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Let D be the unit disk in C, Lip (D) tlle space of func-
tions, f, holomorphic in D, continuous on D and satisfying a
Lipschitz condition:

I f2) — fw) | < M|z —w| Vz,weD

If S=1{a,}_.€D is a discrete sequence with no accumulation
points in D, let Lip (S) be the set of functions, g, defined on
S satisfying

lgla;) —gle)l = Mla;—a;| Vi,j=1,2,--
We say S is a Lip (D) interpolating (L) sequence if the re-
striction mapping from Lip (D) to Lip (S) given by f— F|S is
surjective. Our aim is to describe some of the properties of
such sequences and to give some examples. Specifically we
show that an LI sequence must either be a uniformly separ-
ated sequence, or the union of two such sequences which
approach one another as they tend to dD.

If feLip(D)let M; = Inf {M: | f(z) — f(w)| < M|z — w!Vz, we D}.
M; is a pseudo-norm on Lip (D). If E is a closed subset of D, let
Lipz (D) = {fe Lip(D): f(E) = 0}. M; becomes a norm on Lip,(D)
which makes it a Banach space. Let H*(D) be the space of bounded
analytic function on D, for fe H”(D), let [|f|| = Sup{ f(z)|: z¢ D}.
H=(D) is related to Lip (D) by the following:

(1) felLip(D) iff f ¢ H*(D) in which case M, =] | .
If Sc D is a set with no interior, define
LpS={f:S— C:3Ms.t. |f(z) — f(w) | < M|z — w| ¥z, weS).

If Eis a closed subset of S, let Lip;(S) = {feLip (S): f(2) >0 as
z—FE in 8). If feLip(S) define M; = Inf {M:|f(z) — fw)| <
M|z — w|Vz, weS}. Again we see that M, makes Lip,(S) into a
Banach space. We will say S is a Lip (D) interpolating (LI) set if
the restriction map, R:f— f|S is a surjection from Lip (D) onto
Lip (S). Similarly if £<S is closed, S will be called a Lip, (D) in-
terpolating (L) set if R is a surjection from Lipy(D) onto Lip, (S).
Clearly if S is an LI set, then S is an LI set and S is an L.l set
for all closed EcS. If E is finite, then S is an LI set iff S is an
LI set.

ProposITION 1. If S is an LI set, there exists a constant mg > 0
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such that for every F e Lip (S) there exists f € Lip (D) such M; £ m M,
and f|1S = F.

Proof. Since Lip,, S and Lip,, D are Banach spaces, the open
mapping theorem gives such an mg for L.,I sets. If FeLip(S)
then F' — Fl(z,) € Lip., S and My_r., = My. Therefore there exists
geLip., (D) M, < mgM, and g|S = F — F(z). Let f =g+ F(z,).

Taylor and Williams [5] and (independently) Korenblum [4] char-
acterized the zero sets of Lip (D), showing that there exists f € Lip (D)
such that S = {z e D: f(z) = 0} if and only if

(2) 8 log (d(¢”))dd > — > where d(¢¥) is the
0
(Euclidean) distance from e to S
and
(3) SND={(z)z, where 31—|z]|< o,

ProrosITION 2. If S 4s LI then 3f e Lip (D) such that f = 0 but
f(S)=0. Hence S satisfies (2) and (3).

Proof. Let z,€ D\S then the distance, d(z, S), between z, and S
must be bounded away from zero. Consequently F(z) = 1/(z — 2,) €
Lip (S). So there exists g € Lip (D) s.t. g(z) = 1/(z — 2,) for all ze S.
Clearly if f(z) =1— (z — 2,)9(z), then feLip(D), f(z) =1, while
f(S) = 0.

We are interested primarily in the case where S = {a;}2, is a
sequence in D, and from now on we will always assume S is such
a sequence. We relate LI sequences to interpolating sequences for
H>(D).

If 2, we D, we define the pseudo-hyperbolic distance, o(z, w) =
[(z — w)/(@ — z@)|. If S ={a), let By be the Blaschke product
with zeros precisely at a, =1, 2---. S is interpolating for H=(D) if
the evaluation mapping from H>(D) to I given by f— {f(a,)}2. is
surjective. A well known theorem of L. Carleson [1] is that S is
interpolating for H>(D) iff it is uniformly separated (US), i.e., there
exists a constant m such that

1

II o(a;, a;) > = for all j.
m

o
]
=1

We call the constant m in the above definition, a US bound on S.
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THEOREM 1. If S is LI then either
(a) S is US or
() S is not US dbut S =S, US, where
S, = (b}, S, = {e.}2, are both US and Inf, {0, ¢,): b, # ¢,} = 0.

ReMARKS. In case (b) we allow for the possibility that b, = ¢,
for some (possibly infinitely many) but not all indeces 1.

