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Let {&,,,,,: —c0 < 8;, <co, —co< s, <co} be a Gaussian pro-
cess with &, ,,,=0 if 5,=0 or s, = 0, mean values E(¢,, )=
0, and covariances E(&,,,.,,,:;) = 1/2 min (s,s{) min (s,,s}). This
is the two parameter Brownian process studied by J. D.
Kuelbs, W. J. Park, P. T. Strait, and J. Yeh. In this paper,
upper and lower bounds for level crossing probabilities of
this process are derived.

More specifically, let (¢, t,) and (7, 7,) be two pairs of constants
chosen so that 0 < ¢, < 00,0 <t, < o0,0< 7, < o0, and 0 <7, < 0,
Let 6, = 7,/m, 0, = 7,/n where m and n are integers, and define

random variables X, , for h=0,1,2, ---, m and k=0,1,2, ---, n as
follows.

0 for h=0 or £=0
(1) Xu.=

it ooy tgr vz, 10T h=1,2,ccc,m; k=1,2,-++, 0.
For any given number a, define

P’m,n(a’ tl’ tQ’ Tl’ 72)

2
( ) :P(Xi,5>a'for7::1’2’"'9m;j:1y2""’%)'

In this paper, upper and lower bounds (Theorems 1 and 2) for
lim,, v 4oo P, o(a, t, &, T, ;) are derived.

2. Preliminary lemmas.

LeMmMA 1. Let (b= Xop — Xoor — Xy + Xiorpy Jor h =
1, - ,mand k=1, .-+, n. Then,
(i) Gwh=1, -, m k=1, ---,n are independent Gaussion
random variables with means 0 and variances o3, given by
1

o7, = Etﬂjz

af,kz—é-éltz Jor k=24, m

(3) 1
o, = -2—52t1 for h=2,---,m
o}i,k:_;_ﬁﬁz for h=2 e, mk=2 -, m
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and

i

(4) (ii) Xi,j=gi e for A=1, e, mii=1, 00, m.

Proof of Lemma 1. To prove part (i) of the lemma, observe
that

(5) E(Ch,k) = E(Xh,k - Xh,k—l — Xh—l,k + Xh—m—x) =0
for h=1,---,mk=1,-

E(Ci,k) = E[(th - Xh—l,k - Xh,k—l + Xh—l,k—1)2]

%tltz for h=1,k=1

%Bltz for h=1Lk=2 -+, n

A5t for h=2 o, mk=1

2

-1—8162 for h=2,---,m;k=2,+--,m

2

(6)

I

(7) E&.:&,0)
:E[Xh,k”‘Xh—l,k’“thﬂ‘*‘Xh—1,k—1)(Xp,q'_Xp—x,q—Xp,q—1+Xp~1,q—1)]
=0 when (h, k) # (v, q) .

(In each of the equations (5), (6), and (7), the last term is derived
by direct computation of the expression of the preceding term.)
Thus, the random variables {,,, h =1, -+, m, k=1, ---, n are inde-
pendent, Gaussian random variables with mean values 0 and variances
given by equation (3).

To prove part (ii) of the lemma, observe that

(8) ZZCM—ZZ(th—Xhlk—thHthuu)—

k=1 k=1 =1 k=1

For the remaining lemmas and theorems we add the following
notations and definitions. Let C={(%, j):i¢ =1, -+, m; j =1, «--, n},
C* =C —{(1,1)}. Furthermore, let P, and P}, be probabilities
defined as follows.

(9) Prua,ty,t, T, 7)=P(X,; >a for all (3, j)eC* and X, < a)
(10) Py (a, t, ts, T, T) = P(X;,; > a for all (¢, )€ C¥).
Then clearly,

(11) P, .(a,t,t,7,7,) = P:;L,n(a'; by &y Ty To) — P; (a, t, t;, T, T5) .
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LeMMA 2. Let 1, 9., 5 be normal random variables with E(%,) =
0 and Var (n,) = (1/6)tt, for 1 =1,2,8. Assume also that 7, 7, 7s,
ity Ciay v vy L fOorm a set of independent random variables. Then

Pr (a, t, t, T,y T)
2 P(n + 3 3 Ga> 2 forall G, 4)eC?)
h=2 k=2 3

12 i
@ P(n, + 3,60 >

N 2 for all j=1,2,---,n>
k=2 3

P(7]s+iCh,1>—g’- for all ¢=1,2, ,m) .
h=2 3

Proof of Lemma 2. For 7 <2 or 5 < 2 define

<

Zi‘;Ch,k:O, kgjzcl,k:or and hé:zchd:o'

The proof of Lemma 2 follows.
Py (a, by, b, 7, 7)) = PX,; >a for (i,7)eC*)

—P(z zc,,,,>a for (i,j)eC*)
( Jg hk+iC,k+}é‘éCh,1+C1,l>a’f0r ('L’?)GC*)
IS WA R T A R

for (i, ) e c*)

(13) o ,
> S a : a
2P(n+ 50> 2) and (n+ 56> 2)
! a .. "
and (773 + %Ch,l > _§) for (¢, 5)eC }
_ td a .. «
P(vl + 3 2, Ch > 3 for (i, j)eC >
i a . )
P(772+I§C1,k>—3- for .7——~1,2," ,n)
% a .
P(% + }%Ch,l < T for 1=1,2, ..., m)
LeMMmA 3.
lim P(n, + 3, 3 G >0 for (G, )€ C*)
ay 7 o
> PR 4 7Ty , — a .
= S \/ w wtt, “ V'3t.t,
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Proof of Lemma 8. Let Y., h=1, -, m,k=1,--+,n be
independent standard normal random variables. Let

L., = min (z 3 Yi.)

