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Define the path-covering number u (G) of a finite graph G
to be the minimum number of vertex-disjoint paths required to
cover the vertices of G. Let g(n, k) be the minimum integer so
that every graph, G, with n vertices and at least g(n, k) edges
has u(G)=k. A relationship between 1 (G) and the degree
sequence for a graph G is found; this is used to show that

im-kn—-k-D+1=gnk)=s(n—-Hn—-k-1+1

A further extremal problem is solved.

1. Introduction. A graph G is a finite collection ¥ (G) of
vertices (or points) some pairs of which are joined by a single edge; the
collection of edges is denoted by €(G). H is a subgraph of G if
V(H)YCV(G)and €(H)C €(G). If H and K are two vertex-disjoint
graphs, HU K is the graph with V(HUK)= ¥ (H)U 7(K) and
E(HUK)=¢H)U¥E(K);, H+K is HUK together with all
|7 (H)| | V(K)| possible choices of edges joining a vertex of H to a
vertex of K. G denotes the complement of G; I', denotes the
complete graph with n vertices and I',,, denotes the complete bipartite
graph, T, +T,.

Let G be a graph. A path of length n in G is an ordered sequence

P ={aa,, - -,a,)of distinct points, where if n = 2, q; is adjacent to a;.,
for I=si=n-1. {a,a, - ,a,) 1is the same path as
(Gpy A1y -+ -, a,). If P and Q are paths, by P * Q we shall mean that one

end-point, a of P, is adjacent to one end-point, b of Q, and that P * Q is
formed by joining a to b. More specifically we may write Pa * bQ or
P *bQ or Pa = Q to specify, in varying degrees, which end-point of P is
joined to which end-point of Q. Also,{a,, a,, -, a,)*(b\,by, -+, b,) =
(a,,as,--,a,b,, by, b,) where a, must be adjacent to b,. A
Hamilton-path is a path of length |V (G)|. A path-cover of G is a
collection, &, of vertex-disjoint paths such that every vertex of G lies
on some path in . The path-covering number, denoted by u(G), of G
is defined by:

w(G)=Min{| #|: & is a path-cover of G}.
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A minimal path-cover M.P.C.) of G is a path-cover, ¥ of G, with
|#]=u(G).

We note that 4 (G) is an invariant of G and remark that a graph, G,
has a Hamilton-path if and only if w(G)=1. It has been shown by
Nash-Williams [1] and others that the problem of classifying all Hamil-
tonian graphs is equivalent to that of classifying all graphs which have a
Hamilton-path. Thus a classification of all graphs with u(G)=k
(k =1,2,3, ) would also solve the Hamiltonian problem as a special
case.

Historically, O, Ore [3] first introduced the graphical invariant
w. In [2] some elementary properties of u are derived. In §2 we
generalize a result of O. Ore (Theorem 2.1 in [3]) and in §3 we consider
two extremal problems involving wu.

2. Valency considerations. In this section we derive a
connection between the path-covering number and the degree sequence
of a graph. We begin with some definitions:

DEerFINITION 2.1. Let A be a finite set and f a real-valued function
defined on the collection of subsets of A. For BCA and for any
integer i with 1 =i =|B/|, define the function S; by:

Si(f,B) = CEC:B f(O).

ICl=i

DEerINITION 2.2. If G is a graph, B C V'(G), and either H C 7' (G)
or H is a subgraph of G, then define the generalized valence function, p,
by

pu(B) = the number of vertices of H which are adjacent

to every member of B.

If x is a vertex of G, then we write p(x) for ps({x}).

DEFINITION 2.3. Let G be a graph and X C ¥ (G) with | X|=k = 2.
Define:

D(G,X) =1 500, X) = 3, (= D(57) 806, 0.

The following lemma is easily verified:
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Lemma 24, If X ={x, X3, ", %}, and 1=m =k — 1, then

> S, X = {1 = (k = m)Su(f, X).

We now state the main result of this section:

THEOREM 2.5. Let G be a graph with u = u(G)=2, |Y(G)|=n
and k an integer with 2 =k = p, then there exists a set X consisting of k
mutually non-adjacent vertices of G, satisfying:

(2.6) w =n-D(G, X).

Note that the case k =2 reduces to the result of Ore (Theorem 2.1
in [3]):

p=n-p(x)—p(x).

Proof. Let ¥ ={P,,P,,---,P,} be a M.P.C. for G. For each
1=i =k, let x; be an end-vertex of P. Since & is a M.P.C,, x; is not
adjacent to x; for i #j.

