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This paper contains some results on prime right ideals in
weakly regular rings, especially V-rings, and in rings with
restricted minimum condition. Theorem 1 gives information
about the structure of V-rings: A V-ring with maximum
condition for annihilating left ideals is a finite direct sum of
simple V-rings. A characterization of rings with restricted
minimum condition is given in Theorem 2: A nonprimitive right
Noetherian ring satisfies the restricted minimum condition iff
every critical prime right ideal ^(0) is maximal. The proof
depends on the simple observation that in a nonprimitive ring
with restricted minimum condition all prime right ideals /(0)
contain a (two-sided) prime ideal ^(0). An example shows that
Theorem 2 is not valid for right Noetherian primitive
rings. The same observation on nonprimitive rings leads to a
sufficient condition for rings with restricted minimum condition
to be right Noetherian.

It remains an open problem whether there exist nonnoetherian
rings with restricted minimum condition (clearly in the commutative
case they are Noetherian).

Theorem 1 is a generalization of the well known: A right Goldie
V-ring is a finite direct sum of simple V-rings (e.g., [2], p.
357). Theorem 2 is a noncommutative version of a result due to Cohen
[1, p. 29]. Ornstein has established a weak form in the noncommuta-
tive case [11, p. 1145].

In §§1,2,3 the unity in rings is assumed (except in Proposition 2.1),
but most of the results are valid for rings without unity, as shown in §4.

Of basic importance for the following is Lambek's and Michler's
work [8] from which also most notions have been taken.

1. Basic concepts. A right ideal L of the ring R is called
prime (semiprime), if xRy (xRx) C L implies x EL ox y EL {x EL)
for all JC, y ER. As in the two-sided case an equivalent definition is:
ΛBCL(A2CL) implies A or BCL(ACL) for all right ideals
A,BQR.

A right ideal M of R is called critical, if R/M is a "supporting
module" [3, p. 35] for a hereditary torsion theory, i.e., if there exists a
hereditary torsion theory (Γ,F) such that R/M E F, but R/N ET for
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all Np M. An important among under the critical right ideals are the
ί-critical ones. A right ideal L is 1-critical, if R/L is not Artinian, but
RIN for every NDL. It is easy to see that then R/L is a supporting
module for the hereditary torsion theory, generated by the class of
simple R -modules.

A ring R satisfies the proper restricted minimum condition, if (0) is a
1-critical right ideal of R. If additionally R is allowed to be right
Artinian, R satisfies the restricted minimum condition.

A right ideal L of a ring R is irreducible (indecomposable), if every
submodule τ̂ (O) of R/L is essential (if R/L is indecomposable).
Every critical right ideal is irreducible. The following facts are
needed:

(a) Every prime (semiprime) right ideal L contains a two-sided
prime (semiprime) ideal, namely R'ιL. The proof is not hard.

(b) If L is an irreducible right ideal of the right Noetherian ring R,
there is a critical prime right ideal of the form s ' L , s ER\L [8, p.
370].

(c) Every irreducible semiprime right ideal is prime [8, p. 370].
(d) Any ring JR with proper restricted minimum condition is a

right Ore domain [11, p. 1149].
For a subset T of a ring R and a right or left ideal L QR one

defines T]L: ={x<=R; TxCL}, LT'U. = {xGR;xTCL}.

2. Weakly regular rings and V -rings.

LEMMA 2.1. The following conditions for a ring R are equivalent:
(a) L = L2 for every right ideal L of R.
(b) Every right ideal is semiprime.
(c) Every right ideal is the intersection of prime right ideals.
A ring satisfying these equivalent conditions is called weakly

regular.

Proof, (a) => (b). Let N be any right ideal. xRx C N implies
xRxR C N, so xR C N, i.e. x G N.

(b) φ (c). Every right ideal is the intersection of irreducible
semiprime right ideals. In view of §1, (c) these are prime.

(c) => (a). The intersection of prime right ideals is semiprime. V
semiprime implies V = L.

