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Let U be an n-dimensional vector space over an alge-
braically closed field F' of characteristic zero, and let V' U
denote the rth symmetric product space of U. Let T be a
linear transformation on V” U which sends nonzero decom-
posable elements to nonzero decomposable elements. We
prove the following:

(i) f n=7r+1 then T is induced by a nonsingular
transformation on 7.

(i) If 2<m <r-+1 then either T is induced by a non-
singular transformation on U or T(V'U)= v*W for some
two dimensional subspace W of U.

The result for » > r + 1 was recently obtained by L. J.
Cummings.

1. Preliminaries. Let U be a finite dimensional vector space
over an algebraically closed field F. Let VU denote the rth sym-
metric product space over U where » = 2. Unlese otherwise stated,
the characteristic of F' is assumed to be zero or greater than r.

A decomposable subspace of Y™ U is a subspace consisting of
decomposable elements. Let z,, -+, z,_, be » — 1 nonzero vectors in U.
Then the set {x,\V/ --- VV@,_, Vu: u € U}, denoted by z,\V --- V2,_, VU,
is a decomposable subspace of V" U and is called a type 1 subspace
of V"U. Let W be a two dimensional subspace of U. It is shown
in [2] that V"W is decomposable and is called a type r subspace of
v U. Ify,- - y,, are vectors in U — W where 1 <k <r, then
theset {¥, V- Vy,_,Vw, V- --- Vwsw,eW,i=1, ---, k}, denoted
by v,V - V¥, VWV -+ V W, is also decomposable and is called
a type k subspace of Y*U. In [2] Cummings showed that every
maximal decomposable subspce of V" U is of type ¢ for some 1 <7 < r.

A linear transformation on V" U is called a decomposable mapping
if it maps nonzero decomposable elements to nonzero decomposable
elements. In [3] Cummings proved that if dim U > » + 1 then every
decomposable mapping T on V" U is induced by a nonsingular linear
transformation f on U; that is, T(¥,V -+ V ¥,) = f(g) V -+ V f¥,).
In this paper we consider the case when 3 < dimU =< r + 1.

2. The case when dim U =r + 1. Two type 1 subspaces M,
and M, of V" U are called adjacent if

Mlzxx\/"'\/xr—z\/y1vU
Mz=901V"'er-szzVU
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for some 2, -+, ®,_,, ¥, ¥, where y, and ¥y, are linearly independent.
The proof of the following lemma is contained in that of Propo-
sition 4 of [3].

LemMA 1. The 1mages of two adjocent type 1 subspaces under
a decomposable mapping are distinct.

THEOREM 1. If dim U = r + 1 then every decomposable mapping
T of V"U 1is induced by a nonsingular mapping of U.

Proof. Liet M be a type 1 subspace of Y"U. Then T(M) is a
decomposable subspace of V" U. Moreover dim M = dim T(M) = » + 1.
Let T(M) = N where N is a maximal decomposable subspace. If N
is of type k where 1 <k < r, then dimN =% + 1 <r + 1 which is
a contradiction. Hence N is of type 1 or type r. Since dim N =
r + 1, it follows that 7(M) = N.

Suppose that some type 1 subspace =,V -+ Vz,_,Vy V U is
mapped onto a type » subspace V"W where W is a two dimensional
subspace of U. We shall show that this leads to a contradiction.

Let & ={T(M,):we U, u=-0} where M,=z,V ---Va,,Vu\V U.
We shall show that VW is the only type r subspace in €. Suppose
there is another type » subspace V" W* in &. Since V" WN V" W* =0,
W W* is 1-dimensional. Choose a nonzero vector z in U such that

T(xl\/"' \/xr_z\/y\/z):wl\/ oo NV w,

where dim {w,, ---, w,> = 2, {y) = <{z), and W W* == (w,) for all
1=1 .-, r. If

TM) =2,V - Vz,_, VU
for some z, in U then
TM)NVY " W=0
and
TM)yNn VY "W==0

imply that z,, ---,%2,_,€ W W+*and hence (z)> = -++ = (z,_y = WN W+
Since w, V ++- Vw, ez V - V2.,V U, it follows that (w,) =W n W*
for some 7, a contradiction. Hence

T(M.)= V'S

for some two dimensional subspace S of U. Note that o, vV --- V
.o VYVzeM,NM, Thus w, ---, w,€ WnNS. This implies that
{w, +-+, w,y = W =8, a contradiction to Lemma 1 since M, and M,
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are adjacent type 1 subspaces. This proves that V” W is the only
type » subspace in &

Since {T'(M,): (x) # {y), x = 0} is an infinite family of type 1
subspaces (Lemma 1) it follows from Proposition 4 of [3] that there
exist vectors u,, ---, u,_, such that for any x e U — {0} and {(z) = {¥),