Let X ={x,,x;,---,x}. We first show that for 1=i=k and
1 =j = u, the inequality:

@.7) o = || (1= 5 (= 1Si(pr, X =)

holds. Let P, be the path {(a,, a, - -, a), let 1=m =k, m#i, and
consider the following cases:
(i) i=j. In this case assume that x; = a,.
(i) m =j. In this case assume that x, = a,.
(i) m#j and i#j.

Let
A ={r: a, is adjacent to x;},
B, ={r: a,_, is adjacent to x,}
and
B=U B,
1=m=k
m#i

We claim that A N B, = ¢, for if r € A N B, then in each case we can
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construct a path-cover, 9 for G as follows (see Figure 2.8):

Path P,

Case (1)

Case (i1)

x"l xl
Case (iii)

FIGURE 2.8

In case (i), let:

g = yU{(‘ltaar—-l’ *r a5 X;,02,45, 0 0 0, ar~l>*mem}—{PiaPm}-
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In case (ii), let:
‘OJ‘ = y U{<a17 a2’ Y ar——l, xm, at—l’ ar~2, te °y ar>*x1R}_{Pu Pm}'

In case (ii1), let:
‘U/' = y U {<al’ T ar*l)*mem, <a!9 iy " ) ar> *foi}_,{Pl’})j’ Pm}~

In either case, | T | =[F|— 1 <[ Z], contradicting the minimality of
¥. Hence ANB,=¢. Also, in each case a,&A; so AC
P,—B U{a}. This gives |A|=|P|—|BU{a}|, since BU{a}C
P. But then, since a, € B, we get:

(2.9) |A|=|P|-(1+|B).

For 1=m =k, let:

C,={r:a is adjacent to x,}.

Then since x, is not adjacent to a,, |C, | =| B, | and:

1B|=I U B,,.=‘ U c
1=m sk 1=m =k

m#i m#i

k-1

(__l)Hl 2 'Cm’nszm...mCm1|

(=1 1=mi<ma< - -<mu=k
mymz, -cm#Ei

k-1

@100 =—> (= D'Sipp, X~ {x).

=1
So since | A | = ps({x.}), (2.7) follows from (2.9) and (2.10). Summing
(2.7) for 1=i =k and applying Lemma 2.4, we get:

k-1

21D Sipe, X)=k|P; |- (k —2 (—1)'(k = D)S/(pe, X)).

i=
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Summing (2.11) for 1 =j = u, we get:
k-1
S\(po, X) = kn — -(k,u -3 (- D'k - l)s,<pc,,X>).

from which (2.6) follows.

3. Extremal problems.
DerINITION 3.1. Let k and n be integers with 1 =k =n. Define:
g(n,k)=Min{m: every graph, G, with |¥(G)|=n and
|€(G)|=zm has u(G)=k}.

In this section we determine bounds for g(n,k). See [4] for
techniques in proving the following:

Lemma 3.2.
Y I

64 Xenk-ivn ((K)=k i k=2
65 3 -vk-i+n (I2])=k if 3=isk

LemMma 3.6. Let K be a graph with | V(K)|=s = 1, and let k be an
integer with k =2, and suppose H =T, + K, then:

D(H, V' T))) =2s.

Proof. Forl=i=k—1and B C ¥([,) with |B|=i, each member
of B is adjacent to every member of 7 (K). There are (f) choices for
B and |V(K)|=s; thus:

Siow V@ = 5(}).
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This gives:

DH. VT = (})- S (s ) (5)

i=1

S-S enlE) ()

=2s, using (3.3).

THeEOREM 3.7. For 1=k =n,
(3.8) gnk)=in—-Dm—-k-1D+1.

Proof. Let G be a graph with |¥(G)|=n, and |4(G)|=
(n—=1(n—k—1)+1. Suppose u(G)>k and X ={x,, x5, ", X, Xe1}
is a set of mutually nonadjacent vertices of G.

G may be considered to have been obtained from the complete
graph I, through the elimination of at most:

inn-D—-3(n-Hn—-k=-D=-1=in-Dk+1)-1

edges. 3k(k +1) are removed in obtaining, from I',, the graph H in
which only members of X are nonadjacent. Thus, to obtain G from H,
at most:

39 in-DHk+H-1-tktk+)=5(n—-k-1(k+1D-1

edges are removed from H.
We wish to compute D(G, X). By Lemma 3.6,

(3.10) DH,X)=2(n—k —1).

