Pacific Journal of

Mathematics

OSCILLATION OF EVEN ORDER DIFFERENTIAL EQUATIONS

WITH DEVIATING ARGUMENTS

TsSAI SHENG LiUu




PACIFIC JOURNAL OF MATHEMATICS
Vol. 61, No. 2, 1975

OSCILLATION OF EVEN ORDER DIFFERENTIAL
EQUATIONS WITH DEVIATING ARGUMENTS

TsSAI-SHENG Liu

The purpose of this paper is to give some oscillation
criteria for even order differential equations with deviating
arguments.

A continuous real-valued function f(t) which is defined for all
large t is called oscillatory if it has arbitrary large zero, otherwise
it is called nmomnoscillatory.

Our work extends some results obtained by Ladas and Lakshmi-
kantham [3] and Chiou [1] for second order equations.

1. In this section, we are concerned with the equation
(L.1) y™(t) — 3 pOW(9:(t) =0, n =2 an even integer ,
=1

where the following assumptions are assumed to hold:

I) g;)=<¢t on [a, =), s=1,2,---,m and g,(¢t) <t for some
1<k<m; gi(t)=0 on [a, =) and git)— o as t—oo, j=1,2,
e, M.

L) 2:8)=0,04t) =0 on [a, <), j=1,2 ---,m and p() >0
on [a, -] for the same %k as in ([)).

We shall give a sufficient condition for all bounded solutions of
(1.1) to be oscillatory. Our result extends Ladas and Lakshmikatham’s
Theorems 2.1-2.4 in [3] to arbitrary even order equation (1.1).

LemmA 1.1 (Lemma 2 in [2]). If y ¢s a function, which together
with its derivatives of order up to (n — 1) inclusive, is absolutely
continuous and of constant sign on the interval [a, «) and y™(t)y(t)=0
on [a, ), then either

y(tyt) = 0, j=0,1, -, m,

or there 1s an integer 1,0 <l < n — 2, which is even when n 18 even
and odd when n ts odd, such that

¥y z 0, =01 .--1,
and
(1)) 2 0, i=l+1 -0
for t in [a, =).
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THEOREM 1.1. If (t — g.t))"p(t) = n! for all sufficiently large
t, then every bounded solution of (1.1) is oscillatory.

Proof. Let y be a nonoscillatory bounded solution of (1.1).
Without loss of generality, we can assume that y(t) > 0 for ¢t = T..
There is a T, = T, such that g;(¢) > T, (4 =1,2, ---,m) for t = T,.
Thereis a T; = T, such that y(t) (7 =1,2, ---, » — 1) is of constant
sign for ¢t = T,. By Lemma 1.1 and since y is bounded, we have

(1.2) (—1)iy9t) >0 (G =0,1, .-, m—1) fort=T,.
It follows from (1.1) that

yrr(t) = é{p;(t)y(g;(t» + pj(t)y'(gj(t))%(t)} =0

for t = T,.
By Taylor’s theorem, there is a & between 7 and ¢ such that

(1.3) y‘”‘”(‘c) — y(n—l)(t) 4+ y‘”’(t)(z' —_— t) + y(n+1)(£:) (T ; t)z

< Yo (t) + yMIENT — t)
=y () — (t — 7) z PiE)(0:(t)

for =T, and t = T..
Integrating (1.3) with respect to = from s to ¢ > s, we have

YyrAE) — Yy (s) = Yy TI(ENE — s) — %2— ?; p;(t)y(g:(t))

<yt — o) — L pyomion)

or
Yyr(s) Z Yy TAE) — Y TRENE — 8)

4 ﬁ%_s)_ PO)y(gue)) for t>s2 Ty,

In a similar way repeatedly, we shall have
JRPAY
v6) < v - Nt — o) + v L

() L (il
1.4) + y*(t) = 2)1
t—syr

= D)1 fort>s=>1T,.

— )y (g4(t))
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Integrating (1.4) from g,(¢) to ¢, we obtain

y(t) — y(gu?)) = ')t — g4(t)) — y"(t)(i:;’_'k(ﬁ)ﬁ

" (t - gk(t))s e e (n—1) (t _ gk(t))n—1
+y (t)—?ﬂ__ + y"(t) -1

— puB)(gu((t) L= gL
nl
or

(t — gutNy'(t) — LI gy 4 Q—‘S—{My'"(t) —

21
(t — g:.()" ! (n—1)
+ RS Yy (t)
+[1 - 2= 0@ Ty g, 1)) - y(t) 2 0
n!

for all sufficiently large ¢.
It follows from (1.2) that

1 — )t — gi(t))" >0
n!

or
(t — 9.)p(t) > m! for all sufficiently large ¢ .