Lemma 1. Suppose T = {d;}3, and suppose there exists a non-
zero fumction fe Lip (D) which vanishes on T then
f(z)] = My 12z — d;| | Brap(2) ] Vi=1,2---.
Proof. fe H*(D) so f= FB; where FecH*(D). Now fix j.
f(z) = 1f(&) — fldy)| = M; |z —d;|VzeD ie.,

P& B =M vzeD.
1—4d;z !

Since F(2)/(1 — d;z) € H*(D) and | Br,i;(2)| = 1 almost everywhere on
0D (here we are using (2)) it follows that

l*ﬁi@_’gﬂlf vzeD
l——djz

ie. [f(e)| = M;|Bu(z)| |1 — djz| = M; | Bry(2) |2 — d;l.

Proof of Theorem. If S is LI, Proposition 1 implies the exist-
ence of a constant m; and function f, f;, -+, €Lip(D) such that
M; =< ms and

0 if 7=+1
fla;) = ) o s .
Inf{la;, —a,|:Vk. k=1 if 1=7.
Now fix 4, and let T = S\{a,} then Lemma 1 gives
(4) [ @) = ms| Brop(a)| e, —a;| for all j=#1.
Choose a; so that |a;, — a;] < 2| f(a;)|. Then by (4)

(5) 12ms = kg,jp(ai’ a) .

If Inf {o(a;, a.): © = k} = ¢ > 0, then by (5),

€
2mg

ﬁl lo(a'iy a’j) Z

i

so that S is US.
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Otherwise Inf {o(a,, @;): Vi, 4, © # j} = 0. In that case S is clearly
not US.

If 4 and j are such that p(e, @;) < 1/(2ms) then (5) implies
ola,;, a;) = 1/(2myg), o(a;, a,) = 1/(2mg) for k # 4, 5. Consequently the
relation, a; ~ a; iff o(a;, a;) < 1/(2mg) is an equivalence relation on
S which partitions S into a collection, C, of equivalence classes of
no more than two elements each. Let

S, = {a;: 34, = 7, s.t. {a;, a;,} € C}
S = {a;,: 3j, = j.s.t. {a;, a;,} €C} .

Then for a =1, 2, if a;,€8,, (5) yields

I e, a) = = -
ap €Sy 4m?
ak#ajo

Consequently S, and S, are both US. Renaming the points: S, =
(.}, S; = {e), so that {b, ¢,} € C, we get the desired decomposition.

There remains the question of whether any LI sequences exist.
For example, it is possible to construct a US sequence, converging
to only one point on D, but violating (2). Hence US need not imply
LI. Theorem 2 and its corollary give some conditions under which
US does imply LI.

For fixed ¢, 0 <t <1, define the nontangential wedge, W, =
{zeD:(1—|2*|)/]1 — 2| > t}. W, is the region lying between two
distinet circles with centers on the imaginary axis, which intersect
one another at +1. Let W, = DU [(D\W,)*] where (") means closure
and * means reflection across the unit circle. Let a(z) = (1 — 2)/(1 + 2).
o maps D into the right half-plane. It takes W, onto the region
lying to the right of both lines, ¥ = (/1 — #/t)z, and it takes
W,\W, onto the region lying between the two lines.

ProposITION 8. Suppose 0 <t <1 and S = {a,};-,c W, is US.
Then if 9(z) = (1 — 2)Bs(z), g€ Lip (D).

We require the following elementary facts:

Lemma 2. If 2cCC s open, and fe H(Q), then for zec&,
| ()| £ || fll/d(z, 0Q), where d(z, 02) is the Euclidean distance from

2 to 02, and || f]] = Sup {|f(2)|: ze 2}.

This is proved by applying the Cauchy Integral Formula around
circles centered at z with radii < d(z, 04).

LEMMA 3 (Theorem 1 of [2]). If S ¢s US with US bound 1/9,
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then there exists a comnstant B, 0 < B < 1, depending only on 6, such
that if o(z, a,) > 6/2 for all n, | Bs(z)| = B.

LEMMA 4. For any t, 0 <t <1, and any € 0 <<e <1, there
exists s >0 such that U(W,) = {ze D:lwe W, with po(z,w) <& CW,.

Proof of Proposition 3. Assume S has US bound, 1/6. We will
show ¢' € H*(D). Upon differentiating g, we see that it will be suffi-
cient to show (1 — 2)B/'(z) is bounded in D.

Take s as in Lemma 4, so that U,(W,) < W,, whereby | Bs(z)| = 8
for ze D\W, by Lemma 3. Now if zeC\S, Bs(z*) = (Bs(z))* (* still
means reflection across D). Hence by the definition of W, | By(2)| =
1/8 for ze W\D. Since | By(z)| <1 for ze D, it follows that Bge
H=(W,), and, by Lemma 2, |Bi(z)| < 1/(8d(z, dW.)) for all ze W..
The proposition will be proved once we show d(z, oW,) = k|1 — 2*|
for all ze D and some constant, k.

