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A criterion is given for the equation —(py’)' +qy =0 to
have a solution on the interval [a,©) which is not in
L,(a,»). The criterion permits g (or Req if g is complex-
valued) to be decomposable into a sum g = g, + q. where the
expression — (py’)' + q,y essentially satisfies the well-known
limit-point criterion of Levinson and q. may be thought of as an
oscillatory function whose amplitude may be large, but whose
integral over [a, x ] increases relatively slowly as a function of x.

1. Introduction. Let p be a positive function and let g be a
complex-valued function on the interval [a, ), a > — o, such that 1/p
and g are Lebesgue integrable on each finite interval [a, b]. Let M be
the differential expression

(1.1) M(y)= —(py') + qy.

Then we shall obtain conditions on p and g sufficient for the equation
M(y) =0 to have a solution which is not in L,(a,®).

The conditions, stated precisely in Theorem 1 at the beginning of §2,
place no restriction on the imaginary part of q. For real-valued g they
extend the well-known limit point criterion of Levinson [8]. (See also
Coddington and Levinson [3; page 229].) Roughly, for a given p,
Levinson’s condition limits the rate at which g(x) can approach — as
x — . Theorem 1 extends this by allowing g to be decomposable into a
sum g = q, + q, where q, satisfies a condition very similar to Levinson’s,
and where the integral of g, over [a, x] grows relatively slowly as a
function of x.

A simple example of such an expression is

(1.2) = (xy') —(x + xe* sin(e*))y.

A slightly more complicated one is

(1.3) —y"—(x + x*(sin x)*+ x°sin(x%))y.
We shall return to these examples in §3.

Another very well-known limit-point criterion, due to Hartman and
Wintner [5], states for p = 1 and g real-valued that if the negative part,
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q-, of q satisfies f q~ dt = Kx® for all sufficiently large x, then (1.1) is

limit-point. Their proof, which relies on an analysis of the frequency of
the zeros of solutions of the equation M(y) =0, has been refined by
Eastham [4] to yield a criterion dependent only on estimates of the
integral of g~ over a suitable sequence of pairwise disjoint intervals. We
shall show in §4 that this interval criterion is a consequence of Theorem 1
by deriving an interval criterion for (1.1) that reduces to Eastham’s result
for p=1.

For p =1 and real-valued g one form of our result is essentially
equivalent to a recent limit-point criterion of Knowles [7]. This equival-
ence, which is not entirely obvious, is demonstrated in §5.

Theorem 1 resembles Theorem 1 of Atkinson and Evans [1] in
permitting complex-valued q and also the possibility of considering
square-integrability with respect to a weight function. However, the
conditions on Regq in the two theorems are independent.

Finally we note that the hypotheses of our theorem are largely
invariant under the addition to (1.1) of a term Qy where the integral of Q
is small in a suitable sense. We illustrate this in §6 with an extension of a
theorem of Patula and Wong [9].

2. The main result.

THEOREM 1. Suppose that there exists a nonnegative locally abso-
lutely continuous function w on [a,*) such that
(i) pw’?=Kjae,

Gy [ worrrar=c,
Req = q,+ q, where
(lll) _q1W2§ Kz,
(iv) fo q.w'dt ’ {wx){p(x)}"?= K, for some b 0=b=1 and

all x =z a.
Then the equation — (py')' +qy =0 has a solution which is not of
integrable square on [a,®).

ReEmARks. 1. If g = q, is real-valued, ¢, =0, and if w is positive,
then the change of notation M = w* gives Levinson’s limit-point criter-
ion as stated in [3; page 229].

2. In general, if q is real-valued, then the conclusion of Theorem 1
may be rephrased to the statement that the expression (1.1) is limit-
point. When ¢q is complex-valued this may still be done in some
circumstances (for instance if Imgq is semi-bounded) provided the defini-
tion of the limit-point condition given in Kauffman [6] is used.
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3. If k is a positive locally integrable function which is not in
L,(a,»), then Theorem 1 can easily be adapted to a criterion for the

equation — (py') +qy = 0 to possess a solution y such that fm ly|Pkdt =
w. The right sides of (i), (iii), and (iv) then become K2k, K1k, and K.k ™2
respectively and (ii) becomes fm w(k/p)”dt = . The manner in which
the weight function enters (i), (aii), and (iii) is the same as in Theorem 1 of

[1]. We shall comment at the end of the proof of Theorem 1 on the
small alterations necessary to deal with this version.