This is a contradiction and the proof is then complete.

ExampLE 1.1. If we consider the equation
(1'5) y(‘)(t).—__(2_kiiy(t_‘[):0, T>O’ k:112: M)

T

then p(t) = (2kw)'c™* satisfies the assumption and every bounded
solution of (1.5) is oscillatory. A bounded oscillatory solution of
(1.5) is y(t) = sin (2kz/7)t, k=1,2, ---.

COROLLARY 1.1. Consider the equation

16)  YP) -yt —7)=0, 7,20 (G =12 -+, m).
=1

If r,= ¥nl for some 1 < k < m, then every bounded solution of (1.6)
18 oscillatory.

2. We shall consider the equations
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(2.1) y™(t) + p(t).S(y(t), y(9(t))) =0
and
(2.2) y™(t) + F(&, y@), y(g(t)) =0, % = 2 an even integer ,

with the following conditions:

(IL,) g(t) is a continuous function on [a, o) such that g(t) —
as t— oo,

(IL.) »(t) is a nonnegative continuous function on [a, ).

(IL,) f(u, v) is a continuous function on R? and has the same
sign as that of w and v if uv > 0.

(I1,) F(t, u,v) is a continuous function on [a, «) X R? non-
decreasing in % and in v for each fixed ¢ and has the same sign as
that of % and » if uv > 0.

In this section, we shall give conditions which will ensure that
every extensible solution ¥ of (2.1) or (2.2) is either oscillatory or
y¥"(t)y(t) > 0 for all sufficiently large ¢. This generalizes to higher
order equations some results due to Chiou [1, Theorems 2.2, 2.6, 2.8,
2.9, 2.12, 2.14, 2.15, 2.18, 2.19, 2.20, 2.22 and 2.23].

LeMMA 2.1 (Lemma 1 in [2]). If y is a function which together
with its derivatives of order up to (n — 1) inclusive, is absolutely
continuous and of constant sign on the interval [a, ) and y™(t)y(t)<0
on [a, =), then there is an integer I, 0 <1 < n — 1, which is odd
when n s even and even when n is odd, such that

ym(t)y(t) =0, .7 =0, 1’ ct l ’
and
(“1)”+j—1y(j)(t)y(t) g 0 ' j =1 =+ 11 RPN (4

for t in [a, ).

LemMMA 2.2 (Corollary 2.3 in [4]). If
(2.3) S‘”tn—lF(t, ¥, 7)dt = +oo for each ¥ %0,
then every bounded solution of (2.2) is oscillatory.

In a similar way, we have

LemmaA 2.3. If

2.9) §”tﬂ—1p(t)dt = o,
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then every bounded solutton of (2.1) is oscillatory.

THEOREM 2.1. Assume that
(1) there exists a positive function q(t) such that

(2.5)  q(t) = min{g(t), t}, ¢'(t) > 0 and ¢"(t) =0 for tza.

(ii) there exist positive functions h(t) and h,(t) for t=Za >0
and o constant M > 0 such that

(2.6) S h(iv) <o and lim inf _1@_’% >e>0
for uw > M, every ¢ > 0 and for some & = &(¢).
If
¢ A)p®) 4 _
2.7 d o,
0 e

then every extensible solution of (2.1) is either oscillatory or y"'(t)y(t)>0
eventually.

Proof. Let y be a nonoscillatory solution of (2.1). Without loss
of generality, we may assume that y(t) > 0 for ¢ = T,. There is a
T,= T, such that g(¢t)= T, for t = T,. It follows from (2.1) that
y™(t) <0 for t = T,. There is a T, = T, such that each y“(t),
i=12,...,n—1, is of constant sign for ¢t = T,. By Lemma 2.1,
y'@t)> 0 for t = T..

If y"(¢() >0 for t = T, then our proof is done. Assume that
¥'(t) <0 for ¢t = T,. Then, by Lemma 2.1, we have

(2'8) (_1)j~ly(j)(t) >0 (J = ]-r 2, e, N — 1) for ¢ 2 T3 .