Now suppose that at some stage in the transformation from H to G,
we have obtained a graph K with €(H) D €(K) 2 4(G) and ¥V(K) =
V(H)=7(G). Let L =K —e where e € $(K)— é(G). We wish to
know the effect, f(e) = D(L, X)— D(K, X), on D, of removing the edge
e. Since e is an edge of H, it cannot join two points of X. If neither
end-point of e is in X, then f(e) =10 since S, (px, X)= Si(pr,X) for
1 =i=k. Now suppose that one end-point, y,, of e is in X and that the
other end-point, v, is not in X. Let y,,y,,---,y; be the points of X
which are adjacent to v in the graph K. Note that 1=j=k +1.
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If 1=i=j and BC{y,ys -+, y} with |B|=i—1, and C=
B U{y}, then |C|=i and v is adjacent to every member of C in the
j_

graph K but not in the graph L. There are <i 1) choices for such a

-1
set C. Furthermore, for any other combination of a vertex, ¢, and a set
A C X with |[A | =1, t is adjacent to every member of A in the graph
L. Thus:

a<f_:_}) for i=i=|
Si(va X)_S«'(PK, X):{ !

This gives:

i

fi=f(e)=D(L,X)~ D(K, X)

Tl & k=it (-1
[k+] 2 ( ”( k+1 )<1=1] if 1=j=k
S k+1—i(—1)(k—z+1)<k) it j=k+1
+1 1=2 l_l
= 1 ! S T
T kR k=i (! 1) if 2=j=k
~1 if j=1
| e
“m if 3=sj=k+1
= 2 .
T if j=2
1 it =1

using (3.4) and (3.5).

Notice that f,=f,= ---=f, = f,-, <0 and that in order to realize
the effect f, edges with effects fi.,, fi, -, f;+; must first be
removed. Hence when (k + 1) edges are removed, the combined effect
is at least:

k+1

fi:"'

i=1
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So if r edges are removed in obtaining G from H,

2r

3.11) D(G,X)~D(H,X)Z 17

Using (3.9) and (3.10) in (3.11) now gives:
3.12) DG, X)zRn—-k—-D—-(n—-k-1D+2/(k+1D]>n—-k—-1.

But Theorem 2.5 guarantees the existence of a set X as constructed
above, and satisfying:

DG, X)=n—u(G)=n—k—1.
This contradicts (3.12) and completes the proof of the theorem.

CoroLLARY 3.13. Forn=4,g(n,n-3)=n.

Proof. The bipartite graph I, ,_; is a graph with n vertices, (n — 1)
edges and path-covering number (n —2). Thus g(n,n —3)=n. The
reverse inequality is given by Theorem 3.7.

To obtain a lower bound for g(n,k), consider the graph G =
I..«UT; then w(G)=k+1, while |V (G)|=n and |%(G)|=
Y(n—=1)(n —k —1). This gives:

ProrosiTiON 3.14. Forn >k =1

(3.15) gnk)=i(n—k)(n—k-1)+1.

The following proposition gives some results that are easily ver-
ified:

ProrosiTiION 3.15.

i gmn)=0,gn+1,n)=1,gn+2,n)=2fornz=1
i) g@6,2)=7
(i) gn+1L,k+1)=g(n,k) forn=zk=1.

Part (iii) can be seen by letting G = H U {x} where H is a graph
with n vertices, g(n, k) — 1edges, and u (H) = k + 1, and x is an isolated
vertex with x& | ith x& ¥’ (H). Then G has (n + 1) vertices, g(n,k)—1
edges, and (G) =k +2.
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In the case k = 1, the upper bound in (3.8) is seen to be the same as
the lower bound in (3.15) and hence equality holds for g(n, k) in both
inequalities. However, Corollary 3.13 shows that the upper bound in
(3.8) and not the lower bound in (3.15) is achieved in the case
k =n —3. " Part (ii) of Proposition 3.15 shows a case where the lower
bound and not the upper bound is achieved. It is conjectured that for
small values of k, g(n, k) is close to the lower bound in (3.15), while for
large values of k,g(n, k) is closer to the upper bound in (3.8).

We now turn to another extremal problem. Let v and n be
integers with 0 =v =n. Define:

h(n,v) =Min{k: every graph, G, with |¥(G)|=n and p(x)=v
for every x € ¥(G), has u(G)=k}.

THEOREM 3.16.

NS

(n,v)=

n—2v if u<§.