Proof. Let y and z be solutions of M(y)= 0 such that

(2.1) p(y'z—yz')=1

Set
r=(yPrlzpy,

We must show that r is not of integrable square. A straightforward
calculation establishes that r satisfies the equation

22) (pr') - (Req)r =S
where
S=@M(y F+Iz'MH(yF+1z)—(Re(y'y +z'2))].

We assert that §=1/2pr’. To see this, let u,, u,, us;, u, be
real-valued functions such that y = u, + iu,, and z = u,+ iu,. Then

S=(p/r) 2 (uju — uui).
1<k
The real part of (2.1) may be written as

pluius—uui)— (uius— uui)] =1
Thus,
S = (p/r)[(uius — wyui) + (uiu, — urul)’]
= (p/r)(1/2p*) = 1/2pr’.
Now let w be as in the hypotheses of Theorem 1. By inserting the

estimate just obtained for S into (2.2), multiplying by rw?, and integrat-
ing, we obtain that for each positive x,
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r'Yrw*dt — rwdt — Jriwedt
f(pl)/ zd fqzzd jqzzd
(2.3) .
éf w?[2pr’dt.

o

Suppose that || r |’ = f r’dt is finite. Then by Schwarz’s inequality,

a

f: w2pride = (12 P) ( J " wpie dt)z.

a

Hence, by (ii), f w?/2pr’dt — o as x > o. We shall see that this leads
to a contradiction.

Set H(x)= J'x p(r'Yw?dt.  An integration by parts yields that
fx (pr'Yrw?dt = prr'w?]; — H(x)— 2f prr'ww' dt.
By (i) and Schwarz’s inequality again,
f prr'ww'dt = K, || r|| {H(x)}".
From another integration by parts,
(2.4) Jx q.r’w’dt = {r(x)}z{w(x)}””j q.w'tdt — I(x)

where
I(x)= fx (f’ qzw“bds> [2rr'w'? + (1 + b)r*wbw’] dt.
Now
| I(x)|= 2K, f prr' wdt + (1+ b)K, f prw' de
= 2K [r [ {H)P? + (1 + D)K. K || r .

The other term on the right side of (2.4) satisfies

{r()P{w(x)}*

Lx qzwl"’dt' = K{r(x)Pw(x){p(x)}'~.

Finally, f qrrwldt =K, ||r|P.
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Thus (2.3) may be rewritten in the form

x

2.5) A(x) - [H(x)— K4Hx)P" — K] = f w2prdt

a

where K, and K are positive constants and
A = pwirr'+ K;p"wr’.

The expression in brackets on the left side of (2.5) either is bounded (if H
is) or approaches + © as x — o (if H does). In either case we must have
that A(x)— + > as x —>». We complete the proof by showing that this
cannot occur.

Set f=p'"w and g =r>. Then 2A = f’g’+ 2K,fg. Note that g isin
Li(a,»). We now use this decomposition of A to show that A cannot
even be bounded away from 0 on an interval [d, ©). For suppose that
A(x)zc>0 for x=d Set N={x=d:g'(x)<0}. Then on N,
2K.fg >|f’g’'| and also Kifg>c so that (K,/c)g >1/f. Combining
these yields that

f —g’/gdt<(2K§/c)f gdt <.
N N

Hence log(g(x)/g(d))> — (1/20)] gdt so that g is bounded away from
N

0. But this is impossible since g is in L,(a,). Thus A cannot be
bounded away from 0 and, in particular, cannot satisfy (2.5) for all
positive x. Thus it must be the case that r is not of integrable square and
the proof is complete.