If ze D, let w, € dW, be such that fw, — z| = d(z, Eﬂ/ffs). Clearly,
if Re(z) = 0, then Re(w,) = 0. Recalling the map o(z) = (1L — 2)/(1 + 2),
we see that

2z —w,| = |0(z) — o(w.)| = sin 0| 0o(2)]

where 0 is the angle between the lines ¥ = (V1 — s¥/s)x and the
imaginary axis. In fact, sin® = v'1 — s*. Therefore, if ze D and
Re(z) = 0,

2d(z, W) =1V1 = so(z)| = (1/4)1/‘1‘?&2 I1— 2.

Since W, and D are symmetric about Re (z) = 0 the desired inequality
holds for all ze D.

COROLLARY. If S, S, W, and S, and S, are both US then
1 - zz)leusz(z) eLip(D) .

THEOREM 2. Suppose 0 <t <1, S={a.C W, and S is US.
Then

(a) S is LI

(b) There exists o sequence S, = {b,}i-, such that S, is US,
SuUS8, is LI, and p(a,, b,)— 0 as n— oo

(¢) If heLip(S) and {\,}3-, €l” then there exists f € Lip (D) such
that f|1S =nh and f'(a,) = N\, for all n.

The first of the folloging two lemmas is a straightforward cal-
culation with infinite products; the second is due to J. P. Earl.



174 E. P. KRONSTADT

LemmA 5. Suppose S = {a,}i-.< D is US with US bound 1/d.
If o(a,, z,) < 1/30, then {z,}7-. 1s US, and there exists a constant,
C& SuCh tha’t IBS(zn)l g Cﬁp(am zn)'

LeMMA 6 (see [3]). Suppose S = {a,)i;-.C D is US, then there
exists a constant 1, > 0 such that for any 7, 0 <N <N, and any
sequence {\,}r_, €l>, there exists a (US) sequence, S’ = {z,}2., < D and
a complex constant, Q, such that o(a., z,) <79 and QBg(a,) = \, for
all n.

Proof of Theorem 2. Assume S has US bound 1/6.

a) It is sufficient to show S is L., I. So let heLip., S. This
implies | A(a,) /|1 — a}| < M,. If 7 < Min{1/39, 1,} (where 7, is as in
Lemma 6), there exists a complex number @ and a US sequence
S = {e,}a., such that p(a,, ¢,) <7 and QBg(a,) = h(a,)/(1 — a%) for
all n. By Lemma 4 and proposition 3, if f(z) = Q1 — 2*)Bs,(2),
felip(D) and f|S = h. Therefore, S is LI

b) Define b, as follows. If 1—|a,| <d/3, choose b, so that
(b, —a,| =£1/2(1 — |a,|)*. Otherwise, let b, = a,.

Moreover, |1+b,| = |1+a,| — |a, — b,] = 1/2(1 — | a,|).
Sol1—b|=1/41—@a,)=12|a, —b,]|.
Consequently,

7 = <3.

Now (6) and Lemmas 4 and 5 imply S, = {b,}>., is US, S,Cc W,
for some s > 0, and p(a,, b,)— 0, so SU S, is not US.

If AelLip,,(SUS,), by part (a), we have FeLip(D) such that
F|S=h|S. Let h=h—F|(SUS). Then [h(d,)|=]|h(,)—
h(a,)| < My, |a,—b,|. Lemma 5 and (7) give |k,(b,)|/|(1 — b7)Bs(b,)| =
3M,,/C;. By Lemmas 4, 5, and 6, there is a constant @' and a US
sequence, S; contained in a wedge, such that Q'B;/(b,) = h,(b.)/(1 —
b:)Bs(b,) for all m. Let f(z) = F(z) + Q(1 — 2°)Bs,,5(2). Then fe
Lip(D) and f|(SUS,) = h.

¢) We note that Bi(a,) = Bsya,(@.)/1 — [a,[)
so that if {v,};-,el* and I = Sup, |7, |, then |7,/(1 — a2)Bi(a,)| < I'/o.
Applying Lemmas 4, 5, and 6 and the corollary to Proposition 3, we
have a constant @', a US sequence S” (contained in a wedge) such
that if g(z) = Q"'(1 — #°)Bsys(2), g €Lip (D), g(a,) =0, and ¢'(a,) = 7,
for all n.

Finally, if heLip(S) and {\,}3-.€!=, by part (a) there exists
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G e Lip (D) such that G| S = h. Letting v, =\, — G'(a,), and obtain-
ing g as above, we see that f =G + ¢ performs the desired inter-
polation.