Proof. The case v =2 and the upper bound h(n,v)=n —2v if

gfollows from 0. Ore’sresult (the note to Theorem 2.5). If v < g,

let K=T,,,. Then clearly |¥(K)|=n and p(x)Zv for every
x €EY(G); and in [2] (Theorem 2.2.10) we show that w(K)=
n —2v. Hence

v <

h(n,v)=n —2v

completing the proof of the theorem.

REFERENCES

1. C.St.J. A. Nash-Williams, Hamilton arcs and circuits, Recent Trends in Graph Theory, Berlin-
Heidelberg-New York. Springer-Verlag, (1971), 197-210.

2. S. Noorvash, Covering the vertices of a graph by paths, Hamilton cycles and 1-factors, with
related tree enumeration problems, (Ph.D. Thesis, U.C.L.A.) 1972, 8-38.

3. 0. Ore, Arc coverings of graphs, Ann. Mat. Ser. IV 55 (1961), 315-321.

4. J. Riordan, An Introduction to Combinatorial Analysis, New York, Wiley, 1958.

Received November 30, 1973.

UNIVERSITY OF ARIZONA



CONTENTS

Zvi Artstein and John A. Burns, Integration of compact set-valued

JUNCHIONS ittt e e, 297
J. A. Beachy and W. D. Blair, Rings whose faithful left ideals are
COJQIEFUL ...ttt et ste e stae e re e s aae e 1
Mark Benard, Characters and Schur indices of the unitary reflection
GOUD [321 ettt 309
H. L. Bentley and B. J. Taylor, Wallman rings ..............ccccoueeeeuureenn. 15
E. Berman, Matrix rings over polynomial identity rings I .................. 37
Simeon M. Berman, A new characterization of characteristic
functions of absolutely continuous distributions ......................... 323
Monte B. Boisen, Jr. and Philip B. Sheldon, Pre-Priifer rings ............. 331
A. K. Boyle and K. R. Goodearl, Rings over which certain modules
AV IMJECLIVE ....neeeeaeeeeeeeeeeeeeeeeee e e ettt es e et e e e e ssteeessssaeaeannnens 43
J. L. Brenner, R. M. Crabwell and J. Riddell, Covering theorems for
finite nonabelian simple groups. V ............cceceveeeevcueecnvnevcernnneens 55
H. H. Brungs, Three questions on duo rings .............c.cceeeeveeeeecuveeennnn. 345

Iracema M. Bund, Birnbaum-Orlicz spaces of functions on groups ....351
John D. Elwin and Donald R. Short, Branched immersions between

2-manifolds of higher topological type ..............cccccoeveuveeeeccuvnannn.. 361
J. K. Finch, The single valued extension property on a Banach
SPACE .eveeeniiiniiiiiiiiie it ee ettt ettt ettt ae bt ee s e se s e s e eaaeaeeeaeaeaeees 61
J.R. Fisher, A Goldie theorem for differentiably prime rings .............. 71
Eric M. Friedlander, Extension functions for rank 2, torsion free
ADELIAN GTOUPS .....eeoevveeereeereeeereeeitieeeieeeecreeereecesae e e eraeseanees 371
J. Froemke and R. Quackenbusch, The spectrum of an equational
class of Groupoids ...........ccceeuueeieeieiiiieiiiiie e, 381

B. J. Gardner, Radicals of supplementary semilattice sums of

ASSOCIALIVE FINGS «evvvvvenenneieeiieeeeareeaeeeeeeeeeeeeeeesereennnaeseeseaaaeaeaaaes
Shmuel Glasner, Relatively invariant measures
G. R. Gordh, Jr. and Sibe Mardesi¢, Characterizing local connected -

NESS [N INVETSE LIMILS .....ccoeeeniieieiiiieiiitee et seeeee e 411
S. Graf, On the existence of strong liftings in second countable
topological SPACES ...........uuueeeicceiiiiiiiiciiiiitieinre e 419
S. Gudder and D. Strawther, Orthogonally additive and orthogonally
increasing functions on vector spaces ...427
F. Hansen, On one-sided prime ideals .................cccccevueiiniiuccnnannnnnn, 79
D. J. Hartfiel and C. J. Maxson, A characterization of the maximal
monoids and maximal groups in BX ........ccceeevuveeiiiiiiiiiiieieennnns 437

Robert E. Hartwig and S. Brent Morris, The universal flip matrix and
the generalized faro-shuffle ............ccooovvevniiniiniinnenniinniiiineene 445