We now comment briefly on the changes necessary to incorporate a
weight function k as mentioned in Remark 3 above. Inequality (2.5)

can be derived essentially as before under the assumption that f r’kdt is

finite, where now 2A = f’g’+2K,fgk" (f and g are as before). Then
A(x)= ¢ for x = d implies that on N ={x = d: g'(x) <0}, 2K3/c)gk >
— g'/g and one again has the contradiction that g is bounded away from
0. On the other hand it follows as before from Schwarz’s inequality and
the new form of (ii) that the right side of (2.5) approaches « as
x — ., Thus again (2.5) cannot hold for all positive x and the conclu-
sion follows as before.

3. Examples. In this section we return to the examples (1.2)
and (1.3) mentioned in the introduction. For (1.2), set q;(x) = x, gx(x) =
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xe*sin(e*), and w(x)=x"". Then w(x)p(x)™*=x"" and f q.dt =
1

—xcos(e*)+tcose. Thus the hypotheses of Theorem 1 are clearly
satisfied on [1, %) with b = 1. Note that with the same simple choice for
w one could substitute g,(x) = x“ sin(x?), since it is easy to see that then

l fx q.dt
1

To deal with (1.3) we must choose w more carefully. Here we take
g:(x)=x + x*>(sinx)*, and g,(x) = x’sin(x°). This example, with q = q;,
has been discussed by Eastham [4]. Inspired by his discussion we set
L =[nm—n"nr+n", n=12,---. Define w on I, by w(x)=
x—nm+n'"” for nm—n"""=x=nm and w(x)=w(@nm —x) on the
rest of I,. On the complement of the union of the I,’s define w(x)=

0. Onl, w(x)=n""? q/(x)=Kn, and f q.dt| =1/6. Thus (i), (iii),
0

and (iv) are satisfied. Finally, f wdt = 1/n so (ii) is also satisfied and it

n

= Kx.

follows from Theorem 1 that (1.3) is limit-point.

4. An interval criterion. We shall now establish a limit-
point criterion for (1.1) (with g real-valued) in which the coefficients are
restricted only on a sequence of pairwise disjoint intervals. The argu-
ment is a refinement of that used in the previous section to treat
(1.3). For p =1 the result is due to Eastham {4] by a quite different
method. Thus Theorem 1 may be regarded as a step toward the
integration of the ‘“‘interval criteria”’ and the criteria of Levinson type
into a common theory.

THEOREM 2. Suppose that there is a sequence {1,},-,, I, = [a,, b,], of
pairwise disjoint intervals in [a,®) and a sequence {v,}._, of positive
numbers such that for each n,

b
i) v,Pi=K>0 where Pn=f p~'dt,
(i) S0, =, "
b,
(iii) f q dt = CvP,min, p'? where q~ is the negative part of q.
Then Z (py) + qy is limit-point.
Proof. We may assume that K = 1. Divide each I, into [v,,Pﬁ] +1

subintervals ([---] is the greatest integer function) so that on each
subinterval J,

QQuv.P,)" éJ' p~dt = (v,P)".
J

On at least half of these,
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4.1) f q dt _S_ZCU,,P,,mIinp”2
] n

For each subinterval J = [¢,d] C1, on which (4.1) is valid, choose

e € (¢, d) so that
fe pdt = (f p-”Zdz>/2.
c J

Define w on each such subinterval by w(t) = f p ?dt forc =t =e and

w(t)= w(e)—f p?dt for e=t=d. Then on J,

max w = (1/2)f p ?dt = (v,P,),
J
and

f wp71/2 dt = (1/4) (f p—l/Zdt)zg (4vnPn)_2.

Set w =0 on the remaining subintervals of each I, and on the comple-
ment of U I,

Then for each n, since (4.1) holds on at least (1/2)([v.P7]+ 1)
subintervals of I,

f wp—(/z dr = (4vnPn)_2(l/2)U,,Pi = (1/32)0;1
In

Hence by (ii), f wp ?dt = . Also w is clearly absolutely continuous

with p(w')’=1 a.e.. Thus (i) and (ii) of Theorem 1 are satisfied. It
remains to construct a suitable decomposition of q.