Besides the regular rings the best known weakly regular ones are
the simple rings and the V-rings. A ring R is called V-ring, if every
homomorphic image of RR has zero radical. Equivalently all simple
JR-modules are injective (see (10)).
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PROPOSITION 2.1. A ring R with maximum condition for annihilat-
ing left ideals and x ExR for all x ER has a right unity.

Proof. Let be Le = {x - ex JC E R}, e E R\ OL;1 is maximal for
some e. Assume 0L~ιCR, i.e. yLe^(0) for some y&R. Then
(y -ye)R^(0) and so y - y e ^ O . There exists an e'ER, such that
y -ye =(y -ye)e'\ y = y/ with / = e + e ' - e e ' , so y EOL}1; z EOL;1

implies z = ze, thus z = zf, i.e. ZEOL71. Altogether one has
OLΓ COL71, but this is impossible. Because of OL;1 = 1?, (r - re)l? =
(0) for all r ER, that means e is a right unity.

The proof is essentially the same as the one of A. Kertesz [5, p. 237]
for: A left Noetherian ring has a right unity, iff x E xR for all x E R.

PROPOSITION 2.2. A ring R with maximum condition for annihilat-
ing left ideals is weakly regular, iff it is a finite direct sum of simple rings.

Proof. Let / be an ideal of R and L a right ideal of the ring
I. Then LR = LRLR C L J C L , i.e., every right ideal of / is a right
ideal of R. Let b e O ^ x E / , Z b e the ring of integers. Zx + xl is a
right ideal of /, therefore of R. Now x E Zx + xl = (Zx + JC/)2 =
Zx2 + x2/ + xfx +JC/JC/ = *J. Because of Proposition 2.1 there is an
idempotent e El with le = Re = /; ex - xe for all x ER, otherwise
there were an y E R with / 3 z = ey - ye^ 0, thus eze = ez =
0. Therefore (0) = RezR = IzR D (zRf = zR. This is a contradiction.
It follows that the second summand in R = I φ R(\ - e) is an ideal, and
the assertion is true because of a basic argument.

COROLLARY 2.1. A weakly regular ring with maximum condition
for annihilating left ideals is a simple ring, iff it is prime.

According to (7) the simple rings are just these ones, in which every
right ideal is prime.

A consequence of Proposition 2.2 is

THEOREM 1. A V-ring R with maximum condition for annihilating
left ideals is a finite direct sum of simple V-rings.

COROLLARY 2.2 [2, p. 357]. A right Goldie V-ring R is a finite
direct sum of simple rings.
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Proof. R satisfies the maximum condition for annihilating left
ideals [e.g. 4, p. 173].

The same argument holds for left Goldie (right) V-rings.

3. Rings with restricted minimum condition.

LEMMA 3.1. If R is a ring with restricted minimum condition, R is
primitive or every indecomposable prime right ideal Φ (0) is maximal.

Proof. Let L be any prime right ideal ^ (0). As R \L is Artinian,
it contains a minimal submodule E/L. If R is not primitive, Er C L
holds for some 0-έrER, i.e. E~lL^(0); xR + L = E for some
JC e E\L E'XL C L, for y G E~ιL implies (JCJR + L)y = xRy + Ly C
L, thus y G L L D JR ~'L = E'XL^ (0), because every ideal contained in
L is contained in R~ιL the other inclusion is obvious. By §1, (a) E~ιL
is a prime ideal, so maximal, as R/E~ιL is an Artinian ring. As L is
indecomposable, R/L is an indecomposable R/E~ιL-module, thus
simple. This means, L is a maximal right ideal of R.

LEMMA 3.2. IfR is a right Noetherian ring and every critical prime
right ideal φ (0) maximal, R satisfies the restricted minimum condition.

