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Let & be a (separable) Hausdorff space and let KX be a
continuous nonnegative-definite kernel (covariance) from & X
¥ to C. The well known theorem of Kolmogorov states
that in the case ¥ is the set of integers there is a continuous
mapping (stochastic process) z(-) from ¥ into a (separable)
Hilbert space % such that K(s, t) = (x(s), x(t)). The theorem
is also known for any separable Hausdorff space. The pur-
pose of this paper is to replace the complex numbers C by the
algebra B(5%, 57°) of bounded linear operators from a Hilbert
space into itself. The factorization is then K(¢, s) = X(t)*X(s)
with X a continuous map from £ to B(SZ, >¢") for a suitable
Hilbert space %2, If ¥ is separable we may take ¥'= 57,

Two proofs of this theorem are given. The first, for & separable
and 57 of arbitrary dimension, uses an extension of the technique
of [1] to obtain a triangular factorization for nonnegative-definite
matrices with operator entries to construct the desired stochastic
process X(-). The second, for & arbitrary and 5% of infinite dimen-
sion uses the techniques of reproducing kernel Hilbert spaces, and
is a bit simpler.

Main results. Let 57 be a complex Hilbert space and let
B(5#, 2#) be the bounded linear operators on. Let & be a Haus-
dorff space and let K: & X & — B(5#, 5#°) be a (jointly) continuous
function. We say that K is nonnegative-definite if for every ¢, ---,
t.c & and 2z, -+, x, € 5 the sum

n

(1) Z (K(tu ti)xi, xz) Z 0.

45=1

The generalization of the Kolmogorov theorem we wish to prove is
contained in

THEOREM 1. Let & be a separable Hausdorff space. If K(-, -)
is a continuous mnonnegative-definite fumction from Z X & into
B(SZ, 57°) then there exists a separable Hilbert space 52 and a
continuous function X(t) from & into B(SZ 9%7) such that

X*@t)X(s) = K(t, s) .

! This generalization was suggested to the authors by Professor P. Masani in
January 1975.

305



306 G. D. ALLEN, F. J. NARCOWICH AND J. P. WILLIAMS

In order to prove this theorem we require a number of facts
about operator-valued matrices and about the solution of operator
equations. The first result, is due to Douglas [2]. (See also Fillmore-
Williams [4].) We will denote the range of the operator A by <2 (4),
and the kernel of A by _#7(4).

LEMMA 1. Let A and B be bounded operators on 5#. Then the
following conditions are equivalent:

(i) <#(4)c2(B),

(ii) A = BC, for some bounded operator C on 57,

(iii) AA* < \*BB*, for some \ > 0.
Moreover, the operator C can be chosen so that #°(C*) D A47(B) and
Z(C) < Z(B).

COROLLARY. If B is bounded and mnonnegative then Z(V'B)D
F(B).

If we restrict K, of Theorem 1, to a finite subset of Z the
kernel K becomes a n X m matrix whose (¢, j) entry is K;; = K(¢,, t;),
1 <14,7 <n. This matrix is nonnegative-definite in the sense that
for every z, x,, -+, x, € 57,

(2) ﬁ; (K55, ©) = 0.

2 1

Denote by 57, the space which is a direct sum of » copies of 2%
S, =57 @ - P S% with the natural inner product. Suppose
that K is an operator on 5%,; that is, K is an » X n operator-
valued matrix. Then (2) means that (Kz,x) =0 for every z =
(x, +--, x,) € 57, that is K is a nonnegative operator on 5%,. Note
that if K is nonnegative-definite, K,; = Kj%, for all 1 <1, j = n.
If K is an n X n operator-valued matrix and m < n, we write
K, for the upper left m X m submatrix of K.

LEMMA 2. Let K be an n X n nonnegative definite, bounded
operator-valued mat Then there is a positive constant M so that

(3) Kz NKKf1si<j<n.