T(Mx):ul\/ s \/ur—z\/x'\/ U

for some «’'e€ U. Since T(M,) N V"W = 0 we have 2’ W. Let g be
a fixed nonzero vector such that {(g)> = {(y>. Then for any zc U — {0}
such that {x) = {(g), (&) = (¥,

T(xl\/"' \/wr_z\/-’l;\/g):ul\/ te. \/’M’fr—sz’\/gac

for some ¢g,. Since u,V -+ VU, Vo' Vg, e,V -+ Vu_.Vg VU
and {(2") # {¢’> we have {g,> = {(¢’>. Therefore

TMySu, V- -+ Vu,. VgV W
ULT@, V -+ V&,V gVy»
ULT(@ V -+ V&,V gVg)).

This is impossible since dim T(M,) = dim U > 2.

Therefore, T maps type 1 subspaces to type 1 subspaces. By
Theorem 2 of [3] T is induced by a nonsingular linear transformation
on U.

3. The case when 3 <dim U< r + 1. In this section we as-
sume that char F' = 0.

LeEmMMA 2. Let %, +--, x, be &k nonzero wectors of U. Let r >
E+land 2,V -~ Ve, VA=2V V2 %0in VU where Aec
V*U and z,€ U. Then {(x,) = {z;,> for some j, where j, * j. for
distinet s and t.

Proof. Let u,, ---, u, be a basis of U. Let ¢ be the isomorphism
from the symmetric algebra YV U over U onto the polynomical algebra
Fl&, ---&,] in » indeterminates &, ---&, over F' such that é(u,) = &,
1=1 ++,n [4,p. 428]. Then

p(@) -+ p(@)3(4) = §(2) - - - 4(2,) # 0 .

Since F[§, ---, &,] is a Gaussian domain and since ¢(x,), -, 6(2),
#(2,), -+, #(2,) are linear homogeneous polynomials, it follows that for
each 1 =1, -+ k, {g(x,)) = {4(z;,)) for some j, where j, # j, if s # L.
This implies that (x,) = (2;,)>. Hence the lemma is proved.

The following result is proved in [1, p. 131] under the assumption
that char F = 0.
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LemMA 3. V" U s spanned by u"=uV --- Vu:ue U}
T tmes
Hereafter we will assume that 3<dimU<r+1 and T is a
decomposable mapping on V" U. Since every type k& subspace has
dimension < » + 1 where 1 < k < r we see that every type r subspace
of VU is mapped onto a type r subspace under T.

LEMMA 4. If there are two distinct type r subspaces M and N
of V" U such that MN N # 0 and T(M) = T(N), then T(V"U) = T(M).

Proof. Let M= VS, N=V"S;and T(M) = T(N) = V'S where
S, S, S, are two dimensional subspaces of U. By hypothesis,

MNN=VY"SNV'S;=V"(8.n8)=#0.

Hence S,NS. is one dimensional. Let S, = <y, ¥.), S:= ¥, ¥s)-
Consider S; = <{¥,, ¥5». Then

V&NV S, =<, VSNV S =un.

Hence T(V"S;) N V™S 2<T(w;), T(y;)y. Since T is a decomposable
mapping and <y}, ¥;» is a two dimensional decomposable subspace, it
follows that (T(y;), T(y3))> is two dimensional. Hence T(V"S) =V~ S
because any two distinct type r subspaces of V" U have at most one
dimension in common.

Let z = ay, + By, + 7y, where «, 8,7 are all nonzero scalars.
Consider S, = {y,, 2) = {¥,, BY. + 7¥s;y. Since

V'S5nV"8 2 (By: +79)" ,
V'SinV"S. 2w,

we have T(V"S)N VS 2 (T(7), T(By. + 7ys)")) which is two di-
mensional. Hence T(V~S,) = V" S. Consequently by Lemma 3,

T(VT <y1, Y., y3>) = Vr S
Now, let we U such that w¢ {y,, ¥, ¥s). Let W=y, w). Con-
sider the type 1 subspace P=y, Vv .-+ Vy, V U. Since

dim (Pﬂ vr <y1, yZ, y3>) = 3 »

we have dim (T(P) N V" S)=38. Since the maximal dimension of the
intersection of two distinet maximal decomposable subspaces is 2, we
conclude that T(P) < VYV~ S. This shows that

TV WINV"S2<KTW), Tw. V- VyVw) .

Since (¥, yi™*V w) is a two dimensional decomposable subspace,
{T(y?), T(y7~*Vw)) is also two dimensional. Hence T(YV"W)=V"S. By
Lemma 3, we conclude that T(Y"U) = VY~ S. This completes the proof.
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LEMMA 5. Suppose that for any two distinct type r subspaces
M, N such that MN N =0, we have T(M) = T(N). Then T is in-
duced by a nonsingular transformation on U.