Proof. Suppose the assertion is false. Then there is a right ideal
L^(0), maximal with respect to RIL is nonartinian. Therefore L is
1-critical. Because of §1, (b) a critical prime right ideal N of the form
N = s ~ιL, sfέL9 exists. R Is ~ιL = (sR + L )/L is nonartinian. This is
a contradiction, as in a right Noetherian ring every right ideal of the
form 5τ lL, L^(0), s&L, is different from zero.

THEOREM 2. In a nonprimitive right Noetherian ring R the follow-
ing conditions are equivalent:

(a) Every critical prime right ideal ^ (0) is maximal.
(b) Every irreducible prime right ideal ^ (0) is maximal.
(c) Every indecomposable prime right ideal Φ (0) is maximal.
(d) JR satisfies the restricted minimum condition.

REMARK. Compare it with Theorem 3.6 (a noncommutative ver-
sion of the Krull-Akizuki Theorem) in [8, p. 373].

The following example shows that there are primitive right Noeth-
erian rings which satisfy the restricted minimum, but contain a critical
nonmaximal prime right ideal τ^(O): Let K{z) be the ring of rational
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functions over a field K with Char(K) = 0 and R be the ring of
differential polynomials in one indeterminate x over K(z), i.e. x/ =
fx + /', / G K(z); R is known to be a simple principal left and right ideal
domain. Hence it is a ring with proper restricted minimum condition
[see 11, p. 1149]. Since every right ideal is prime, it is enough to find a
critical nonmaximal right ideal. L ={z+x)xR is not maximal; it is
properly contained only in R and (z+x)R\ for (go + g\X)(hQ + htf) =
(z)x + x\ go, gi ^ 0, ho, hλ G K(z), leads to /lit + k' = 0, /ι + k = z with
A =(go-gί)gϊ\ /c=g1/i0. The only solution in K(z) is Λ = z, fc =
0. It follows (go + g\X)R = (z + x)R. To show that R/L is a support-
ing module for the torsion theory generated by the simple module
E = Rl(z + JC)JR, E?£F = R/xR must be proved: There is an element
e Φ 0 in F, e.g., e = 1 mod(xR), with ex = 0, but no such an element in E
it can be checked by similar methods as above.

In (7) and (9) it was stated: Any ring is right Noetherian iff every
prime right ideal is finitely generated. An easy consequence of this is:

PROPOSITION 3.1. A nonprimitive ring R with restricted minimum
condition is right Noetherian iff the square of every principal right ideal
is finitely generated.

Proof If R is Artinian, it is always Noetherian. Alternatively R
satisfies the restricted minimum condition. It was already proven
(Lemma 3.1) that every prime right ideal L^(0) contains an ideal
RxR^(0). L modulo RxR is finitely generated, as R/xR is right
Noetherian. RxR itself is a finitely generated right ideal, because
RxR = (xRY as R-modules; thus L is finitely generated, too. The
other direction is trivial.

4. The results for rings without unity. Clearly the
definition of a prime (semiprime, irreducible, indecomposable) right
ideal is the same as in rings with unity. Torsion theories on Mod-1? can
be regarded as torsion theories on Mod-JRi, where Rλ denotes the usual
unitary overring of R. So the other concepts are defined, too. Setting
R~ιL ΠL instead of R'^L, §1, (a) remains true, (b) only holds for
rings with unity, (c) only for rings R with x G xR, x G R. (d) can be
generalized in the following way:

PROPOSITION 4.1. Any ring R with R2^(0) and proper restricted
minimum condition is a right Ore domain and can be imbedded as an
ideal into a unitary ring with proper restricted minimum condition.
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Proof Let be 0 ̂  JC G R and (0) / {JC}"Ό. Then xR = R l{x}~l0 is
an Artinian I?-module, so must be zero (otherwise RlxR Artinian
implies R Artinian), i.e. 0R~l/(0). The intersection of any two
nonzero right ideals M,L cannot be zero by a similar argument. It
remains to show that R2 = (0), if OR1 ^ (0): OR1 is a trivial I?-module,
hence as a group nonartinian with Artinian proper homomorphic
images. It is easy to see that OR ~ι must be some proper subgroup of Q,
the additive group of the rational numbers. Every 0 ̂  r G &R ~! defines
a group homomorphism RI0R ~ι —» 01? ' by JC —> xr. It obviously is well
defined and monic, so the additive group of OR'1 is a subgroup of
Q. No proper subgroup ^ (0) of Q is the additive group of an Artinian
ring [e.g., 5, p. 225], hence R/OR1 must be zero, i.e., R2 = (0).