Pacific Journal of Mathematics

Vol. 58, No. 1 March, 1975

John Allen Beachy and William David Blair, Rings whose faithful left ideals

are cofaithful . ... ... ... . 1
Herschel Lamar Bentley and Barbara June Taylor, Wallman rings. ......... 15
Elizabeth Berman, Matrix rings over polynomial identity rings. Il . .. ... ... 37
Ann K. Boyle and Kenneth R. Goodearl, Rings over which certain modules

B 1o 12 43
J. L. Brenner, Robert Myrl Cranwell and James Riddell, Covering theorems

for finite nonabelian simple groups. V...............cccciiiiiine... 55
James Kenneth Finch, The single valued extension property on a Banach

SPACE o e e e e et e et e e e 61
John Robert Fisher, A Goldie theorem for differentiably prime rings. . ...... 71
Friedhelm Hansen, On one-sided prime ideals . .......................... 79
Jon Craig Helton, Product integrals and the solution of integral

CQUATTONS . . . o o e e ettt e e e e e e e et ettt et 87
Barry E. Johnson and James Patrick Williams, The range of a normal

AeriVation . ....... ... oo e 105
Kurt Kreith, A dynamical criterion for conjugate points................... 123
Robert Allen McCoy, Baire spaces and hyperspaces ..................... 133
John McDonald, Isometries of the disk algebra .......................... 143

H. Minc, Doubly stochastic matrices with minimal perma
Shahbaz Noorvash, Covering the vertices of a graph by ve

Theodore Windle Palmer, Jordan *-homomorphisms betw
Banach *-algebras ....................c.c.coiu...
Donald Steven Passman, On the semisimplicity of group ri
locally finite groups ............ccccouiiiiiiinn...
Mario Petrich, Varieties of orthodox bands of groups . . . ..
Robert Horace Redfield, The generalized interval topolog
lattices . ...
James Wilson Stepp, Algebraic maximal semilattices . . . . .
Patrick Noble Stewart, A sheaf theoretic representation of
Boolean orthogonalities ..........................
Ting-On To and Kai Wing Yip, A generalized Jensen’s ine
Arnold Lewis Villone, Second order differential operators
EXTENSTONS « .o veee ettt
Martin E. Walter, On the structure of the Fourier-Stieltjes


http://dx.doi.org/10.2140/pjm.1975.58.1
http://dx.doi.org/10.2140/pjm.1975.58.1
http://dx.doi.org/10.2140/pjm.1975.58.15
http://dx.doi.org/10.2140/pjm.1975.58.37
http://dx.doi.org/10.2140/pjm.1975.58.43
http://dx.doi.org/10.2140/pjm.1975.58.43
http://dx.doi.org/10.2140/pjm.1975.58.55
http://dx.doi.org/10.2140/pjm.1975.58.55
http://dx.doi.org/10.2140/pjm.1975.58.61
http://dx.doi.org/10.2140/pjm.1975.58.61
http://dx.doi.org/10.2140/pjm.1975.58.71
http://dx.doi.org/10.2140/pjm.1975.58.79
http://dx.doi.org/10.2140/pjm.1975.58.87
http://dx.doi.org/10.2140/pjm.1975.58.87
http://dx.doi.org/10.2140/pjm.1975.58.105
http://dx.doi.org/10.2140/pjm.1975.58.105
http://dx.doi.org/10.2140/pjm.1975.58.123
http://dx.doi.org/10.2140/pjm.1975.58.133
http://dx.doi.org/10.2140/pjm.1975.58.143
http://dx.doi.org/10.2140/pjm.1975.58.155
http://dx.doi.org/10.2140/pjm.1975.58.169
http://dx.doi.org/10.2140/pjm.1975.58.169
http://dx.doi.org/10.2140/pjm.1975.58.179
http://dx.doi.org/10.2140/pjm.1975.58.179
http://dx.doi.org/10.2140/pjm.1975.58.209
http://dx.doi.org/10.2140/pjm.1975.58.219
http://dx.doi.org/10.2140/pjm.1975.58.219
http://dx.doi.org/10.2140/pjm.1975.58.243
http://dx.doi.org/10.2140/pjm.1975.58.249
http://dx.doi.org/10.2140/pjm.1975.58.249
http://dx.doi.org/10.2140/pjm.1975.58.255
http://dx.doi.org/10.2140/pjm.1975.58.261
http://dx.doi.org/10.2140/pjm.1975.58.261
http://dx.doi.org/10.2140/pjm.1975.58.267
http://dx.doi.org/10.2140/pjm.1975.58.283
http://dx.doi.org/10.2140/pjm.1975.58.291
http://dx.doi.org/10.2140/pjm.1975.58.291

	
	
	

