — C? such that f is Lebesgue measurable

on [a, o) and g F*(s)f(s)ds < co. Consider the formally self
adjoint expressi':m «(y) = — ¢y’ + Py on [a, ), where ¥y is a
2-vector and P isa 2 X 2 symmetric matrix of continuous real

valued functions on [a, ). Let D be the linear manifold
in H defined by

D= {feH: f,f' are absolutely continuous on compact
subintervals of [a, «), f has compact support
interior to [a, o) and «(f)eH}.

Then the operator L defined by L(y) = ¢«(y), yeD, is a real
symmetric operator on D. Let L, be the minimal closed
extension of L. For this class of minimal closed symmetric
operators this paper determines sufficient conditions for the
continuous spectrum of self adjoint extensions to be the
entire real axis. Since the domain, D,, of L, is dense in H,
self adjoint extensions of L, do exist.

A general background for the theory of the operators discussed
here is found in [1], [3], and [5]. The theorems in this paper are
motivated by the theorems of Hinton [4] and Eastham and El-Deberky
[2]. In [4], Hinton gives conditions on the coefficients in the scalar
case to guarantee that the continuous spectrum of self adjoint ex-
tensions covers the entire real axis. FEastham and El-Deberky [2]
study the general even order scalar operator.

DEFINITION 1. Let [ denote a self adjoint extension of L.
Then we define the continuous spectrum, C(L), of L to be the set
of all X for which there exists a sequence {f,> in D;, the domain
of I, with the properties:

(1) [Ifall =1 for all n,

(ii) <f,> contains no convergent subsequence (i.e., is not com-
pact), and

(i) (L — Nfl|—0 as n— .

For the self adjoint operator L. we have the following well-
known lemma.

LEMMA 1. The continuous spectrum of L is a subset of the real
numbers.
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Proof. Let N\ = a + i3 where 8= 0. Then for all fe D, we
can see by expanding || (L — \)f|[* that

NE=NFIEZ BRI,
which implies \ ¢ C(L).

THEOREM 2. Let L(y) = y" + P(t)y for a £t < o, where P(t) =
[a(t) (t)

() ﬁ’(t)] where Y(t) s positive and has two continuous derivatives.
Let g(t) > 0 be one of a(t) or B(t), where both a and B are con-
tinuous on [@, ) and g(t) has a continuous derivative. Then
if for some sequence of intervals {A,} where A, S [a, «), A, =
[en — Cp, Cn + @,] and a, — oo, the following are satisfied:

(i) min {g(@)} — oo,

(@) [ (@@)ee) do = o),
(i) | o@ds = o),

@ |, v = oe.),
we can conclude that C(L) is (—oo, o).

Proof. We will establish the theorem for g¢(¢f) = a(f) since the
other case follows in exactly the same way.

Note that to prove the theorem then we need only show that
for any real number g there is a sequence (f,)> in D(L) such that
| full =1, f — 0 a.e., f,, vanishes outside A, and ||(L — 2)f.||—0
as m-— oo,

Let {h,» be defined by

(= = en)anT for [t —cnl = n
(1) ) = 0 for It—cml>am}'
Then define <{f,(t)> by
b, "0
(2) £ult) = h”(t)[bmze*'ozf“] ,

where Q,, @, are real functions with two continuous derivatives and
b,., b,, are normalization constants.
To find |b, | = V0%, + b, we have

L= || folf = §:i: |, [PhL()dt = {bmgzgam [1 _ (i)z]edx

—y,

-1

= |b, |2Sl [l — y'dy = | b, 12(2%)[1 + Eil ( i)@r + 1)-1] :
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Hence for some positive constant K

(3) 1bn [ = K(2an)™"

and

(4) |falt)| = 16| = VKNV 20,, .
Hence

(5) Ju—0 as m-— oo,

(6) [ | < K. (@n)™"

where K, does not depend on t or m.
Since f,, € D(L), we have

(L — pDf, = fil + (P — pD)fn
_ [ m (@ — s+ Vs
LA+ (B = D me + Wfnd
(—QF + (@ — ) fm + Ve + iQ;'fm}
{(—Q + (8 — tNWfnz + Ums + 1QV e
b,.e*%hl + 21Qb,.6*%h,,
[bmze‘%h;: + ZiQ;bmzeiQZhJ

& — uDf, = [

Now if @, is chosen so that

’
" 44

1:2.1/a_#!

and b,,, is chosen to be identically zero we have that

Q! J " [bmewlh; + 2iQ:bmewlh:ﬂ]

{ZZa_#r

(& — uD)f, = [ ;

Vfom
By the way @, is chosen,

1B = D)5l 5 (g ol 198l + 1BuREI + 11200041
Now, by (ii)
H21/a — ié [ S iy (g%_‘;)z]m =o0(l) as m-— co.

By condition (iv),

[R7Al §<K§ mmzy”:oa) as m— oo .

m

Next, by (iii), (3) and (6)
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2
ma’m

I @bk || = (gAm (@ — #)2%%' Kf)ll?

= KK/(E% Lm (@ — y))“Z —o(l) as m—>co.