1gigm\k=1 k=1
1g5sn
(15) L, =min(0, L,,,)
i g
U, ., = max (z 3 Yh,k> , Ui, =max(0,U,.)
ié;é‘:‘b h=1 k=1

It is shown in [6] that
(16) E(U;,) <4Vmn .

To prove Lemma 3, it is first shown that

7

an P(’% + > i G >a for (4, 5) GC*>

h=2 k=2

o —2— _ V33,5578t Lm—1,0—1 'é‘ .
:S \/__6—1/2(u+a>2du _ E—(S \/_e——l/z(qua) du)
0 T T

0

where E~ denotes that portion of the expectation obtained by in-
tegration over the negative range of L,_, ... (Later, E* shall also
be used to denote expectation obtained by integration over the positive
range of values.)

To prove equation (17), observe that

P(?]l + hz 0. >a for (i, 5)e c*)

=2 k=2

=P(7.—a>~3 3 G for (i, )eC)

— p(m > \/5152 S Y, for (i, j)eC*)

2 W=z b=z
i P<771 — > - \/515211;—1 n~1>
. °° 1 —(w+a)?/ (/B bt
- B L ¢ ) 2
_«/5152,'2L77,—1,n—1\/ ﬂ'ﬁz—
3
_ <g°° \/Ze-l/Z(u'Fa)zdu)
— V35169l 1tgLm—1,m—1 ¥V TT
© (e, e
V35 i5glt 8 Lim—1,n~1 ¥ TT

+ E_<§w x/_geml/z(u{—oz)Zdu>
T

—V3i,8glt tgLp—1,n—1
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— E’+<§w\/ze"/2‘“+“’zdu>
0 T
— ad -2_ —1/2(u+a)?
(W SN
— V33 09l tsLm—1,n—1 ¥ TT
_ E+<Sw\/ze_l/2(u+m2du) n E_(Sw\/ze-uz(u«)-a)zdu)
o T 0 T
_ E_<§—~/361624t112Lm—1,n—1 \/__2—6_1/2(u+a)2du>
0 T

© [ ~ VI bt | 2 )2
::S ,\/_2.6—1/2(u+zx)2du _ E—(S mThe _6—1/2(u~m°du> .
0 T 0 T

Next, apply the inequality

(19) Sxe_‘/““*"”zdu <a for x>0
0
to obtain
e g (| T Z )< - 2 BB )
0 T T t.t,

Now, observe that
(21) E (Lpn) = E(Ln1,0-y) = —E(US_, 1)
then combine this with equation (16), to obtain

(22) E(Lpyn) > =4/ (m —D(n —1).

Finally, apply equations (17), (20), and (22) to obtain

hmP<771+Z S >a for (z,y)eC*)

> lim {Sj\/ze“”z‘“*“du - \/z \/EE'(LWM-J}

n—00
m-»co

(23) nco
glim{s \/2 gV gy +\/ \/3552( 41/——1Wf_))}

m-»00
Nn—>00

S \/2 —1/2(u+a)2d 665 .
n't A

LEMMA 4.

>0 for j:1,2,---,n>

- e [(1 + 5]
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(b) ump( c >0 for i:1,2,---,m>

Lt

(¢) For small %,
(24) t

11mP(772+ZC1k>a for 7=1,2, ’,n>

o{- ) - L(E) e s of2)
t.t, t, t,

(d) For small —;-3 )

2

llm P(% + E Ch lal fOI‘ 'i = 1’ 2, LIS m)
=q>(— 6@>_}_(£z_> 3¢ +O<32'2)
tit, T\t t.ts t,

where O( ) is the standardized normal distribution function

O(x) = S _‘/__6_“9/20%6
Proof of Lemma 4. Let
(25) Y, = \/ZCM for k=2,.--,m
1t2

so that Y,, Y, ---, Y, are independent standard normal random
variables. Let

ot
26 0 = L2
(26) .

