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It is known that the bi-prime group B(G) of an Il-group
G contains the basic elements of G. We show that every
[-group (G possesses a unique, maximal, archimedean, convex
l-subgroup A(G), and that if G is completely distributive and
if A(G)- is representable, then B(G) has a basis.

1. Introduction. An element s of a lattice-ordered group (I-
group) G is basic (see [4]) if s > 0 and the closed interval [0, s] is
totally ordered. An l-group G has a basis if every g > 0 exceeds
some basic element {any maximal disjoint set of basic elements is
then a basis). An l-group G is completely distributive (see [3], [4],
[9], [10]) if the relation

AV igsigedtiell = YV {A{guplicl}feJ

holds whenever {g.;|tcl, jeJ} S G is such that all the indicated
joins and meets exist. By [5], p. 5.18, Theorem 5.8, every I-group
which has a basis is completely distributive. For archimedean [-
groups, i.e. those in which ¢ = nb = 0 for all natural numbers =
implies & = €, more can be said: viz., an archimedean [-group has a
basis if and only if it is completely distributive (|5], p, 5.21, Thecrem
5.10). In [8], we constructed, via minima! prime subgroups, the
bi-prime group B{(&) of an l-group G (see §3 below) which contains
all the basic elements and which, if G is completely distributive and
representable, has a basis. In this note, we introduce “archimedean
elements” (see §2 below) in order to investigate possible connections
among the above results. Thus, in §2, we show that every l-group
G posseses a unique, maximal, archimedean, convex l-subgroup A(G).
(Kenny [7] independently proved this result for representable I-groups.)
It follows that if A(G)- = {0}, then G is completely distributive if
and only if G has a basis. In §8, proving somewhat more general
results, we show that A(B(G)) = B(A(G)) and hence that if G is
completely distributive and if A(G)- is representable, then B(G)
has a basis. In §4, we construct two examples, one of which is of
completely distributive, nonrepresentable I-group which hag a basis
and for which A{(G)* is representable.

NOTATION AND TERMINOLOGY. We use [] for the empty set and
write functions on the right. We use N, Z, and R for the natural
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numbers, the integers and the real numbers, respectively. The
cartesian product of the sets {S,|a e A} is denoted by IJ {S,|a ¢ A}.
If {G,|ae A} is a set of l-groups, then [[]|[{G.|laec A}(| > |{G,|ac A))
denotes their cardinal product (sum); if 4 = {1, 2}, we use G,| X |G,
for the cardinal product.

Let G be an l-group. A subgroup H of G is prime if and only
if it is a convex l-subgroup of G such that for all @, be G\H, a A
be G"\H(see [5], pp. 1.13-1.16). If ge G 2 A, B, then {(A) denotes
the convex [-subgroup generated by A; (A4, B) = (AU B); G(g) =
{g}>. For any S < G, the polar of S, defined

S-={geG||lg|N]|s|=0 for all seS},

is a convex l-subgroup of G (see [8]). The following result will
prove useful.

LemMmA 1.1. Let H be a convex l-subgroup of an l-group G. If
{he © H is such that V yh, exists in H, then Yqh, exists in G and
Vele = Vahee The dual statement also holds.

Proof. Let {h,) S H be such that Vh,c H. Suppose that the
join of {h,} does not exist in G. Then, since VY h, is an upper
bound of {k,} in @, there exists be G such that h;, < b < Vgzh, for
all B. Since H is convex, be H. This contradicts the minimality
of Vgzh, among upper bounds of {k,} in H and hence V;h.cG.
Since Vyh.cG is an upper bound of {i,}, hs < Vsh. < V zh, for all
B3, and hence VYV h,€ H. Therefore, Voh, = Vzh,. The dual pro-
perty follows from the above because G is an l-group.

For terminology left undefined, see Birkhoff [1], Fuchs [6], or
Conrad [5].

2. Archimedean elements. Let G be an l-group. An element
a € @G is archimedean if ¢ = 0 and if for all 0 < ¢ < a, there exists
n e N such that ng £ a. Clearly, G is archimedean if and only if
every element of G* is archimedean. Let P(G) be the set of all
archimedean elements of G; let A(G) be the l-subgroup of G gener-
ated by P(G).

THEOREM 2.1. A(G)* = P(G).

Proof. Clearly, 0€ P(G) and P(G) is convex. By [5], p. 1.5,
Theorem 1.8, it therefore suffices to show that P(G) is a subsemigroup

of G*.