Define a step function g, which is constant on each of the subinter-
vals J =[c, d] constructed above (whether (4.1) holds or not) by

Q()zf q'dt/(d -c)

n [cd].
Similarly, on the interval [b,, a,.,] between I, and I,.,, set q,=

j q dt/(a,.,—b,). Thus [a, ) is the union of subintervals on each of
bn

which f(q‘~q0)dt=0. Note that qew? is bounded above on
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[a,). This is clear outside the union of the subintervals where (4.1)
holds, for then w =0. On a subinterval J = [¢, d] CI, for which (4.1) is
valid,

qow’=2Cuv,P, mlinp"z/(2vnPn)2(d -c)=sC
-1
since minp"*/(d — ¢) = (f p“”) =2v,P,.

Now decompose g by ;etting =9 —qoandq,= —q +q,. From
the previous paragraph, — q,w’= C on [a,®). Also wp'”z(x)fx q.dt is
nonzero only in the subintervals on which (4.1) holds, and oral such a
subinterval [c, d], jx q.dt = fx q,dt since fc q.dt =0. Henceonsucha

subinterval

wp~*(x)

fx q> dt' =2Cv,P, m’inp”z/Zv,,P,,p”z(x) =C

Thus (iii) and (iv) of Theorem 1 are also satisfied for this decomposition
and Theorem 2 now follows from that result.

5. A theorem of Knowles. In this section we shall derive
from Theorem 1 the following result of Knowles [7] which was estab-
lished by a refinement of a method due to Brinck [2]. Note that w is
required here to be strictly positive (because of (iii)) rather than
nonnegative as in Theorem 1.

THEOREM 3. Suppose that there is a positive locally absolutely
continuous function w such that
(i) w' is bounded a.e.,

(ii) j wdt = o,

a

(iii) there exists a constant C such that —J gwdt = C for each
I

interval I for which f wildt=1.
I

Then —y"+ qy is limit-point.

Proof. Hypotheses (i) and (ii) are identical to those of Theorem 1
for p =1. It remains to consider (iii). For this we need the equivalence
described in the following lemma. The author is grateful to Professor
W. N. Everitt for bringing this equivalence to his attention.
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LEMMA. Let u be a positive continuous regular Borel measure on
[a, ), and let Q be a real-valued function defined on this interval. Then
the following properties are equivalent.

(i) There is a constant C such that — f Qdu = C for each interval
I
I for which p(I)=1.
(i) Q=0Q,+Q, where —Q,=C, and

fx de/.L’éCz for all
X = a.

Proof of Lemma. 1t is clear that (ii) implies (i) with C = C,+2GC,
since for any interval [c, d],

d c d

For the other direction, set x, = a and for each n choose x, so that
w([xo, %) =1. If pw(x.-1,0)) <1, set x, =o. The proof will not be
affected by whether the sequence {x,} is finite or infinite. Suppose that
on each [x,,,x,] we can write Q=Q,+Q, where —-Q,=C,
f de,ul =(C for all x,_,=x = x,, and ’ Q,du =0. Then, com-

Xn—1

bining the decompositions, we will have that — Q, = C on [a, ») and that
if x,.,<x=zx, then

fszdpL'= fx Ozd,ukéC

Thus the lemma will be proved.
To simplify notation slightly we consider [a, x,]. Let f I Qdu =

aC. Note that (i) then implies that fx Qdu =(a+1)C for all x =
x;.  Suppose first that « =0. Define Q(x)=aC,a=x=x,and Q, =
Q—-Q, Then —Q,=C and fora=x=x,, f Q,du satisfies

~c_s_f’ Qdy éfx Q.dp =fx Qdu — aCu([a, x)
S(a+1)C—aC=C.