Then, by (3), (6), and the Cauchy-Schwartz Inequality

ot = (1, 1oae)(f, )"
= VW(L (Kf/ain)>112 =o(l) as m—> oo .

Hence it follows that

(L= pDfpll —0 as m—> o,

which is what we were to show.

COROLLARY 3. If P(t) = [gg gﬂ on some half-line d <t < oo
in Theorem 2 and
(i) a,e>0with 0 <0, 0 <0 <2, or

(i) b o>0 with <0, 0<7<2
then C(L) = (— oo, =) .

THEOREM 4. Suppose L(y) is as in Theorem 2, where Y(t) is
positive and has two continuwous derivatives. If for some sequence
of imtervals {4,}, where A, = [Cn — Gn, Cu + @,], 4, S [a, ) and
Q,, — oo, the following are satisfied:

(i) min {r(®) — =,

(ii) L (V" @EN)/((@) dt = o),
(iif) SA Y(E)dt = o(ad),

(iv) & a(t)dt and L SOt are o(a.),
then O(L) = (—eo, o).

Proof. In the proof of Theorem 2 choose Q7 = Q7 = Y(t) — 4,
so that fo. = fne Then QI = QY = (V'(t)/(2V7(t) — #) and applying
conditions (i) — (iv) as before where g(t) is replaced by 7(t) we get
that || (L — ¢I)f, || —0 as m — co.

COROLLARY 5. Let P(t) :[gg gi:] in Theorem 4. If ¢> 0,

0<86<2and o, <0 then C(L) = (— oo, ).
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Let H be the Hilbert space L,([a, «), w) of complex vector-valued
functions f: [a, «) — C* such that ||f]|* = S w(F*f) < oo, Where w is

positive and w e C‘zl[a, ). Let l(y) = (1/w)ay” + Py. Then define L,
as before and let L be a self adjoint extension of L.

THEOREM 6. Suppose there is a sequence of imtervals, A, S
[a, ©), A, = [cn — Cm, € + @] Where a, — oo as m— co, such that
() |, @wppmr=o(au), | amw=o(4.), mina@®— -,
m 4 tE Ay

m

@) §, @y =o( 4., |, @) =of 4.,
[, et =00 4,p,

iy | Q) = o 4., and

(iv) SA 7" = o(| An )

as m— co. Then C(f) = (—co, ).

Note that (ii) implies that g W/w): =0(A,") by W/w)=
A
(w'y/w*-1/w and Cauchy-Schwartz Inequality.

Proof. As is the previous theorem define

S = [?’”} where f,,=0 and f,. = (b6, )w"*.

Then again b, = K/a,, and |f,.| = b,w™"* = (K/(wa,))'?. Calculating

Jar = W be R, + fruliQ — 1/2w™w']
- fml[_(Qr)z — QW W + 3/47,0—2(7,0')2 . 1/2w“w” + ’L.Q”]
+ b [2w QR — w Wk, + w R .

Then (L — pI)f. = (L/w)fl + Pf,, where the top element is

Lm (@ = p)fm = %{—(Q’f + (@ — pyw]

+ fln_l_[___?:Qlw—lwl + §_w~z(wr)z - _1_w~1wll + iQ"]
w 4 2
+ b 6~:Q[w—3/2][2inhr . —1 rh; + h;,"]
fml[ (Q )2 + (C( — #)w] + fml[ @'Q'ww’ + = (w/)z ww" +w %Qu]
+ b, w [ 20Q hy, — wW'h, + R} .

Of course, the second element of (L — pI)f, is Yf... By choosing
(@) = (@ — p)w we have that by (i)
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Q@ = [(a — pw]'"* = O((aw)'”) as t— co.

Q" = ({5(2’}']&0) as t—— oo .

Then by the calculations above

’Il

IE = eDfull < [ L2 + 2| Loy + £ [
w P 4 llw 2
(1) + =2+ 2l barr@m
+ || bpw™w'hy, ||
+ [ buw ™l | + [| V|| -
Since | f [* < K/(wa,) and (@) = (a — fw,
| frw ™2 Q" ||
< (ES (@ — p)w~3(w')2)1'2 =o(l) as m— o by (i).
Q. m
Similarly,

| fuw ™) || < <7LI£ SA ('Y~ = o(1) by Gi) -

m

By the definition of @ and f,.,,

| fw™ Q" || = O(L M)m — o(1) by (i) .

a,aw

m

And by condition (ii),

| = (E2 ] qryer)” = o).

m

Since |b,,|* = K/a, and |k, | < K//a,,

— 1/2 .
oaw Q|| < ((KKza) | (SL))" = o) by @ -
Ay, w
Similarly, by the remark at the end of the theorem,
1/2
| bpw ™ Pw'h, || = ((KKf/ain) S (w')zw‘*) =o0(1) .
Am
Since || £ K,/az,
12 .
1Bwwen]| = ((KKaw) | w)" = o) by ).
A

m

By (iv),
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[ Il = <(K/a’m) SA,,, ’72)1’2 =o(l) as m—> oo .

Hence, by the above calculations and (7),
(L — eD)full — 0 as m—> o .

Since this is what we were to show, this conclude the proof.
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