Since (2.7) implies (2.4) and since ¥%'(t) > 0 for ¢ = T, it follows
from Lemma 2.8 that y(t)— o as t— oo,

Integrating (2.1) repeatedly from ¢ to ¢ > 2t = 27, and using
(2.8) as well as integration by parts, we have

@9 V02 g | = ) ), We)i

Dividing (2.9) by A(»(g(t))), we have

1o VO o 1= i), sew)
1) S g *u(g(w)) "

Since y'(¢) is decreasing for ¢ = T}, there exist T, = T, and ¢ >0

such that ¢y(¢) < ¢ for t = T,. From (2.5) and (2.6) we have
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P f(y(w), y(9(w)) . p(w) hi(cy(g(w))f(y(u), y(g(u))
h(y(g(w))) — h(g(w)) h(y(9(w)))

L ep(w)
= hi(g(w))
It follows from (2.10) and (2.11) that
ye) - ¢ S" (u — 0" *p(u) g,
My@) — (n—2)! ) hy(g(u))
" (Y plu)

T Ve T
Since ¢(t) =< ¢, ¢'(¢) > 0 and ¢"(¢) < 0, we have

(1 LEOWO 5 YOCO o o[ B0 g,
My(a() — My(a®)) — 2"7%(n — 2)! Jut hy(g(u))
Integrating (2.13) from T, to T > T, and using integration by
parts, we get

ST dylg(s)) ~ _eq"(2T) S" o) g, — 02T

(2.11)

(2.12)

v

e W(y(g(s))) ~ 2" (n — 1)1 Jor hy(g(u)) 2" (n — 1)!
" p(w) € T g""(2t)p(2t)
~ Sm Ri(9(w)) du + 2" (n — 2)! Sm h.(9(2¢)) o

v

__a7RT) [ _p(w) :
T = 7 b A ™ T
[f open g,

r h(9(20))

Using (2.12) for ¢t = T,, we have
ST dy(e(s)) -~ _ _eq"'2T) _ ¥ (T) (n—2)!
7, h(y(g(s)) —  2"7(n — 1)1 h(y(g(T)) eI

e " Q" (2t)p(20)
2%—2(,17/ - 1)‘ STA hx(g(zt» at-

+

Let T— o and obtain

= g"(s)p(s) -
) Doty < =

This contradicts (2.7) and the proof is complete.
If y(t)—  as t— o, then by the monotonicity of F(t, u, v), there

exist &« > 0 and T > 0 such that
F(t, y@), y(9@) = Ft, o, ) >0 for t=T.

By using this fact and Lemma 2.2 instead of Lemma 2.3 in the proof
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of Theorem 2.1, we can prove the following
THEOREM 2.2. Assume that (2.5) is satisfied and that there exist

positive mondecreasing functions h(t) and h(t) for t =Za >0 and a
constant M > 0 such that

(2.14) §°° W gnd lim mf' h(ev) (¢, u, ”)| > eF(t, @, a) > 0

h(v) veroo h(v)
for uw > M, every ¢ > 0 and for some ¢ = e(¢) and a > 0. If
Q" 'O)F(t, «, a) - -
®19 e YO R

then every extensible solution y of (2.2) is either oscillatory or
' ()y(t) > 0 eventually.

The following example presents the occurrence of the case
y"(t)y(t) > 0 for all sufficiently large t¢.

ExampPLE 2.1. If we consider the equation

@16) ) + T — o — 20 (e — ) = 0,
then F'(¢, u, v) = (15/16)(t — 7)™t — 27) >%"* and ¢g(t) = ¢t — ¢ satisfy
conditions (II,) and (II,). Let q(t) =¢ — 7, h(v) = v** and h,(v) = .
Then conditions (2.5), (2.14) and (2.15) are satisfied and y(t) = (¢ — 7)**
is a nonoscillatory solution of (2.16) with »"(¢)y(¢) > 0 eventually.

ExamMPLE 2.2. If we consider the equation
6

—l——'y(g(t))=0,
6 ——7
2

2.17) Yyt + y(8) +

then F(t, u, v) = u + (6/(6 — (1/2)7))v and g(t) = ¢t — (1/2)x satisfy con-
ditions (IL,) and (IL). Let q(t) = "% h(v) = v** and h,(v) = v. Then
conditions (2.5), (2.14) and (2.15) are also satisfied. In fact, y(¢)=¢sin¢
is an oscillatory solution of (2.17) which is not bounded. Lemma 2.2
does not cover this example.

By using the techniques given in [1] and the modification in the
proof of Theorem 2.1, we can prove the following theorems. We
shall omit their proofs here.