Now suppose that « >0. Let m be the integer such that m < a =
m+1. Forj=0,1,--- m, set



252 THOMAS T. READ
a, = max {x < X f Qdp = jC}.

Set a,.,=x,. Then a=ay<a, < - ---<a,.,. Choose b >a, j=0,
1,---, m —1 so that

b’
j Q du=C

b
and b, so that f Q'du =(a—m)C. Here Q*=max{Q,0} as
usual. Note that ;1,<b,§a,” and that Q = Q"—Q satisfies
b]
f Q du <C.

Define Q,= Q" on U,[a,b], O, =0 otherwise, and Q,=
Q — Q,. Then Q,=0 so we need only verify that Q, has the required
property. If x <a,, then Q,= Q where

~C§fx0du§C.

The last inequality follows from the fact that j ' Qdu =0. Ifag=x=

b,j=0,1,---, m, then f de;L:fx Q,dp and
b, x
—C<f Ozd,uéf Osdp =0

since Q,=Q — Q" on [a,b].
If hb=x=a., j=m—1, then

fx Ozd/.L=J'x Qdu—(j+1)C=(+2)C-(j+1)C=C

Similarly, if b,, = x = a,.,, then J Q,du :j Qdu —aC=C.

Finally, for b =x =a,.,,
x b, x
f de,uzf deﬂ+f Qd/Jv:—C
a q by

since otherwise f Qdp = jC for some x > a,. Thus the decomposition
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Q = Q,+ Q; has the property (ii) with C; = C, = C and the proof of the
lemma is complete.

We now conclude the proof of Theorem 3. Applying the lemma
with Q = gw’ and du = w™'dt, we have that g = q, + g, where —gq,w?=

C, and j qg.wdt| = C,. This is (iii) and (iv) of Theorem 1 with

b =0. Thus Theorem 3 is a consequence of Theorem 1.

6. A perturbation result. There have been some investiga-
tions recently into whether the limit-point property for a differential
expression is preserved under the addition of a term Qy where the
integral of Q is small in some sense (generally Q is assumed in L,(a,*)
for some r = 1). In this direction we offer the following extension of a
result of Patula and Wong [9].

THEOREM 4. Suppose that (1.1) satisfies the hypotheses of Theorem

1 with b =1 and that p is bounded away from 0. Suppose that Q is a
locally integrable function such that for some r 2 1 and all x Z a,

"dt = K.

6.1) [Te

Then — (py') + (q + Q)y satisfies the hypotheses of Theorem 1 with b = 1.

Proof. We may assume that Q is real-valued. (In fact the result is
true if Q is replaced by Re Q in (6.1).) It then follows from (6.1) and

x+d

Schwarz’s inequality that Jr Qdt = — K" for each x 2 a and each
positive d =1. Thus by the lemma of §5 with du =dt, Q =Q,+ Q,
with — Q,=C, and f det’ =C, forall x=za Then —(q.+ Q)=

-~qg,+ C, and

f q.+ det‘ =

fx qzdt‘ + C..

Let w be the nonnegative locally absolutely continuous function of
Theorem 1 for (1.1). If w is bounded then it is clear from the previous
paragraph that the hypotheses of Theorem 1 are also satisfied for the new
expression with the same choice for w.

Suppose, then, that w is not bounded. Set

W(ix)=w(x) <1 + f: wp“’zdt).
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We assert that W is bounded and has the other necessary
properties. Suppose for some x, that w(x,)>1. Set x,=max {x < x;:
w(x)=1}. Then on [x,, x,], |w'| = K,wp™ so that

X

w(x1)§1+K1f ‘ wp ™7 dt.

This inequality also holds if w(x;)=1. Thus limsup W =K.
We now verify the hypotheses of Theorem 1. For x = q,

Wiy =witx) /(14 [ wp 2 de) = (WeoR(p ()}

so that p”>W' is bounded. Also

J'X Wp " dt = log <1 + fx wp’”zdt>

so that this integral tends to infinity with x.
Finally, W =w so that

(¢ + Q)W’=K,- QW= K, + Ci(max WY’
and

()" W(x)

er q:t detl = K;+ C,max{p "W}

Thus the hypotheses of Theorem 1 are satisfied for — (py') +(q + Q)y
and the proof is complete.
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