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CHARACTERISTIC IDEALS IN GROUP ALGEBRAS

I. SiNHA

If G is the group-algebra of a group G over a field &,
and % is any subgroup of the automorphism group of the
F-algebra ¥FG, then an ideal I of FG, is calied A-characteristic
if I*< 1, VeeA. If A is the whole automorphism group
itself, then we merely say that I is characteristic. Then D.S.
Passman has proved the following result:

“Let H <G such that G/H is §-complete. Then for each
characteristic ideal I of ¥G, I = INFH)FG.”

The main concern in this paper is to consider the converse
of this result.

2. Some preliminaries. For a given ideal I <IFG, let FZ(I) be
the set of all H < G such that I = (I N FH)FG. Let C(I) be the set
of all H in G such that if for some right §H-module M, INTH &
Ann M, then I < Ann M% the induced FG-module. We first of all
have:

THEOREM 1. (i) For any [ <IFG, C(I) < #().
(i) If H<XG, then He () if and only if He C(I).

Proof. (i) Let INJFH S Ann M imply that I < Ann ME.  Let
Sipx.el with p, e FH, where G = U Hz, is a coset-decomposition.
We have (MR z) S px,) =0 if INFHS Ann M. In particular
(m QY3 pa)=0,Yme M, ie., Smp,Qx, =0, ¥yme M. SoM-p, =0
for each <. Thus p, ¢ Ann M. Since M is arbitrary with the property
that INEH < Ann M, so we may take M = FH/INFH, and conclude
that each p,e Ann M = INFH. Thus 3 p.x, e (I N FH)FE.

(ii) Suppose [ = FGUINFH) and TNFH S Ann M, for some FH-
module . Note that H<IG implies that FGUNFH) = INFH)SG.
Let @ = >, x,p, € I where p, e INFH. So aM® = (3, 2,0,)3 2, QM) =
Dz, @ piIh = 0 since pZie INFH S Ann M. Thus a M =0 and
IS Ann I,

Theorem 17.4 of [1] then gives us:

COROLLARY 1. Let H<1G such that G/H is F-complete. Then
He C(I) for every characteristic ideal I of [FG.

Also Theorem 17. 7 of [1] implies:

COROLLARY 2. If H<1G>G/H 1is abelian and has mo elements
of order p = Char. &, then He C(J(G)), where J denotes the

285



286 I. SINHA
Jacobson-radical of FG.
3. Main result. We will prove:

THEOREM 2. For I =[G, FG], the commutator ideal and for
J = J(G), if H=<G such that He Z(I) and He H(J) then HIG,
G/H 1is abelian with no elements of order p. In particular, F(G/H)
is semi-simple.

Further,if ¥ is algebraically closed then G/H is F-complete.

We observe that the last two statements in the theorem follows
from 17.8 and 17.1 (i) respectively of [1]. The rest of the theorem
will be proved by a series of results proved below.

LEMMA 1. Let HZG, I 223G and He <#(I). Then H2U'(I) =
{g9eGlg — 1e I}

Proof. Let G = U Hzx, be a coset-decomposition, and ge % (1)
such that g¢ H. Then g = hx, for some ¢, where z;, = 1, and he H;
and hx,—1e(INFH)FG = 3. (I N FH)x,. Since {z;} are linearly inde-
pendent over FH, he INFH, and x, = 1, so gc I which implies that
lel, a contradiction.

LEmMA 2. If I = [BG, 3G, and He <2 (I) then H<G and G/H
1s abelian.

Proof. Observe that I is a proper ideal in JFG, since W(I) = 0.
Also by Lemma 1, H2 U '(I). Since (ghg™'h™* — 1)hg = gh — hge I,
forall g, he G, so (ghg™'h™*—1)e I. Hence ghg~'hc U () S H; i.e.,
&', the commutator-subgroup is in H. Hence H<1G and G/H is
abelian.

Now let H satisfy the hypothesis of Lemma 2. Then we have:

LemmA 3. Let I =J(G) and He #I). Then FHG/H) is semi-
simple and G/H has no elements of order p = Char. §.

Proof. J(G) = (J(G) N FH)FG = J(H)-FG by 16.9 of [1]. Now
SH[UL(H) =F where UA,(H) is the ideal of FH, generated by
{h —1|he H}. So UAy(H)=J(H). Hence U, (H)FG = A(H)?=2
J(H)-BG 2 J(G), where U (H) is the ideal in HG, generated by
{h —1lhe H}). Now % (H) is the kernel of the natural map of FG
onto F(G/H); {see for example proof of Theorem 1 in [2]}. Thus
S(G/H) = FG/A(H) is semi-simple. Since G/H is abelian by Lemma
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2, so it is clear that it has no elements of order p, as F(G/H) is
semi-simple.

This also completes the proof of Theorem 2.

REFERENCES

1. D. S. Passman, Infinite Group Rings, Marcel Dekkar Inc., N.Y., 1971.
2. 1. Sinha, On the augmentation-maps of subgroups of a group, Math. Zeitschs.,
94 (1966), 193-206.

Received April 18, 1973.