The proof that P(G) is a subsemigroup is by contradiction.
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Suppose there exist a, b€ P(G) such that a + b¢ P(G). Then there
exists 0 <t =< a + b such that nt < a + b for all ne N. Since ¢ is
archimedean, there exists m > 0 such that mt £ a. Then

s=(—a+mt)V0>0.
Since nt < a + b for all n >0, —a + nt < b for all » > 0. Thus
(1) (—a+nt)vVO=b for all neN,
and in particular 0 < s £b. We will show by induction that
(2) ks =< (—a + kmt) V0 for all keN.
Obviously,
s=(—a+mt)VO=Z(—a+ kmt) VO
for all ke N. Suppose ks =< (—a-+kmt) vV 0. Then
k+Ds=(Fk+ D[(—a + mt) VvV 0]

= k[(—a + mt) vV 0] + [(—a + mt) Vv 0]

= [(—a + Emt) v 0] + [(—a + mt) V 0]

= (—a + kmt — a + mt) V (—a + kmt)

V{(—a+mt)VvO0
= (—a+ kmt +mt) vV (—a + kmt) vV 0

=(—a + (k+ )mt) V (—a + kmt) V 0
=(—a+ (k+ mt) V0.

Then for all k€ N,
0<ksZ(—a+kmt)VvO0 by (2)
=b by (1).
Therefore, b ¢ P(G), which contradicts our choice of 6. Theorem 12.

follows.

COROLLARY 2.2. A(G) 1is the wunique, maximal, archimedean,
convex l-subgroup of G.

Proof. Since A(G)" = P(G), A(G) is archimedean. By definition
of P(G) any larger l-subgroup cannot be archimedean. That A(G)
is convex and unigue is clear.

COROLLARY 2.3. Let ge G*. Then g ts archimedean if and only
if G(g) is archimedean.

Proof. The proof of Theorem 2.1 shows that if g is archimedean,
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then ng is archimedean for all ne€ N. Thus, G(g) is archimedean.
The converse is clear.

COROLLARY 2.4. A(G) ={9geG|G(lg!|) is archimedean}.

Proof. If ge A(G), then [g| is archimedean by Theorem 2.1,
and thus G(]g|) is archimedean by Corollary 2.3. Conversely, if
G(lg|) is archimedean, Corollary 2.3 implies that |g| is archimedean.
Hence by Theorem 2.1, |g| e A(G)". Since —lg| < g = |g| and A(G)
is convex, g€ A(G).

Kenny [7] proved independently that for every representable
l-group G, {g € G|G(|lg|) is archimedean} is the unique, maximal,
archimedean, convex l-subgroup of G; this follows immediately from
Corollaries 2.2 and 2.4 above.

ProrosITION 2.5. Let G be an l-group in which every strictly
positive element exceeds a monzero archimedean element. Then G
is completely distributive if and only if G has a basis.

Proof. By Lemma 1.1 if G is completely distributive, A(G) is
completely distributive. Since A(G) is archimedean, this implies that
A(G) has a basis, and then G must have a basis because of the initial
hypothesis. The converse follows from [5], p. 5.18, Theorem 5.8
(see §1).

3. The bi-prime group and A(G). In [8], we defined the bi-
prime group of an l-group G as follows: Let {P,|s € @(G)} be the set
of minimal prime subgroups of G. The bi-prime group of G is
the convex l-subgroup

B(G) = N {KPy, Py, 0 € 9(G), ¢ + v} .

By [8], Theorem 3.1, B(G) has a basis whenever G is both completely
distributive and representable.
The following result is an easy consequence of [2], Theorem 3.5.

Lemma 8.1. Let {0} %= S be a convex l-subgroup of an l-group
G. If Q is o mintmal prime subgroup of S, then there ewists a
minimal prime subgroup P of G such that @ = PNS. If P is a
minimal prime subgroup of G which does mot contain S, then PN S
18 o minimal prime sudbgroup of S.

PRrROPOSITION 3.2. Let G be an l-group and let H be a convex
l-subgroup of G. Then B(H) = B(G) N H.
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Proof. By [5], p. 1.6, Theorem 1.4, the set of convex l-subgroups
of an l-group, ordered by inclusion, is a (complete) distributive lattice.
Combining this with Lemma 3.1, we have the following:

B(H) = N {{Qy, Qo) [¢, @ e O(H), ¢ + v}
=N{P;NH P.0nH)lp, we®G), ¢+ w, P, 2HZ P}
= NP N H, P.NH)[g, 0 e®(G), ¢ + w}
= NP, P.) N Hlg, 0 ?(G), ¢ + o}
= B(®) N H.

COROLLARY 3.3. For any l-group G, B(A(GR)) = A(B(G)).

Proof. By definition of P(B(G))(cf. §2), P(B(G)) = P(G) N B(G).
Thus,

A(B(G)) = (P(B(@)); = (P(G) N B(G),
= (P(G)) N B(G) = A(G) N B(G) .

By Proposition 3.2,
A(B(@)) = A(G) N B(G) = B(A(G)) .

PROPOSITION 3.4 Let G be a completely distributive l-group. If
G has a representable convex l-subgroup H such that H' = {0}, then
B(G) has a basis.