Let K be the (right) quotient field of R and E be the subring
generated by 1; E=Z or E=Z(p)\ I? is a right essential ideal in
S = E + JR, and every right ideal of JR is a right ideal of 5. If
Char (K) = 0, then xR Π xE^ (0) for all 0 ̂  x G R, otherwise the trivial
right JR -module (xE + xR )/xR = xE l(xR Π xE) were not
Artinian. Thus there is an r G R and an 0 / n G E such that xr = xn
hence 0 ̂  r = n G 1? Π E, and SIR = EI(R Π E) is finite, especially an
Artinian S-module. The same follows immediately, if Char(K) = p.
(R+L)IL=RI(LΠR)έR is Artinian for all right ideals L of 5,
likewise SI(R + L ) . So S/L is an Artinian 5-module, and the asser-
tion is proved.

Lemma 2.1, Proposition 2.2 and Corollary remain true for rings
without unity, as easily can be checked. Because of Proposition 2.1 in
Proposition 2.2 the existence of the unity follows necessarily.

There is a great difference between V-rings with and without
unity. The latter are not weakly regular in general (and the simple
modules need not be injective), as is shown by the ring R with four
elements and exactly two right unities; it also is a counterexample that
the next Theorem remains valid for OJR"1 = (0).

THEOREM Γ. A V-ring R with R~ι0 = (0) and maximum condition
for annihilating left ideals is a finite direct sum of simple V-rings with
unity.

Proof R2QM for any maximal right ideal M DR3, otherwise
R2 + M = R implies MDR3 + MR = R2. So R* = R2=:S. The ring
5 has a unity: xS = Π N, where N denotes the set of maximal
R -submodules of 5 containing xS 5 D S Π NS~ι D N 5 Π NS~ι ^ 5,
as S = S2£N, therefore SnNS-'=N. Now xESn(xS)S~ι =
Π (S Π N S 1 ) = Π N = xS this holds for all xGS. Because of Prop-
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osition 2.1 5 contains a right unity e. If y = er — re^ Q, 0 = Seye —
Sey = Sy. This is impossible, as S n S"Ό C JR "!(JR "!0) = 0. So e is the
unity of S. Now 1? = S 0 ί ( l - e ) , and the ideal JR(1 — ^) is isomor-
phic to RIR2 as a ring. R(l-e) = (0), as R(\ - e)R(\ - e) =

- e)) = (0) and jR"Ό = (0). Theorem 1 completes the proof.

Proposition 3.1 remains true for rings R with 2?V(0). This
follows from Proposition 4.1 and from the fact that the unitary overring
5 of R is nonprimitive, right Noetherian with restricted minimum
condition and the square of every principal right ideal finitely generated
iff R is.

REFERENCES

1. I. S. Cohen, Commutative rings with restricted minimum condition, Duke Math. J., 17 (1950),
27-42.

2. C. Faith, Algebra: Rings, Modules and Categories I, Berlin-Heidelberg-New York, 1973.

3. O. Goldman, Rings and modules of quotients, J. Algebra, 13 (1969), 10-47.

4. I. N. Herstein, Noncommutative Rings, Carus Math. Mon., 1968.

5. A. Kertesz, Vorlesungen uber artinsche Ringe, Budapest, 1968.
6. K. Koh, Quasisimple modules and other topics in ring theory, Lectures on rings and modules,
323-426, Berlin-Heidelberg-New York, 1972.