We note that for 0 < ¢ <1, if @, = o((6(z))*), where a = (2/7)
arccos (t), @,: D— W, and 9,: W,— D for an appropriately chosen s.

COROLLARY. Suppose S = {a,}o-. © D and there exists t, 0 <t <1,
such that @(S) = {@(a,)}z-; s US. Then S is LI

Proof. The hypothesis guarantees that DN S c{+1} and S is
US. Let heLip., S, then X(a,)/(1 — a%) € I~ so there exists a constant
Q@ and a US sequence of points, S, near @,(S) such that QBs(9(a,)) =
ha,)/(1 — a2). A straight forward calculation, or an appeal to Lemma
2, shows that if f(z) = (1 — 29)@QBs, -?,(z), then feLip (D). Clearly
fl@,) = Ma,).

REMARKS. (1) Call any region in D which lies between two
circular arcs that intersect twice on 0D a nontangential wedge. Any
such wedge can be mapped into one of the form W, by a Mobious
transformation. Since composition with Mobious transformations pre-
serves Lip (D), it follows that Theorem 2 remains true for sequences
contained in a finite union of arbitrary nontangential wedges.

(2) By noting that S is H= interpolating for W, in Theorem 2,
and applying Lemma 2, we can eliminate the need for Lemma 6,
simplifying (slightly) the proof of Theorem 2. On the other hand,
the argument presented here shows that as in the H> case, Lipschitz
interpolation can be performed by (somewhat modified) Blaschke
products.

(38) The corollary to Theorem 2 enables one to construet tan-
gential LI sequences by taking a US sequence S, C W, which is con-
tained in no W, for s > ¢, and letting S = @;(S).

For certain types of tangential sequences we can obtain con-
ditions b) and c) of Theorem 2.

DEFINITION. If 0 <ec<oo,let 2, ={2eD:(1—|2z»)/|1—z2]2>c¢}.
2, is a disk in D, tangent to 6D at 1 (with radius 1/1 + ¢).

THEOREM 3. Suppose S = {a,}i,c2.\2, is US (0<e¢ <e).
Then .

(a) If S is LI, statements b) and c¢) of Theorem 2 hold.
Otherwise,

(b) There exists a sequence S, = {b,}v., with o(a,, b,)— 0, such
that if h € Lips (S, US), there exists f € Lip (D) such that f|(S,US)=h.
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(€) If {(\Jp-i€l™ there exists f< Lip (D) such that f(a,) = 0 and
f(a,) = N, for all n.

The proof of Theorem 3 is essentially the same as that of parts
(b) and (c) of Theorem 2, once we have the following.

LEMMA 4a. For fixed ¢ > 0 and € > 0, there exists d, 0 < d < ¢,
such that U/ (R, = {ze€ D: 3w e 2, with o(z, w) < &} S 2,.

PrROPOSITION 3a. If S, and S,C 2, are US then (1 — 2)°Bg,s,(2) €
Lip (D).

Proof. It is sufficient to show (1 — 2)’B; (2) € Lip (D) for j =1, 2.
Lemmas 3 and 4a enable us to take d < ¢ such that | Bs(2)| > B for
z€ D\Q,. Since composition with Mobious transformation preserves
Lip (D), we may as well assume that d = 1. If 0, is the half-plane,
{#: Re(z) < 1}, it is clear that £\D = (D\2)*. Simple arithematic
shows that for zeD, d(z, 09)=1/2|1 —2[*. The arguments of
Proposition 8 can now be applied.

Finally, we note that the problem of describing LI sequences
can be broken into two parts: describing LI sets on 0D, and describ-
ing sequences, S, which are Ls.,,] sequences.

PrROPOSITION 4. Let S = {a,}._,C D and let E=8NdoD. Then
S is an LI sequence iff S is an LI sequence and E is an LI set.

Proof. Suppose Sis LI. Then Sis clearly L;I. Let F e Lip (E).
By a theorem of Valentine (see [6]), F can be extended to G ¢ Lip (S).
Hence there exists geLip (D) such that ¢/ S=G|S. Since g is
uniformly continuous, it is clear that g | F = F.

Conversely, if S is an Lzl sequence, and E is an LI set, let
heLip(S). h can be extended to FeLip(S). Hence there exists
g€ Lip (D) such that g| E=F|E. If H=h — ¢| S, then H € Lipg(S)
and there exists G eLip (D) such that G|S = H. (G + g)eLip (D)
and (G +9)|S =h.

REMARKS. (1) Theorems 1 and 2 should be compared with the
results of S.A. Vinogradov [7] which deal with nontangential se-
quences for functions with derivatives in H'(D). In this case, US
is necessary and sufficient for the appropriate interpolation problem.

(2) We are indebted to the referee whose remarks resulted in
greatly simplified proofs of Propositions 3 and 3a. He also pointed
out the existence of tangential LI sequences.
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