Proof. Since G is completely distributive, H is completely dis-
tributive by Lemma 1.1. Thus, since H is representable, B(H) has a
basis by [8], Theorem 3.1. By Proposition 3.2 above, B(H)=HN B(G).
If ¢geB(G)"\{0}, then since H* = {0}, there exists he H such that
g = h > 0. But since B(G) is convex, h € B(G) also, and thus & € B(H).
Since B(H) has a basis, h exceeds a basic element, and hence ¢
exceeds a basic element. Therefore, B(@) has a basis.

COROLLARY 3.5. Let G be a completely distributive l-group. If
A(G)* is representable, then B(G) has a basis.

Proof. Since A(G) is archimedean, it is abelian and hence repre-
sentable. Therefore, since A(G)* is representable, H = (A(G), A(@)*)
is representable (clearly H is l-isomorphic to A(G)| x | A(G)*). Clearly,
H* = {0}, and hence by Proposition 3.4, B(G) has a basis.

COROLLARY 3.6. Let G be a completely distributive l-group such
that A(G): is representable. Then G has a basis if and only if
B(G)* = {0}.
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4. Examples.

ExampPLE 4.1. We construct an abelian, completely distributive
l-group H such that A(H) & B(H) but A(H) = B(H).

Let V=1I{R|neN}, and f,geV; let S(f, 9) ={neN|(n)f =
(n)g}. Then V becomes an o-group under (pointwise addition and)
the relation: f < g if and only if f =g or f = gand (A S(f, 9))f =
(N S(f, 9))g. Clearly V, is completely distributive and abelian. Fur-
thermore, if f € V*\{0} and k€ G is defined by

0 if n < A S(f, 0)
1 otherwise,

(n)h = {

then for all ke N,

(A S(f, kh))(kh) = (A S(f, 0)(kh) = k(A S(f, 0)(h) = 0
< (A S, NS = (A S(f, kb)),

and hence f is not archimedean. Thus, A(V)={0}. Let G =
| 3V [{RneN}. Then clearly, G is completely distributive and
abelian, and A(G) = G. It is also easy to show that any minimal
prime subgroup of G has the form {f|nf = 0} for some ne N, and
thus B(G) = G.

Let H=V|x|G. Since V is an o-group, V < B(H); by Proposi-
tion 3.2, G < B(H). Thus, B(H) = H. Since A(V) = {0} and A(G) =
G, A(H) = {0} x G. Thus A(H) is properly contained in B(H).
Clearly, H is completely distributive and abelian.

REMARK 4.2. If B(G) is strictly contained in G for some com-
pletely distributive, archimedean l-group G, then H=V| x |G (cf.
Example 4.1) is an an abelian, completely distributive l-group for
which A(H) and B(H) are incomparable. On the other hand, if
B(G@) = G for all completely distributive, archimedean Il-groups G,
then Proposition 3.2 could be used to show that A(G) € B(G) for
every completely distributive l-group G. Thus, it would be useful
to have an answer to the following question: Does there exist a
completely distributive, archimedean l-group G with distinct (minimal)
prime subgroups P, and P, such that G = (P, P,)?

ExaMPLE 4.3. We construct a non-representable l-group G which
is completely distributive and has a basis and for which A(G)* is
representable.

Let G = ZWrZ be the wreath product of Z by itself. Thus,
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G =7 x (Iliez Z;,), where each Z, = Z, and group operation on G is
defined as follows:

(’l:;""aj’ "')@(k;"';ﬁjr "'):(i+k;"'r7j; "')7

where v; = a;_, + B;. An element (¢; ---, -+, @;, +++) is positive in
Gifi>0o0rif 1=0 and a; =0 for all j. Clearly A(G)= {0} x
(Iicz Z:) = |1 lie24;. Thus, A(G)* = {0}; hence A(G)* is representable
and G satisfies the hypothesis of Proposition 2.5. Clearly, A(G) has
a basis so that G has a basis, and thus, by Proposition 2.5, G is
completely distributive. It remains to show that G is not repre-
sentable. By [5], p. 1.20, Theorem 1.8, for this it suffices to produce
a, € G'\{0} such that e A(—xPaPx)=0. For ieZ, let
(1 if 1=0 1 if =1 -1 if ¢=0

a; = . . 7= . . 51‘ = . .

0 if ++£0, 0 if +1, 0 if 7-0.
Leta=(0;---,a, ---)and z = (1; -+, v, ---). Then —x =(-1; ---,
0;, -++), and hence ~2PaPx=(0;---,7; ---). Clearlya A (—z P
a@Px)=0and ¢« > 0 <z, and therefore, G is not representable.

Otis Kenny has found an example which supplies an affirmative
answer to the question posed at the end of Remark 4.2.
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