7. K. Koh, On prime one-sided ideals, Canad. Math. Bull., 14 (1971), 259-260.

8. J. Lambek-G. Michler, The torsion theory at a prime ideal of a right Noetherian ring, J. Algebra,
25 (1973), 364-389.

9. G. Michler, Prime right ideals and right Noetherian rings, Ring Theory, 251-255, London 1972.

10. G. Michler-O.E. Villamayor, On rings whose simple modules are injective, J. Algebra, 25

(1973), 185-201.

11. A. J. Ornstein, Rings with restricted minimum condition, Proc. Amer. Math. Soc, 19 (1968),

1145-1150.

12. V. S. Ramamurthi, Weakly regular rings, Canad. Math. Bull., 16 (1973), 317-321.

Received April 8, 1974.

RUHR — UNIVERSITAET BOCHUM





CONTENTS

Zvi Artstein and John A. Burns, Integration of compact set-valued
functions 297

J. A. Beachy and W. D. Blair, Rings whose faithful left ideals are
cofaithful 1

Mark Benard, Characters and Schur indices of the unitary reflection
group [321]3 309

H. L. Bentley and B. J. Taylor, Wallman rings 15
E. Berman, Matrix rings over polynomial identity rings II 37
Simeon M. Berman, A new characterization of characteristic

functions of absolutely continuous distributions 323
Monte B. Boisen, Jr. and Philip B. Sheldon, Pre-Prufer rings 331
A. K. Boyle and K. R. Goodearl, Rings over which certain modules

are injective 43
J. L. Brenner, R. M. Crabwell and J. Riddell, Covering theorems for

finite nonabelian simple groups. V 55
H. H. Brungs, Three questions on duo rings 345
Iracema M. Bund, Birnbaum-Orlicz spaces of functions on groups ....351

John D. Elwin and Donald R. Short, Branched immersions between
2-manifolds ofhigher topological type 361

J. K. Finch, The single valued extension property on a Banach
space 61

J. R. Fisher, A Goldie theorem for differentiably prime rings 71
Eric M. Friedlander, Extension functions for rank 2, torsion free

abelian groups 371
J. Froemke and R. Quackenbusch, The spectrum of an equational

class of groupoids 381
B. J. Gardner, Radicals of supplementary semilattice sums of

associative rings 387
Shmuel Glasner, Relatively invariant measures 393
G. R. Gordh, Jr. and Sibe Mardesic, Characterizing local connected-

ness in inverse limits 411
S. Graf, On the existence of strong liftings in second countable

topological spaces 419
S. Gudder and D. Strawther, Orthogonally additive and orthogonally

increasing functions on vector spaces 427
F. Hansen, On one-sided prime ideals 79
D. J. Hartfiel and C. J. Maxson, A characterization of the maximal

monoids and maximal groups in βx 437
Robert E. Hartwig and S. Brent Morris, The universal flip matrix and

the generalized faro-shuffle 445



Pacific Journal of Mathematics
Vol. 58, No. 1 March, 1975

John Allen Beachy and William David Blair, Rings whose faithful left ideals
are cofaithful . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Herschel Lamar Bentley and Barbara June Taylor, Wallman rings . . . . . . . . . . 15
Elizabeth Berman, Matrix rings over polynomial identity rings. II . . . . . . . . . 37
Ann K. Boyle and Kenneth R. Goodearl, Rings over which certain modules

are injective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
J. L. Brenner, Robert Myrl Cranwell and James Riddell, Covering theorems

for finite nonabelian simple groups. V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
James Kenneth Finch, The single valued extension property on a Banach

space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
John Robert Fisher, A Goldie theorem for differentiably prime rings . . . . . . . . 71
Friedhelm Hansen, On one-sided prime ideals . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
Jon Craig Helton, Product integrals and the solution of integral

equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
Barry E. Johnson and James Patrick Williams, The range of a normal

derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
Kurt Kreith, A dynamical criterion for conjugate points . . . . . . . . . . . . . . . . . . . 123
Robert Allen McCoy, Baire spaces and hyperspaces . . . . . . . . . . . . . . . . . . . . . 133
John McDonald, Isometries of the disk algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 143
H. Minc, Doubly stochastic matrices with minimal permanents . . . . . . . . . . . . 155
Shahbaz Noorvash, Covering the vertices of a graph by vertex-disjoint

paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
Theodore Windle Palmer, Jordan ∗-homomorphisms between reduced