Proof. Let V,: 5# — 57, where V.h = (0, -++, h,0---0), h being
in the ith position. If h € 57 then

(4) |EZhI = Kbl = |VIKVh] = |KV.A]
= (VIK*Vih, h) < | KI(VIKVh, b) = | K|(Kih, h) .
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We must show that

n—2

(10) Tn—l,n—xTn—l,n = Kn—l,n - Z T:n—lTi,n
=1

has a bounded solution for T,_,,.. By the Remark we have for any
2.1 € 57 a vector z,_,€ 5# such that

Ti-sn-ofn—s+ Tupnis®ey =0.

Thus, proceeding sequentially we can solve the equations

n—1

(11) Z,AT“-z,-=0, t=n—2,n—3, -+, 1

for 2,_ 2,3 Zu_y ***, 2, given z,_,. Now, if z=(z, ++-,2,), an
application of (11) gives

n—2 n—2
(Kz, z) = _1‘; (Knjzi: zn) + ngl (Kfnzm z.i) + (Kn—l,nzm zn—l)

(12)
+ (KansZamsy 20) + (KunZny 25) + (They neiZaosy Znes) -
By (9),
21 (Ku2n,y 25) = Z (T;;T;, + Z TET 0)20 25)
(13) -

n—2
= Zn (Tjn2n, T;jz;) + Jz_‘x ; (TUTznzn, z;) .
We interpret all sums over not well defined limits to be zero
(e.g. DV-,(-) =0). From (11) we have

n—1

Tiz; = — >, Tz .

i=j+1
Substitution into (13) gives

n—2 n—2 n—1

S Koy 2) = — 5, 5 (Tsuy Ti2)) + ”22 S Tz, Tiizs)

Jj=1 j=1 i=j5+1 =1 %=1

n—3 n—2

(14) = =SS Totn Tiz) +'S S (Tt Tuszy)

J=114i=35+1 J=1 i=1

n—2

- Z (Tjnzm T.?','n.—iz'n—l) .
i=1

The last term of (14) is

- ZZ(TJ n—1 Tfnz'ny zn—l) .

=1

Interchanging limits in the second term on the right hand side of
(14), the equation (14) becomes
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we will employ Lemma 1 (iii). (7' is obtained in the same way as
T.) According to the Remark above we take T,z = — Tz, for
some z,€ 2 If z = (2, 2, 2;), then

0 = (Kyz, z) = (Thz, 2) + (Tnszzz; 2,) + (TT 2, 2,)
+ (T3 + TET w2, 25) + (T4 Tis2s, 2,)
+ (Kys2s, 25) + (Kis2s, 25) + (Kig,y 25 25) 5

which, since Tz, = — Tz, equals
(T3 25) + (Kys — T 10)%s, 22) + (Kay — THET5)2s, 25) + (Ka2s, 25) -

In matrix form this means, for every z, z,€ 5%

(( T Ky — T;';Tm) (zz) (z2>>
(Ko — THETw)* K, 23/ » 23

By Lemma 2, then, there is a positive \ such that

(\%

0.

ng Z X(Kn - T1§T13)(K23 - TETls)* ’

and hence by the Corollary and Lemma 2 (ii) Ty exists and is a
bounded operator. Moreover, by Lemma 1 #(Tn)c B (T). (This
last fact together with the Remark is interpreted to mean that for
any y € 57 there is an v e 57 so that Tyx + Ty = 0.)

To show that T, exists is now routine. Let 2 = (2,, 2, 25). Then

(K — TETs — T5Tw)2s, 25) = (K2, 2) — | T2y + Tuzs|®
- |T11z1 + szzz + lezalz
= — |Tuz + Tozs* — | Tuz, + Tyo2, + Tl .

This inequality, combined with the Remark above gives the nonnega-

tivity of K;— T*T,;— TxT,, and hence the existence of and boundedness
of T...