THEOREM 2.3. Let 0 < g(t) <t. Assume that there exist positive
nondecreasing continuous functions h(t), h,(t) and hy(t) for t=a>0
and that u = v implies
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Be@fte ) | e
o t
h(u)’“( () ) h<g_(i)‘>
for every ¢ > 0 and for some a > 1 and ¢ > 0. If
Sm ¢ p(t) dt = oo,
h(eh L (t))

then every extensible solution y of (2.1) 4s either oscillatory or
y'()y(t) = 0 eventually.

= dv_ ..
oo and lim inf
S h/( ) V—00

THEOREM 2.4. Let 0 < g(t) <t. Assume that there exist positive
nondecreasing continuous functions h(t), h(t) and hyit) for t=a>0
and that w > v implies

r dv < oo and liminf

av_ 1(cu)h2(u)F(t u, v) |~ eF (¢, B, B) >0
h(v) Vo -

t
h(u)hz< = ) hz(m>
for every ¢ > 0 and for some a«>1,83>0 and ¢ > 0. If

S"" t"F(t, B, B) dt = oo
t
(O - t))

then every extensible solution y of (2.2) s either oscillatory or
y'(t)y(t) > 0 eventually.

’

THEOREM 2.5. Let g(t) satisfy (2.5) and q(t)— o as t— oo.
Assume that there exist a positive nondecreasing function h.(t) for
t=a>0 and a constant M > 0 such that

lim inf hy(cv)f(u, v)
v

v—00

=>e>0

for every ¢ > 0 and for some ¢ > 0. If (2.4) hold and

lim sup ¢~ 1(,;)8 P(s) g (=1 ’
hy(9(s)) €
then every extemsible solution y of (2.1) is either oscillatory or
y'@)y(t) > 0 eventually.

THEOREM 2.6. Let q(t) satisfy (2.5) and q(t)— o as t— co.
Assume that there exist a positive nondecreasing function hy(t) for
t=a>0 and a constant M > 0 such that
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lim inf

v—00

h(e)F(t % 9) | > ept, @, a) > 0
v

for every ¢ >0 and for some a >1 and ¢ > 0. If (2.3) hold and

= F(s, @, @)
e

then every extensible solution y of (2.2) is either oscillatory or
y"'(ty(t) > 0 eventually.

lim sup ¢"~*(¢) S > L'"’—;—m]‘or every a >0,
t—c0

THEOREM 2.7. Let 0 < g(t) <t. Assume that there exist positive
nondecreasing continuous functions h,(t) and h(t) for t = a >0 and
that w = v 1mplies

R (cuw)h(w)f(u, v) €
w5) | i)

for every ¢ > 0 and for some a > 1 and ¢ > 0. If (2.4) hold and

lim sup ¢ SW (s) ds > 2 = 1!
o0 ¢ hl(S)h2<—i—> &
9(s)

then every extensible solution y of (2.1) is either oscillatory or
y'()y(t) > 0 eventually.

lim inf

V00

= >0

THEOREM 2.8. Let 0 < g(t) =t. Assume that there exist positive
nondecreasing continuous functions h(t) and h,(t) for t =a >0 and
that w = v implies

h1(cu)h2(u)f(t; u, V) > ef(t, B, B) >0
at - t
uh o(2) v) M)

Jor every ¢ > 0 and for some a > 1,8 >0 and ¢ > 0. If (2.3) hold
and

lim inf

VP00

lim sup ¢ gm f(568.8) 4o~ 27 (n—1)! ’
t

onl)

then every extensible solution y of (2.2) is either oscillatory or
Y (£)y(t) > 0 eventually.

t—o0

REMARK 2.1. In a similar way, corresponding to Theorems 2.6,
2.12, 2.18 and 2.22 in [1] we can establish the same results as those
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of Theorems 2.1, 2.3, 2.5 and 2.7 for the equation
y™(t) + i pi()f:(y(t), y(9:(t))) = 0, n = 2 an even integer ,
j=1

where p;, g; and f; are continuous functions, p;{{) = 0, gi(t) — «~ as
t— o and fi(u, v) has the same sign as that of » and v if uv >0,
j: 1’ 2, e, m.

REMARK 2.2. If n =2, then the case of y"(t)y(t) >0 for all
large ¢t couldn’t occur. Consequently, under the assumptions in each
theorem all extensible solutions of (2.1) or (2.2) with » =2 are
oscillatory [1, pp. 384-397].
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