Proof. Let y, vy, vy, be linearly independent vectors. Let S, =
Y, ¥ Se = <Y, ¥op. Then T(V*S) =V S, and T(V"S,) = V" S; for
some two dimentional subspaces S], S; of U. By hypothesis V" S! #
V©S,. Hence

V'SinV 8 =T(V'8.nV"S) =y

for some y'e U. Therefore T(y") = My'" for some X\ in F.

Let H=y Vv --- Vy\VvU. We claim that T(H)=%"Vv ---Vy' Vv U.
Since T(H) is a decomposable subspace, it is contained in a maximal
decomposable subspace. If T(H) is contained in a type %k subspace
GV Vg o VWV ..o VWwhere2 <k <r,theny ecg, V- eV
gr e VWV .-V W and hence (g, = (¥'>, y € W. This implies
g.€ W, a contradiction. If T(H) is contained in a type » subspace
V™ W, then

dim(V'SNH)=2=—dim(T(YV"S)NVY " W)=2,
dm((V"S;NH) =2=—=dim(T(V"S)ynV"W)=2.

Since T(V"S,)) and T(V"S, are both type r subspaces, it follows
that T(V"S) = V"W = T(V" S,), a contradiction to our hypothesis.
Hence T(H) is a type 1 subspace of V"U. Since y' e T(H), it
follows that

TH)=y"V ---Vy VvU.

By Lemma 3, let z{™, ---, ;™" be a basis of V" *U. Note that
3 =dim U < r + 1 implies that » = 3. Clearly if ¢ = j then z, and z;
are linearly independent. Consider any type one subspace D =
2V oo V2, VU, Let 2,V oo V2, =St nal™t where e F and
i=1++.,t. We shall show that T(D) is a type 1 subspace. Suppose
to the contrary that

(1) TDO)= V'S
or

(i) TOYsw, V - Vw,_, VSV -~ VS 25k<r,
for some two dimensional subspace S of U and some w,, - -+, w,_,€ U—S.

Let T(x; V «++- Ve, VU)=a;V .-+ Vi VU 1=1 --- t. Note
that T(x}) = ;" for some »n, e F, t =1, ---, t. For i = 7, (x}, x}) is
a two dimensional subspace of Y U implies that T'((x}, 7)) = {(&i, «
is a two dimensional subspace of V" U. Hence z; and «} are linearly
independent if 4 == j.

Consider case (ii). Choose a vector w of U such that
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W W) U -+ U ey U S U(Y <ohap)

Let we U such that T(xi~'V %) =2V w. For each 7= 2, let
T:™ VvV uw) =7V u,. We shall show that {u,) = {w) for ¢ = 2.

Since {xj™ V u, 2I7' V uy is a decomposable subspace for 7= 2,
etV ow, 27V u,y is also a decomposable subspace. By our choice
of w, {xi, w, «;) is three dimensional. Hence {x;"*V w, i V ;) is
contained in a type k subspace A for some 1<k <r. If A is of
type k where 1 <k < r—2, then we have <{x}) = (w) or {(xi) = {x})
which is a contradiction. Hence A is of type r — 1. This implies
that <u,)y = {w), v = 2.

Let u, = a,w where a,€ F, 1 = 2. Then

t
TV - Ve, Vu) = T(Z ALtV u)
=1
13
= )\llxir—l vV w + Z )\Jix?‘—l V4 (a{u))
1=2

t

= ()»191,'{?‘1 + 3 )uiaiwg’*) vV w
4=2

:gl\/... \/gT;&O

for some ¢9,e U, i1 =1, ---,r. In view of Lemma 2, {g;) = {w) for
some 7, 1 <7 <r. Since

gl\/"' \/grewl\/"' Vwr~ka\/"'vS!

we have (w) = {w,) for some ¢ or we S. This contradicts our choice
of w. Hence

TDYZLw,V +++ Vw,; VSV -+ VS.

Similarly T(D) & V" S. Therefore T(D) is a type 1 subspace. In
view of Theorem 2 of [3], T is induced by a nonsingular linear
transformation on U.

Combining Lemmas 4 and 5 we have the following main result:

THEOREM 2. Let T: YV U~ V"U be a decomposable mapping.
If 3<dimU<7r+ 1 then either T is induced by a nonsingular
transformation on U or T(V"U) is a type r subspace. In particular,
iof T is nonsingular, then T is induced by a nonsingular transfor-
mation on U.

We have so far not been able to determine whether there does
in fact exist a decomposable mapping on V" U such that its image is
a type r subspace when 3 <dim U < r + 1.
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