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We prove a theorem on tamely ramified extensions and
apply this theorem to obtain a characterization of completely
regular fields.

Let Qp denote the p-adic completion of Q, F a finite extension
of Qp, e(F I Qp) = a, the ramification degree of F over Qp, and ζp a
primitive p t h root of unity.

We say that F is regular if ζp g F.
When first studying the extension F(ζp) over F, it is a common

error to assume that the extension F(ζp) over F is ramified. Or, to
put it another way, that if K is an unramified extension of F, then
K must also be regular.

On this question, Borevic, [1], has made the following definition:
Let Kz)F, e{K\F) = 1. If ζp$K, for all such K, then we say

that F is completely regular.
Using class field theoretic techniques, Borevic, [1], has given a

characterization of completely regular fields. This characterization
is a corollary to the following theorem.

THEOREM. Let L Π F = I/, where e{L'\Qp) = I, degree (L\Lf) =
e(L\L') = /, (/, p) = land d = (aβ, / ) . Then L - L\π"% where π
is some prime element in L' and e(F(π1/f)\F) = f/d. Furthermore,
if K is an unramified extension of F, then e(K(π1/f)\K) = f/d.

Proof. Given (aβ, f) = d, we find an x such that (x, /) = 1 and
(aβ)x — yf~d. To find x, set d — d^, where d2 is the largest divisor
of d such that (fu d2) = 1, where ft — f/d. Then (/A, dz) = 1. Let
(aβd)'Xι = l(τΆθάfι). Since (/A, d2) = 1, we can solve the system
of congruences x = x^mod fxdJ, x = l(modcZ2).

Since (/, p) = 1, we have that L = L'(πι/f) (Weiss, page 89),
where π is some prime element in U. Then π — απ:f/z, where TΓJL

is some prime element in F and a is a unit. Since (/, x) = 1, we
have that

Ffr1") - F((πψη = F((axπί)ι/f) = Fdπ^aψψ^).

But F((μ*)Ud) is unramified over F and i^TΓ1^) over F{(ax)1/d) is defined
by the polynomial xfl — (α 3 5 ) 1 7 ^!, which is an Eisenstein polynomial.
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Hence e{F{πlίf)\F) = f/d.
Let e(K\F) = 1. Then e{K(πlff) \F(πu0) = 1. So we have that

e{K(π1/η\F) = e{K(πι/0\Kye{K\F) = e(K(π1/η\K). But also e(K(πι")\F) =
e{K{πι/f)\F{πlff)ye{F{πι/η\F) = e(F(πu*)\F). Hence e(K{πu')\F) =
e{K(πlff)\K) = ^ ( T Γ 1 " ) |F) = f/d.

COROLLARY. The field F is completely regular iff p — 1 \ e(F\Qp).

Proof. Let degree (F f] Qp(ζp) \ Qp) = I < p - 1, with fl = p-l9

and

degree (Qp(ζp)\F Π Q,(ζp)) = βίQp(C,)|F Π Q,(ζ,)) = / .

Then (/, p) = 1. Let d = (α/ί, / ) . Then d = / iff p - l |α . If JSΓis
an unramified extension of F, then e(K(ζp) \ K) > 1 iff p — 11 a.

COROLLARY. Let K be an unramified extension of F and p — 11 a,
then ζpeKiff(p - ΐ)/l \ degree (K\F), where I = degree (F Π Qp(ζp) \ Qp).

Proof. If p - 11 α, then d = f = (α/i, / ) . So β^ζ,) | F) = 1 and
degree (F(C f)|F) = (p - 1)/I.

If ζ, e K, then K ~D F(ζp) 3 F. But degree (F(ζp) \F) = (p - l)/ί,
so ( p - l)/i I degree (ίΓ/F).

Conversely, if (p — l)/i | degree (K\ F), then since K over ί7 has cyclic
galois group, we have a field Flf KZDF^ΏF, where degree {F1 \ F) =
(p - 1)/Z and β ^ J F ) = 1. But we have shown that e{F(ζp) \ F) = 1,
and degree (F(ζp)\F) = (p - l)β. Hence F x = F(ζp), since there is
exactly one unramified extension for each degree. So ζp 6 K.
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