(27) Xl = 7,
X, =0+ G =+ \/5—;—Y = X, + Y,

Xn =7, + iCLk =7, + \/%é Yk = X1 + 51/2%2 ch
k=2 2 k=2 k=1

where X, is normal, E(X,) = 0, Var (X)) = (1/6)t,t,. Let

1 5,
(28) b= b, T= "ztz - letz i

For random variables X,, X, ---, X, satisfying the conditions given
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above, J. A, McFadden and J. L. Lewis proved in [3] (equation (34)
on page 310) that

(29) lim P(X, > 0 for all i =1, -+, ) = lim P, (0, t)

=1 gin— [(1 + 1)—“2] :
T t

Hence in this case

hmP<772-|—2C1k>0 for 7=12,-. )

00

(30) =limP(X;, >0 forall i=1,-:-,n)

N0

= Loin[(1+2) ] = Lam (14 32)™].
T ¢ T t

1

Similarly,

hmP<773+ZCh1>O for i =1, )

Mm—r00

ey

For the case a # 0 and 7,/t,, 7,/t, small, use equation (37) of McFadden
and Lewis [3] which states that

(31)

limP(X, >a forall ¢=1,---,n)

2—>00

(32)
=1 = _:_a_’ __l'_l e —a2/2t =/t
=lim P (0, 1) = (%) = () o + O
to obtain
lirnP(??2 3> a for i=1,2 -, n)
=00 k=2
(33) s
— @(_ a >___1_<32-1\ / e~3a2/t]tz + O(_s__ﬁ) .
\/1” T\t , t
— live
6
Similarly,
hmP< +ZCh1> 0 for +=1,2, ,m)
(34) o

- o(-FE) - 1) e of )

1
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LEMMA 5.

(35) lim P, .(a, t, t, 7., To) = im P} .(a, t, t, T, 7o) «

m—oa m—roo
N—c0 n—00

Proof of Lemma 5. Consider the term Py .(a,t, t, 7, 7,) of
equation (11).
Py (@, by ty T, T) = P(X,,; > a for (i, j)eC* and X,, = a)

36
(36) = P(X;; > a for (¢,5)eC* and X, <a).

Therefore, by continuity of the sample paths (see [4] for proof of
this fact)
37 lim P; .(a, ¢, ¢, 7, T,) = 0 for a #0.

m—oo
n—o0

But this implies that equation (11) is equivalent to

(38) Pm,n(a, ty, by Ty Tz) = P,ﬁ,n(a, by, T3y Ty T3) — P,,",;,%(Cb, by Toy Ty 772)
Upon taking limits on both sides of (38), equation (35) of Lemma 5
is obtained.

3. The main theorems.

THEOREM 1. A lower bound.

lim Pm,,,b(o, tu tz; Ty 2'2)

M—»00
N—00

@ 2 (- F2) (G [0+ 5)])

it T 1

(Fe (0 52)7))

2

and for a # 0, t,/t, small, 7,/t, small,

lim P, (0, 6, 7, 7) = (| 7y 2oty —g,/ 500
0 v

Mmoo Tt t,
[o(-8) - 2 ool
t T tl tl

700

t
(40) 6a2 1/37,\"% _,.» 37
[of-82)- 335 o of3)
t.t, T\t t,
where @ = —2
3t.t,

Proof of Theorem 1. Apply Lemma 2 to Lemma 5 to obtain
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lim P,.(a, t,, t,, T\, T5)
m—>00
Nn—00

%

P(n, + 3 30> & for (i, §)eC*)
(41) r=2 k=2 3

-P(vméchpg for j =1, 2, 'n,>

h=2 3

Then use Lemmas 3 and 4 to obtain

-P<193+ G > 2 for i:1,2,---,m).

lim P, (0, t,, t,, T, Ty)
M —~—>C0
1n—00

(42)

. Fia
and for ¢ = 0,

1im Pm,n(a’ tl, tZ} Tl, TZ)

E(Sm\/ze—l/z(uA—a 4\/6TT2
0 T

Tt tz

43) [0~ 8) - L(32) "pme 1 0(35)]

1

t,
(o) 1) e o)

ty

where a =

o
1V/8t,t,

THEOREM 2. An wpper bound.

lim P, (0, ¢, &, 7\, T5)

(44) < min {(% sin™ [ (1 + f’f—)_/}) ,
(en (L= )

and for a # 0, t,/t, small, and T/t, small,

L}I{lc Pm,n(a, iy &y, T4y 72)
om0

(45) < min {[Q(__a J;fj)_i(éﬁ)l e 1 0f Sfl)] ,

T\t

[o—oi)- 3 () e o) -

Ly

231

= (1 B Lo (422 e (1))
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Proof of Theorem 2. Observe that

P(X,; > a for (1, 5)eC)

46
( ) émin{P(lei>a'yjzly"',n)9P(Xi,1>a';i:17"'!m)}'

For the case a = 0, we apply equation (29) to obtain
lim P(X; ; > 0 for (i, /)€ C)

m-—»co

@4n =
in{(5 s [ (14 22) ) (Zem [ (14 52) 7))
< = 1 3% = 2%
____mm{(n_ sin [(1+ ;. ,(ﬂsm <l+ . }
For the case a # 0, apply equation (32) to obtain
lim P(X, ; > a for (3, )eC)

M=—=»00
n—+c0

w =l )L e ol
{0~y ) —2(5) e+ o3
for small %%

4. Remark. The method used here may be generalized to apply
to the N-parameter Brownian process.
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