Banach ∗-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
Donald Steven Passman, On the semisimplicity of group rings of some

locally finite groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
Mario Petrich, Varieties of orthodox bands of groups . . . . . . . . . . . . . . . . . . . . . 209
Robert Horace Redfield, The generalized interval topology on distributive

lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
James Wilson Stepp, Algebraic maximal semilattices . . . . . . . . . . . . . . . . . . . . . 243
Patrick Noble Stewart, A sheaf theoretic representation of rings with

Boolean orthogonalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
Ting-On To and Kai Wing Yip, A generalized Jensen’s inequality . . . . . . . . . . 255
Arnold Lewis Villone, Second order differential operators with self-adjoint

extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
Martin E. Walter, On the structure of the Fourier-Stieltjes algebra . . . . . . . . . 267
John Wermer, Subharmonicity and hulls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
Edythe Parker Woodruff, A map of E3 onto E3 taking no disk onto a

disk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

Pacific
JournalofM

athem
atics

1975
Vol.58,N

o.1

http://dx.doi.org/10.2140/pjm.1975.58.1
http://dx.doi.org/10.2140/pjm.1975.58.1
http://dx.doi.org/10.2140/pjm.1975.58.15
http://dx.doi.org/10.2140/pjm.1975.58.37
http://dx.doi.org/10.2140/pjm.1975.58.43
http://dx.doi.org/10.2140/pjm.1975.58.43
http://dx.doi.org/10.2140/pjm.1975.58.55
http://dx.doi.org/10.2140/pjm.1975.58.55
http://dx.doi.org/10.2140/pjm.1975.58.61
http://dx.doi.org/10.2140/pjm.1975.58.61
http://dx.doi.org/10.2140/pjm.1975.58.71
http://dx.doi.org/10.2140/pjm.1975.58.87
http://dx.doi.org/10.2140/pjm.1975.58.87
http://dx.doi.org/10.2140/pjm.1975.58.105
http://dx.doi.org/10.2140/pjm.1975.58.105
http://dx.doi.org/10.2140/pjm.1975.58.123
http://dx.doi.org/10.2140/pjm.1975.58.133
http://dx.doi.org/10.2140/pjm.1975.58.143
http://dx.doi.org/10.2140/pjm.1975.58.155
http://dx.doi.org/10.2140/pjm.1975.58.159
http://dx.doi.org/10.2140/pjm.1975.58.159
http://dx.doi.org/10.2140/pjm.1975.58.169
http://dx.doi.org/10.2140/pjm.1975.58.169
http://dx.doi.org/10.2140/pjm.1975.58.179
http://dx.doi.org/10.2140/pjm.1975.58.179
http://dx.doi.org/10.2140/pjm.1975.58.209
http://dx.doi.org/10.2140/pjm.1975.58.219
http://dx.doi.org/10.2140/pjm.1975.58.219
http://dx.doi.org/10.2140/pjm.1975.58.243
http://dx.doi.org/10.2140/pjm.1975.58.249
http://dx.doi.org/10.2140/pjm.1975.58.249
http://dx.doi.org/10.2140/pjm.1975.58.255
http://dx.doi.org/10.2140/pjm.1975.58.261
http://dx.doi.org/10.2140/pjm.1975.58.261
http://dx.doi.org/10.2140/pjm.1975.58.267
http://dx.doi.org/10.2140/pjm.1975.58.283
http://dx.doi.org/10.2140/pjm.1975.58.291
http://dx.doi.org/10.2140/pjm.1975.58.291

	
	
	