We pass to the induction. Assume that T3T, =K, k=12, ---,
n — 1. Solve for T,, in the same way as for T, Proceeding, once
again, by induction we assume that the T,, exist and are bounded
for k=2,8, ---, n — 2, and also that .&(T},) < Z(T.), which makes
the Remark applicable. The formula for the T, are given by
k—1

TuTim = Kin — Z THTim, k= m ,

or

k
(9) Kkm = 1,;1 T:‘;cTim .
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We must show that

n—2

(10) Tn—l,n-—lT/n—l,n = Kn—l,n - Z{ T:n—-lTi,n

has a bounded solution for T,_,,. By the Remark we have for any
2,1, € 57 a vector z,_,€ 57 such that

Tosns®ns+ Togni®ey=0.

Thus, proceeding sequentially we can solve the equations

n—1

(11) 2. Tz =0, t=n—2,n—38, -+, 1

for 2, %,_s %n_y, ***, 2, given 2z,,. Now, if z=(z, -+, 2,), an
application of (11) gives

n—2 n—2
(KZ, z) = Z (Knizi: zn) + Z (Kinzm zj) + (K —1,7%ny zn—-l)
j=1 j=1

(12)
+ (Kn,n—lz'n—b zn) + (Knnzn, zn) + (T':zl-l,'n—lzn—h zn-—l) .
By (9),
—2
ZL(KJ’H-Z%! Z,) - 2 ((T.NTJ'IL + Z T m)zm zi)
a

n—2
- Zl(Tjnz'/H T]Jz]) + 2‘1 21 (TIJT’L'”Z”’ zf)
We interpret all sums over not well defined limits to be zero
(e.g. >V-,(+) =0). From (11) we have

n—1

Tiizi = — >, Tz .

i=j+1
Substitution into (13) gives

n—2 n—~2 n—1

Zl(Kfﬂzm zi) = - Z Z (Tﬂnzm T.’Mz) + S (Tinzm T‘L'J'ZJ')

J=1i=j+1 =1 i=1

n—3 n—2

(19 = -5 5 (Tt Ti2) + 3 5 (Tuz, T
- Z: (T5420y TiniZnes) -

The last term of (14) is
- Z (T3 01T in2ay Zas) -

Interchanging limits in the second term on the right hand side of
(14), the equation (14) becomes
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n—3 n—2

- Z Z (Tjnzm T.‘Izz) + Z 2 (Ti'nzm Twzy)

Jj=1 i=j5+1 i=1 j=i+

- ZL(T_;F,n—lenzm zn—l) .
=

Upon interchanging ¢ and j we obtain

(15) ]Z;; (Kinzm zf) = - jz;il(T;:m—-lTjnzm zn—l) .
Similarly

n—2 n—2
(16) S (Kuzs, 2) = —(B T 50200 7)) -

Substituting (15) and (16) into (12) and writing the result in matrix
form we have

0 = (K., x)
( T?L—i,n—l 'n Ln ZI Tj n— 1 z'n—l zn—l

n—2 k
n—l n Z T] n— 1 ) K'n/n Z'n ’ zn

An application of Lemmas 1 and 2 and the Corollary (ii), (iii) gives
that there is a bounded operator T,_,, satisfying (10) and moreover
that P (Tn-rn) S PB(Tnosn)-

To show that T,, exists a similar argument is used. This com-
pletes the induction and the Lemma is proved.

Lemma 3 works in any Hilbert space 57 finite or infinite dimen-
sional. The following result, a considerable improvement of Lemma
3, applies only to infinite dimensional Hilbert spaces.

LEMMA 3. (a) Suppose dim 57 = « of K is a nonegative n X n
matriz with entries K,; € B(5#, 57°) then there exist X, X,, +++, X,
in B(SZ 57) such that K,; = X;X;(1 < 4,5 <m). Hence K= X*X
where X 1s the n X n matrix whose first row s (X, X;--- X,) and
whose other entries are all 0.