MicHIGAN STATE UNIVERSITY






PACIFIC JOURNAL OF MATHEMATICS

EDITORS

RICHARD ARENS (Managing Editor)
University of California
Los Angeles, Canfornia 90024

R. A. BEAUMONT

University of Washington
Seattle, Washington 98105

J. DUGUNDJI

Department of Mathematics
University of Southern California
Los Angeles, California 90007

D. GILBARG AND J. MILGRAM

Stanford University
Stanford, California 94305

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN

F. WoLr K. YOSHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA

MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA

NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON

OSAKA UNIVERSITY

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY

UNIVERSITY OF TOKYO

UNIVERSITY OF UTAH

WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON
AMERICAN MATHEMATICAL SOCIETY
NAVAL WEAPONS CENTER

Printed in Japan by Intarnational Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 55, No. 1 September, 1974

Robert Lee Anderson, Continuous spectra of a singular symmetric

differential operator on a Hilbert space of vector-valued functions . . .. 1
Michael James Cambern, The isometries of LP? (X, K)................... 9
R. H. Cameron and David Arne Storvick, Two related integrals over spaces

Of CONtINUOUS fURCHIONS . .. ..ot 19
Gary Theodore Chartrand and Albert David Polimeni, Ramsey theory and

chromatic NUMbBErsS . ... ... i 39
John Deryck De Pree and Harry Scott Klein, Characterization of

collectively compact sets of linear operators ........................ 45
John Deryck De Pree and Harry Scott Klein, Semi-groups and collectively

compact sets of linear operators .............c.c.ouuiiiiiiiiaaiia. 55
George Epstein and Alfred Horn, Chain based lattices.................... 65
Paul Erd6s and Ernst Gabor Straus, On the irrationality of certain series ... 85
Zdenék Frolik, Measurable uniform spaces............... ... ... 93
Stephen Michael Gagola, Jr., Characters fully ramified over a normal

SUDGFOUD . . . oo e e 107
Frank Larkin Gilfeather, Operator valued roots of abelian analytic

JURCHIONS . . oo oot ettt 127

D. S. Goel, A. S. B. Holland, Cyril Nasim and B. N. Sahney, Best
approximation by a saturation class of polynomial o
James Secord Howland, Puiseux series for resonances at
eigenvalie . .............
David Jacobson, Linear GCD equations................

P. H. Karvellas, A note on compact semirings which are m
SeMIlattices .. ..o i
Allan Morton Krall, Stieltjes differential-boundary operat
D. G. Larman, On the inner aperture and intersections of
S. N. Mukhopadhyay, On the regularity of the P"-integra
application to summable trigonometric series . . . .. ..
Dwight Webster Read, On (J, M, m)-extensions of Boole
David Francis Rearick, Multiplicativity-preserving arithm
SCHICS « oo v vttt et
Indranand Sinha, Characteristic ideals in group algebras .
Charles Thomas Tucker, I, Homomorphisms of Riesz spa
Kunio Yamagata, The exchange property and direct sums
injective modules.................. ... ...,


http://dx.doi.org/10.2140/pjm.1974.55.1
http://dx.doi.org/10.2140/pjm.1974.55.1
http://dx.doi.org/10.2140/pjm.1974.55.9
http://dx.doi.org/10.2140/pjm.1974.55.19
http://dx.doi.org/10.2140/pjm.1974.55.19
http://dx.doi.org/10.2140/pjm.1974.55.39
http://dx.doi.org/10.2140/pjm.1974.55.39
http://dx.doi.org/10.2140/pjm.1974.55.45
http://dx.doi.org/10.2140/pjm.1974.55.45
http://dx.doi.org/10.2140/pjm.1974.55.55
http://dx.doi.org/10.2140/pjm.1974.55.55
http://dx.doi.org/10.2140/pjm.1974.55.65
http://dx.doi.org/10.2140/pjm.1974.55.85
http://dx.doi.org/10.2140/pjm.1974.55.93
http://dx.doi.org/10.2140/pjm.1974.55.107
http://dx.doi.org/10.2140/pjm.1974.55.107
http://dx.doi.org/10.2140/pjm.1974.55.127
http://dx.doi.org/10.2140/pjm.1974.55.127
http://dx.doi.org/10.2140/pjm.1974.55.149
http://dx.doi.org/10.2140/pjm.1974.55.149
http://dx.doi.org/10.2140/pjm.1974.55.157
http://dx.doi.org/10.2140/pjm.1974.55.157
http://dx.doi.org/10.2140/pjm.1974.55.177
http://dx.doi.org/10.2140/pjm.1974.55.195
http://dx.doi.org/10.2140/pjm.1974.55.195
http://dx.doi.org/10.2140/pjm.1974.55.207
http://dx.doi.org/10.2140/pjm.1974.55.219
http://dx.doi.org/10.2140/pjm.1974.55.233
http://dx.doi.org/10.2140/pjm.1974.55.233
http://dx.doi.org/10.2140/pjm.1974.55.249
http://dx.doi.org/10.2140/pjm.1974.55.277
http://dx.doi.org/10.2140/pjm.1974.55.277
http://dx.doi.org/10.2140/pjm.1974.55.289
http://dx.doi.org/10.2140/pjm.1974.55.301
http://dx.doi.org/10.2140/pjm.1974.55.301

	
	
	