(b) If A is an n X n matrix with entries A,; € B(5%, 27°) then
there exists a partial isometry U = (U,;) in B(S7Z,, 57,) and a matrix
X as in (a) such that A =UX, X =U*A.

(¢) If A=0 then U may be chosen to be an isometry in (b).

Proof. (a) Let V; be the isometry from 57 into 57, given by
Vih =(0,0,--+,0,h,0, ---) where the vector % appears as the ith
coordinate. If h, &k belong to 5# then (Kh, k) = (KV;h, V.k) =
(VEV;h,V'EV:k). Hence K;;=(/KV,)*(V'KV,). Let®bean isometry
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from 57 onto 5#,. Then X, = 0*V' KV, e B(5#, 57) and X} X; = K;;.
(b), (¢) Choose X as in (a) so that 4*4A = X*X. Then

VVA*Af = Xf

defines an isometry V from <#(V/A*4)” onto <Z(X)~. Since Z(X)* =
NN (VA*A) D A P~ P --- @ 57 it is clear V can be extended
to an isometry on 5#,. This proves (¢) and to complete the proof
of (b) use the polar factorization A = Wi/ A*A and put U =WV*,

REMARK. Lemma 3’ is also valid for infinite matrices K(or A)
that define bounded operators on the direct sum of countably many
copies of =2~

Proof of Theorem 1. Define the Hilbert space % = Z4 P
D -+ wWhere 57, = 5£,1=1, 2, .-+, with the natural inner product.
Let Vi (¢ = 1) be the isometry from 57 into % given by Vb =
(hy hy +-+) where h,=h and h; =0 for j=#14. Let & ={t:1=
1,2 ---} be a dense set of points in &. Define the non negative-
definite, bounded operator-valued matrices

K" = K, t;) , ,7=1, -, m.

By Lemma 38 there is an upper triangular operator-valued matrix
T™ for which T™*T™ = K" and moreover from the construction,
if m < n then K™ = K = (T@)*(T). Let T be the formal infinite
upper triangular matrix whose %' column is the %' column of 7™,
n=12, ---. For each t,€ &7 define

~ !
X(tl) = ; ViTil .

Then, if m = min (k, 1),

Il

2

X)X (t)

G

l
3 S TRV VT,

Il

gt} ||Ma~

@
I
-

Il

T Til == .K(tk, tl) .

From this it follows that
| X(t) — X(s)| = | K(¢, t) — K(s, t)| + | K(s, 5) — K(t, 9)|

for any ¢,s in 2. Using the completeness of B(S7 .%") and the
continuity of K we can therefore extend X to a function X from
<& into B(S# 2%7) that satisfies the same inequalities for all ¢, s in
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&. The function X is then continuous and X(¢£)*X(s) = K{(¢, s).

In the following theorem the condition of separability is removed
from . However, %" will be a nonseparable Hilbert space. The
construction below seems to have originated with Naimark [5].

THEOREM 2. Let & be a Hausdorff space, and let K(-, -) be as
in Theorem 1. Then there is a Hilbert space 5 and a continuous
function X(t) from Z into B(SZ, 2%7) such that X*(t)X(s) = K(t, s).

Proof. Let & be the vector space of functions & & — 5% that
vanish at all but a finite number of points of &, and for & % in
< put

(& 1) = 3 (K, (t), 706)) -

Let 4" ={e¥:(& & =0}. Then .+ is a subspace of & and
E+ A6+ )=(57)

defines an inner product on 9%; = /4. Let % be the completion
of 97,. For se & and hec 57 define

h if t=s

S(E) = .
S(E) 0 if t#s.

Then X(s)h = &h + .+~ defines a bounded operator X(s) from =#
into 277 A simple computation shows that X(¢)*X(s) = K(¢, s). This

implies | X(t) — X(s)|* < | K(¢, t) — K(t, s)| + | K(s, s) — K(s, t)|, so the
continuity of the map s — X(s) follows from that of K.
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